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PREFACE TO THE FIRST EDITION 


’j^HIS book, as iiis name iodioales, is meant to be a text- 
book for the Intermediate students of Indian Univer- 
sities, especially the University of Oalontta. Regarding 
the subject-matter, we have tried to make the exposition 
clear and oonoise. without going into unnecessary details. 
A good number of examples have been worked out by way of 
illustrations, and examples set have been carefully selected. 

Important formulsa and results have been given at the 
beginning of the book for reference. Oaloutta University 
questions of recent years are given at the end, to give the 
students an idea of the standard of the examination. 

It is hoped that the book will meet the requirements 
of those for whom it is intended and we shall deem our 
labours amply rewarded if the students find the book useful 
to them. 

The book had to be hurried through to the press practi- 
cally within the period of a fmtnigbt, and we must thank 
the authorities and officers of the E. P. Basu Printing 
Works, Calcutta, who, in spite of their various preocog- 
pations had the kindness to complete the printing in such 
a short period of time. 

Any criticism, correction and suggestion towards im- 
provement will be thankfully received. 

B. N. M. 
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OP THE CALCUTTA UNIVEBSITY 

FOB 

1. A. & I. Sc. EXAMINATIONS 

Measurement of angles. 

Trigonometrical ratios. 

Applications of algebraic signs : angles of any magnitude. 
Graphs of Trigonometrical ratios. 

Elementary Trigonometrical formulae and their appli- 
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GREEK LETTERS USED IN THE BOOK 


a (Alpha) 

0 (Theta) 

P (Beta) 

n (Pai) 

y (Gamma) 

4> (Phai) 

S (Delta) 

V (Pei). 


A (Delta) 


Note. The notation 0. U. used at the end of any example moans 
that the example was set in the Intermediate Examination of the 
Calcutta University. 
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INTERMEDIATE TRIGONOMETRY 

CHAPTEB I 

MEASUREMENT OF ANGLES 

1. Tbioonometrt, as indicated by its very name, 
originally meant a subject which dealt with the methods 
of measurements of triangles. At present its scope has 
widened, and now it means a subject which deals with the 
measurements relating to any angle, not necessarily an 
angle of a triangle. 

2. Angles in Trigonometry. 

In Geometry, angles are supposed to he formed by the 
intersection of two straight lines and are always restricted 
to lie between 0^ and 360**, being acute, obtuse or reflex. 
Moreover, they are always positive, negative angles having 
no meaning. In Trigonometry however, the idea of an 
angle is much more general. 

An angle in Trigonometry is supposed to be formed by 
the revolution of a straight line which starts from an initial 
position coinciding with one arm, and traces out the angle 
by its revolution about one extremity until it reaches the 
final position coinciding with the other arm. 

For instance, the angle XOP is formed by the revolution 
of a lino which starts from the initial position OX, and 
revolving in the anti-clockwise direction, traces out the 
angle XOP which is acute. The same line again, starting 
from OX and revolving in the anti-clockwise direction may 
make a complete revolution and further move up to the 
position 00. The angle formed in this case is more than 
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five right angles. Now revolutions may be clockwise or 
anti-clockwise. It is conventional to consider angles formed 
hy the anti- clockwise revolution of the revolving line to he 
positive- Angles formed by clockwise revolutions of the 



revolving line will then be considered negative angles. T^ov 
example, the angle XOB measured in the clockwise direc- 
tion from the initial position OX is a negative angle. 

Thus, angles in Trigonometry may he of any magnitude 
and may he positive as well as negative. 

OX being the initial position of the revolving line, 
produce XO to X', and let TOY' be the perpendicular line. 
The whole plane is thus divided into four quadrants, the 
first being XOY, the second YOX', the third X'OY\ and 
the fourth T' OX If we contemplate an angle say + 920*" 
to be traced out by the revolving line, the line must have 
completed two complete revolutions, thereby describing 
2 x 360‘'«720®, and have further traced out an angle 200®, 
so that the final position of the revolving line is in the third 
quadrant. Similarly, if we consider an angle - 1354®, the 
final position of the revolving line is in the first quadrant, 
for - 1354® - - 360® X 3 - 274®. 

It should be noted that if two angles differ by complete 
multiples of 360®, the starting line being the same, the final 
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positions of the revolving line will be coincident for the two 
angles. For example, the angles 255® and ~ 105® will have 
the dual positions of the revolving line same, if both start 
from the same initial position. 

8. Units of measurement of angles. 

We should now define the different systems of units 
used for the measurement of angles. In defining a unit 
however, a standard angle, which has no reference to any 
particular system of unit, should form the basis, and such 
a standard angle is a right angle. A right angle is defined 
in books on Geometry to be an angle which any straight 
line standing on another makes with it, when the two 
adjacent angles formed are equal to one another. A right 
angle is always the same everywhere, and it thus forms 
a suitable basis to start with, in defining the different 
systems of units of measurement of angles. 

There are three systems of units used in Trigonometry 
for measurement of angles, viz, 

(i) Sexagesimal unit. 

(ii) Centesimal unit, 

(iii) Circular unit, 

SexageBimal"^ System, In this system, a right angle 
is divided into 90 equal parts, each being called a degree, 
A degree is again divided into 60 sexagesimal minutes^ and 
each minute is further subdivided into 60 sexagesimal 
seconds, so that 

1 rt. angles 90^ (degrees) 

**60' (sexagesimal minutes) 

1' «60'Msexsge8imal seconds) 

* So culled, since the subdivisions are mostly by sixtieth parts* It is 
also called the Common or the English System. 
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Centesimal 1 System. In this system, the subdivisions 
of a right angle are as follows : 

1 rt. angle 100^ (grades) 

a 100' (centesimal minutes) 

1' » 100" (centesimal seconds) 


Note. It may be noted that 1' (centesimal minute) is not the same 
as 1' (sexagesimal minute), the former being o£ a right angle 

and the latter being right angle, so that the first is J^th 

part of the secend. Similarly, 1" is less than being only %Vc^h 
part of it. 

The connection between the two systems of units may 
be effected through a right angle, remembering that 1 right 
angle — 90* ■■ 100®, so that 9*— 10®. Any angle in the first 
system may be reduced to degrees, and then multiplied 
by V will be reduced to grades. Similarly, an angle in the 
second system may be changed to the first. 

We shall presently deal with the third system, namely 
the circular system. 

4. Theorem. In all circles, the circumference bears a 
constant ratio to its diameter. 

Take any two circles of any radii, and place them with a 
common centre 0. In one, let ABCD... be an inscribed 
regular polygon of n sides. Let A\ 0^... be the points of 
intersection of the radii OA, OB, 00,... with the other circle. 
It is easily seen that is also a regular polygon of 

n sides, inscribed in the second circle. Now Ol - OB, as 
also OA*^OB\ so that in the triangles OAB, OA^B!, 

t So called, because the subdividoxiB aitf by hundredths. It is also 
called the French System, 
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OA : 0-4'“ 0-B : OB', and angle 0 is common. The fcwo tri- 
angles are therefore similar. Hence AB : A^B'^OA : 0-4'. 

Thus, 

perimeter of polygon ABC D... _ n^A B_ _ OA 
perimeter of polygon A^B'd'!/..." n^A'B'"' OA' * 


K 



This being true; whatever the number of sides n may be, 
making n infinitely large, the perimeters of the polygons can 
be made practically coincident with the circumferences of 
the corresponding circles, and thus we deduce that 

cir cumferenc e of th e circl e ABQD , .. ^ OA ^ 

circumference of the circle A'B'(j &..^ OA' 

radius of circle ABG.,,^ 
radius of circle A'ffG\.. 

Thus circumference of any circle : its radius is the same 
for all circles. As diameter is twice the radius, we deduce 
that the circumference of any circle bears a constant ratio 
to its diameter. 

This constant ratio is denoted by the Greek letter Its 
actual value has been determined by methods which are out- 
side the scope of the present book, by some mathematicians 
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to more than 500 places of decimals. An appro:cimate value 
commonly used is -r-, A more accurate value is f Jy- 

Expressed in decimal, the value is nearly 3*14159... 

Hence, if r be the radius of a circle, A its diameter, 
the circumference - ird == 2irr, 

where ir = 3'14l69-'«-V- roughly. 

5. Circular Unit or Radian Measure. 

In any circle, if we take an arc whose length is equal to 
the radius of the circle, the angle which this arc subtends 
at the centre is called a radian, and is written as 1^. 

We shall now show that with reference to whichever 
circle it may bo defined, a radian is a constant angle, and 
hence it may bo used as a suitable unit for measurement of 
angles, which is known as the circular unit. 

Theorem I. A radian is a constant angle. 



Lot A B be an arc of any circle with centre 0, whose 
length is equal to its radius OA, By definition, A^AOB^ 
1 radian. Since angles at the centre of a circle are propor- 
i^tional to the arcs which subtend them, and the whole angle 
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round 0 subtended by the complete circumference being 
known from Geometry to be 4 right angles, we get 

Z.AOB _ fire A B ^ radius 

4 right angles whole circumference cirouinferenco 

1 radian r 1 , . 

4 rt7Z* ° 2«r “ 2»’ 

2 

Hence, 1 radian = rt. angle. 

/. a radian is a constant angle. ( being constant ) 

Note. We thus see that whatevet bo tbe radius of the circle with 
reference to which a radian is defined, its magnitude is the same, 

From above, ir radians 180". 

.*.1 radian » ^ degrees 

«57*17'44*8" nearly. 

1 degree » '0174533 radians nearly. 

In higher mathematics so far as theoretical investiga- 
tions are concerned, as a matter of convenience, angles are 
usually measured in the circular unit, i.e. in radians. In 
this connection we may state the following theorem : 

Theorem II. The measure of any angle in radians is 
expressed by the ratio of the arc of any circle subtending that 
angle at its centre, to the radius. 

Let XOP be any angle. 

With centre 0 and any radius OA draw a circle, and let 
ilQ be the arc which subtends the angle XOP at the centre 
0. Let be the arc whose length is equal to the radius 
OA, so that, by definition, fiAOB is one radian. 

Now from Geometry, angles at the centre of a circle are 
proportional to the arcs which subtend them. 
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Hence 

* LAOB zxoAB radius 04 


1 radian 


. afc A Q 
radius OA 
arc AQ 


i.e. /LXOF^ “-T. — 0* radian, 
radius OA 



Thus if 0 be the radian-measure of the /LXOP, 9 be the 
length of the arc AQ, and r the radius of the circle, then 

6 “ z ot, b*^re. 

r 

Note. In higher mathematics, when an angle is expressed in 
radian measure, the unit is generally implied and not expressed, . so 
that, \ 7 heD the measure of an angle is given without the unit being men- 
tioned, we should always understand it to be in radians. For example, 

*an angle is means that the angle is ^ radians, which converted 
to degrees is 90” i.s. one right angle. 

6« In working'out examples, the relations between the 
three systems of units should be carefully remembered, 
namely 

1 rt. / 

je- 180 ’. 


whencei 
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Ex. 1. Express 

(i) 63° 22' 40'8" in centesimal measure 
and (ii) 203® 58' 73" in radians. 

Here (i) 63' 22' 40-8"- 63^88 deg. - vc rb. L 

- tV 100 grades - * grades - 70® 42'. 

(ii) 203* 58' 73''-203 5873 grades 

-2 035873 rt. Z -2 035873 x | radians 
— 1*0179365 n radians. 


Ex. 2. Ttoo angles of a triangle are 72' 53' 51", and 
41® 22' 50" respectively. Find the third angle in radians. 

41® 22' 50" - 4 1*2250 grades 

41 225 X 0 • r — o ^ Ml, 1 
— degrees [ 9 - 10® J 

— 37*1025 degrees 
-37' 6' 9". 

The sum of the two given angles is therefore 

72'53'51" + 37'6'9’'-110'. 

The sum of the three angles of a triangle being 180', the 
third angle is 


180'- 110' 


■ 70'- 70 X radians [ »'■ 


180' ] 


In 

'is 


radians. 


Ex. 8. Divide ^ radians into two parts such that the 

number of sexagesimal minuses in one may be to the number 
of centesimal seconds in the other part as 27 ; 2500. 

We have ^ radians ~ “ i rt. Z. 

4 in 
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Let X be the number of centesimal seconds in the second 
part, so that irsun ^ is the number of sexagesimal minutes 
in tho first part. 


Now 


X 


07 

2500^ 


X - f / 

iod X 100 X 100 ^ 

27ir__ I- / « f / 

2500 X 60 X 90 ^ “ 500000 ^ 

X 1 


. . 4 - 

1000000 500000 2 


whence x • 


600000 

a — • 

3 


Thus, second part is 


600000'' 


500000 


.'^rt.Z 


3 3"xf0dxl00xl06 
rt.Z " 15*", and as the sum of the two parts is 
i' rt. Z i.e. 45®, the first part is 30®. 

The two parts are therefore 30® and 15®. 


Ex. 4. The angles of a quadrilateral are in A, P,, and 
the number of grades in the least angle is to the number of 
radians in the greatest as 100 : n. Find the angles in 
degrees. 


Let the angles, expressed in degrees, he a, a + P, a + 2p 
and a + 3P respectively. Then 

a + a + /5 + a + 2j8 + a + 3i3«360, 

i.e, 2a + 3^ "*180. (i) 

Again the least angle, a*— 

and the greatest angle (a + 3^)® *" (a + 

and so from the given condition, 

|^a/(a + 3^})j|Q-100/». 

2a 

or, “Tofl * li ■whence a Zp. 

Q'TOp 
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using (i), 3a = 180, or, a -GO and /5= ^ -20. 

Thus the angles are 

60^ 80^ 100^ and 120^ 

Ex, 5. Atr what distance docs a man, 51 /t, in height, 
subtend an angle of 15" ? 



AB being the man subtending an angle 15" at 0, let 
OA be r ft. 


As the angle AOB is very small, so that AB is very 
small compared to AO, we may assume the small length AB 
to be practically a small arc of a circlo whose centre is 
O. Now the, measure of an angle in radians is the ratio 
of the arc which subtends it at the centre to the radius. 

[ See ArL 5. ] 


15 


X - I 

GO X GO 180 r 
11 ^ 180 x 60 x 60 .^ 
or, r -2 ^ isi, «>• 

11 ^ IJO X G^x 60 X 7 ^ 
2 15 x”^ 


3X1760 ”“®® 


“ 14’32 miles nearly. 


Examples I 

1. Indicate the final position of a revolving line which, 
has traced out the angle 

(i) 1122^ (ii) -810® 29'; 

(iii) - 617^ 51' 5" ; (iv) radians. 

5 
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2. Express (i) 55** 12^ 36'' in centesimal measure ; 

(ii) 195^ 35' 24" in degrees, minutes and secs. 

8, How many radians are there in (i) 50^ 75' 50" ; 
(ii) 18" 33' 45"? 

4. Express in each system of angular measurement, 
the angle between the minute hand and the hour hand of a 
clock at a quarter to twelve. 

5. If be taken as the unit angle, and the angles 
600" and 16° expressed in that unit be a and P respectively, 
find the relation between a and p. 

6. The difference of two angles is l" ; the circular 
measure of their sum is 1 ; find the circular measure of the 
smaller angle. 


7. Two angles are in the ratio 2 : 3, and the difference 
of their measure in grades and in degrees respectively is 
2i ; find the angles in degrees. 

8. An angle is the excess of JD" M' over m\ Find 
the ratio of this angle to a right angle. 

9. The circular measure of a certain angle is equal 
to the ratio of the number of degrees in it to the number 
of centesimal minutes ; find the magnitude of the angle 
in degrees. 

10. With two units of angular measurement differing 
by 10", the measures of an angle are as 3 : 2 ; determine 
the units. 


11, If an angle standing upon an arc of length *2* at the 
'centre of a circle of radius V' be taken as unit, and three 
angles JD", and 0 circular units expressed in that unit 
be Xt y, z respectively, show that 
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12. Three angles are in G. F. The number of grades 
in the greatest angle is to the number of circular units in 
the least as 800 to n, and the sum of the three angles is 
126*’. Find the angles in grades. 

IS. Divide 54’’ in three parts, such that the circular 
measure of the first exceeds that of the second by ^ • and 
the sum of the second and third is 30 grades. 

14. Find at what times between 7 and 8 o’clock the 
angle between the two hands of a clock is (i) 60^, (ii) 155^ 

15. The angles of a triangle are in A.P., and the number 

of radians in the greatest is to the number of grades in the 
least as n : 40. Find the angles in degrees. 

16. In each of two triangles the angles are in G. P. ; 
the least angle of one of them is three times the least angle 
in the other, and the sum of the greatest angles is 240*^. 
Find the circular measure of the angles. 

17. One angle of a quadrilateral is i of another and the 
two other angles are 66| grades and ^ radians. Express 
the angles in degrees. 

18. The angles of a polygon (which has no reflex angle) 
are in A. P. The least angle is ^ radians and the common 
difference is 5^. Find the number of sides. 

19. The number of sides of two regular polygons are as 
m : n, and the number of degrees in an angle of the first is 
to the number of grades in an angle of the second as p : g. 
Determine the number of sides in each polygon. 

20. An arc of 50^ in one circle equals one of 60*’ in 
another ; find the radian measure of an angle subtended at 
the centre of the first circle by an arc equal to the radius of 
the seoond. 
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21. Two regular figures are such that the number of 
degrees in an angle of one is to the number of degrees in 
an angle of the other as the number of sides in the first 
is to the number of sides in the second. The sum of the 
number of sides of the two figures being 9, determine the 
number of sides of each. 

22. The wheel of a railway carriage is 4 ft. in diameter 
and makes 6 revolutions in a second ; how fast is the train 
going ? 

23. The earth revolves round the sun in a circular orbit 
of radius 92700000 miles once a year. Find its velocity in 
miles per hour. If the apparent angular diameter of the 
sun observed from the earth be 32^ find also the linear 
radius of the sun. 

24. A tower subtends an angle of 10' when the observer 
is at a distance of 6 miles ; find its height. 

25. Find the radius of the earth, if an angle of 1^ is 
subtended at its centre by an arc joining two places on it 
distant 69*1 miles. 

26. A horse is tied to a post by a rope 27 feet long. 
If the horse moves along the circumference of a circle 
always keeping the rope tight, find how far the horse will 
have gone when the rope has traced out an angle of 70^ 

27. A man running along a circular track at the rate 
of 10 miles per hour, traverses in 36 seconds, an arc winch 
subtends 56'* at the centre. Find the diameter of the 
circle. 

28. An arc of 30'’ in one circle is double an arc in a 
second circle the radius of which is three times the radius 
of the first. Show that the arc of the second circle subtends- 
5** at its centre. 



CHAPTER II 

TRIGONOMETRICAL RATIOS 


7. Trigonometrical ratios defined.* 



Pig. 1 



Let 9 be tbe measure of an angle XOP which may be 
supposed to be traced out by a revolving line starting from 
the initial position OX. From any point P on its other arm, 
draw "a perpendicular PN on OX (produced if necessary, 
as in the second figure). A right-angled triangle is thereby 
formed. Tbe trigonometrical ratios of the angle 0 are 
defined as follows 


Sine of the angle d, written as sin 


PX 

OP 


t.e. 


opppgite side 
hypoterme 


Cosine of 0, written as cos 6 ■ 


OX 

OP 


. adjacent sid e 
hypotenuse 


*For alternative definitions, see Appendix, 
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Tangent of 9. written as tan $ 


ON 


opposite side 
adjacent side 


Cosecant of 0, written as cosec 6 


OP 

PN 


hypote nuse 
opposite side 


Secant of 9, written as seo B 


OP 

ON 


hy pot enu se 
' adjacent side 


Cotangent of 9, written as cot 6 


ON 

PN 


, adjacent side 
opposite side 


In addition to these, we define two less important ratios 
of the angle 9 which are sometimes used, as follows : — 

Versed sine of angle 9, written as vers €1 » 1 - cos 0 

Coversed sine of angle 9, written as covers 1 - sin 6 


8. Signs of Trigonometrical ratios. 

XOP being any angle, traced out by a revolving line 
which starts from OX, it has already been mentioned in the 
last Chapter that the plane may be divided into four 
quadrants by the two perpendicular lines XOX* and YOT\ 

It is conventional, as in graphs, to consider distances 
measured along OX and OY as positive, and along OX' and 
ox' as negative. The distance measured along OP, the 
final position of the revolving line corresponding to the 
angle XOP, in whichever quadrant it may lie, is however 
cAwaye considered positive. 
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With this convention, if OP lies in the first quadrant 
as in Fig. (i) of the last article, the sides PN, ON and OP 
of the right-angled triangle OPN are all positive. Hence 
all the Trigonometrical ratios are positive. If OF lies in the 
third quadrant as in Fig. (ii), ON and PN are both negative, 
but OP is positive. Hence from the definitions of the 


( PN\ 

“ I is negative, cos XOP 

/ ON\ . .. . .rr/^T)/_^^^_^ecativequantitv\ 

( = op) « “«8ative. tan XOP | = 02/ “ negati ve Entity) 


is positive etc. 


In this way, according to the final position of the 
revolving line (starting position being OX), we can determine 
the signs of the Trigonometrical ratios of the angle XOP 
whether this angle traced out is positive ox negative. If 
OP is in the first quadrant, the ratios are all positive. If 
OP falls in the second quadrant, sine and cosecant (which is 
evidently the reciprocal of sine), are positive ; all the other 
ratios are negative. If OP be in the third quadrant, tangent 
and cotangent (which are reciprocals to each other) are 
positive ; all the others are negative. In the fourth quad- 
rant, cosine andj secant are positive, others are negative. 
A symbolical figure will help the memory in this case, 
namely, that according to the position of OP, 


Y 


sin 

all 

(positive) 

(positive) 



tan 

eoa 

(positive) 

(positive) 

Y' 



The positiveness of sine, cosine and tangent also implies 
the positivenesB of their reciprocals, namely, cosecant, 
secant and cotangent respectively. 
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9. Constancy ol Trigonometrical ratios. 

So long an an angle remains the same, its Trigonometri 
oal ratios are unique. 



Let XOP ( ■* 0) be any angle, and let PN and P'N' be 
drawn perpendiculars upon OX from any two points 
P and P' on OP. The two right-angled triangles OPN 
and OP'N* are similar. Hence sin 9, whether we take it 
PN P^N' 

OP OP' same. 1! the angle be XOPi, 

when OPi is not in the first quadrant, the right-angled 
triangles PiNiO and P^xN\0 are not only similar but 

also have their corresponding sides of the same sign. 

Scfioe the Trigonometrical ratios of the angle XOPxt 
whether defined from the triangle Pi^TiO or from P\^'iO 
. are the same in magnitude as well as in sign. Thus for any 
given angle, the Trigonometrical ratios are unique. 
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Note, In case of a ^itive acnttc angU like XOP, we might take 
any point C> on OX as well, and draw QAf perpendicular upon OP, 

and define sin XOP to be XOP to be 

OJlf 


OQ 


etc. Now the two triangles QOM and PON are easily seen 


to be similar and both have their sides all positive ; so that 
Hence the Trigonometrical ratios of the 

angle ZOP, even if defined from triangle QOM^ will have the same 
values* 


It may also be noted that for angles of any magnitude, positive or 
negative, any of the two arms may he supposed to bo coincident with 
OX, and then the magnitude and sign of the angle will fix up the 
position of the other arm, and thereby will make the Trigonometrical 
ratios unique. 

10. Fundamental relations between the Trigono- 
metrical ratios of any angle. 


From the very definitions given in Art. 7 of the Trigono* 
metrical ratios of any angle XOP (**0) of whatever 
magnitude and sign, we at once derive the following 
relations : . . 


eosee 6 


1 

sin e 


sec © — 
cot ©-■ 


cos 6 
1 

tan Q 


PN 

and since sin 0 cos 9 

ON 

cot 0 we get 


tan 9 


sin e 
eoB9 


cot e 


cos e 
sin e 


ON 

OP 


tanO 
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Again, since in the right-angled triangle OPNt 
dividing by OP®, ON^ and PN^ respectively, we get 



From the definition of the Trigonometrical ratios, 
(i) gives 

(sin 0)® + (cos 0)® •“ 1 

Now it is usual to write (sin 0)® in the form sin®0 and 
so for other ratios. The relation then reduces to the form 
8 in* 6 +C 08 ® 6 *»l. 

Similarly, (ii) and (iii) give respectively 

8ec“0-l+tan»0 
co8ec*6 — 1 + cot*G- 

These formula3 are also used in the forms 
sin®0 — 1 - cos®0, cos®0 — 1 sin®0, 

S 0 O* 0 - tan®0"*l, tan*0 960*0 - 1, etc. 

Note. The fundamental formulaa derived in this article are very 
important, and are true for all values of 0 whatever its magnitude and 

0 

sign may be. For example, if we take ^ in place of we are simply 

taking a diifereat angle for which the same relations are true, so that 

0 0 
sin* 2 + cos* 2 “ 

11. Conversions of Trigonometrical ratios. 

With the help of the formulae of the previous article, we 
can express any Trigonometrical ratio of an angle in terms 
of any other ratio for the same angle ; hence If the value of 
any Trigonometrical ratio of an angle be given, we can find 
the value of any other ratio. 


I 
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Ex. 1. Express sm 0 in terms of cot 6, 

From the formulae cosec 0“ . ^ « 

siu V 

and cosec^O « 1 + cot®0, 

i. • ^ ^ 1 

we get Bin 6“ 

cosec 0 ± vl + cot"t> 

Ex. 2. Express cosec 0 in terms of sec 0. 
cosec 0** ± Vl + cot-0“ ± ^ 1 + ^ 2 ^ 

'' tiDil!) u 


^ /tan^0 + l_ 

^ tan*^© ^ Bec‘*0 — 1 


± sec 0 
Vsec'^O - 1 


Ex. 3. If cos A == it, find tan A. 

TTT i. . sin ^ Vl-cos^/l 

We have tan A— ^ “ a 

cos A cos A 

** I a la — 19 

XTT lU 

A more practical method in such cases is however to 
construct a right-angled triangle with the numerator and 
denominator as the two suitable sides, as shown below. 


Ex. 4. 7/ sec A = -V’! cot A. 

Let APN be a triangle right-angled 

at N in which the hypotenuse JP“41, 

. A P 4.1 

AN *‘9, so that sec NAP^’ , „ ■ 

AN 9 

Thus Z.NAP~A. 

Now PN"-JP®-ilN*-41®-9“ 
-40®, 

so that PN-±40. 

cot 4 -oot NiP-l— - ±iv 
PN 40 



40 
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12. Restrictions on the magnitudes of Trigonometri- 
cal ratios. 


From the relation 8in®0 + coB”0 — 1, since Bin*6 and 
oos®9 being square quantities are both positive, it is evident 
that neither sin^O nor gos®^ can exceed 1, for if sin®9| for 
example, be greater than 1, cos®d (which is a square quan- 
tity) becomes negative, which is impossible. Thus sin 0 
as well as cos B must have numerical values not exceeding 1 ; 
in other words, both sin 0 and cos 0 must lie between + 1 
and - 1 whatever the magnitude of 0 may be. Any value 
numerically greater than 1, like -2 or +3*1 must be 
impossible for sin B or cos B, 


sec B and cosec B therefore, being reciprocals of cos B and 
sin B respectively, can never be numerically less than 1. 

tan B and cot B however, can have any numerical value 
greater than 1 or loss than 1 according to the value of B. 


13. A few examples on the applications of the funda- 
mental formulas are given below. 


Ex. 1. Prove that 


-cos B ^ 
cos B 


Vl- 

/l + cos B ^ /(I + ^ j (1 + c 

^ l-coiB V 'V ai 


cosec B + cot B. 

[ C. U. 1937. ] 
cos 6 )“ 


1 + cos B 

t I 

sin B 


1 , cos B 

* — — + - , 

Bin B Bin 0 


bin 0 

’ cosec B + cot 0. 


Ex. 2. 


We have 


Prove that 
1 

sec A + tan A 
1 


. -.1 
cos A 


1 

I — 

cos A 
1 


sec A - tan A 


sec A + tan A bqo A ^ tan A 
, A "" tan A + s ec A + tan A ^ 
(sec A + tan A)(sec A ~ tan A) 
2 

B 

COS A 


, 2 BCC ^ 

sec® A - tan®yf 


* 2 sec A * 


COS A cos A 
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Hence by transposition, 

1 1 . ^ 

sec A + tan A cos A cos A sec tan A 

17 o T> it ^ 1 + 2 sm 0 cos 0 

Ex. 8. Prove that . . .. i 

{sin 0 + cos 0){cot 6 + tan 0) 


We have 


- sin B cos 6 (sin B + cos B), 

1 ^2 sin 0 cos 6 _ 

^ (sin B + cos 0)(cot B + tan O) 

(flin^Q-f C 08 ^fl) + 2 sin B cos B 

(sin fl + cos 0)1 .-. + ft) 

Isin B cos Bl 

^ (sin 04- cos 0)^ 

“(Bine+COB 

\ SID 0 COB 0 / 

^(sin 0 + coB 0) sin 0 cos 0 


■ sin 0 cos 0 (sin 0 + cos 0). 


Ex. 4. If 15 sin^B + 2 cos 0 “ 7, find tan 0. 

Here 15(1 - oos^0) + 2 cos 0 7, 

whence 15 co8®0 - 2 cos 0 - 8 “ 0, 

or, (5 cos 0-4)(3 cos 0 + 2)-O ; cos 0-i, or.-i- 

Case (i) when cos 0 “ 

Bm*0-l-co8*0-l-5S-/y. Bin0-±S, 

j . /i sin 0 . 3 

and so tan 0 ■* — “ ± i * 
cos 0 4 

Case (ii) when cos 0 • - f , 

sin*0-l-co8*0*l-$"|. 8in0"“±'^~’ 

si n 0 ^ ^ 
cos 0^2 


tan 0 
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Examples II 

Prove the following identities {Ex, 1 to 2d^) : 

sin A + cos A , . 

~~'a ^ ~ A “Bin A cos A^ 

sec A + coaec A 

•^2. cot 0 + tan 0 » sec 0 cosec 0. 


1 


^ .. . 1 ggfc-A--. 

1 + tan A 1 + cot A 

cosec^^ — cot®-4 “1 + 3 oosec^^ cot®^. 

oos®-4 + sin®-4 **1 — 3 sin^^l cos^^l. 

JR ^ ^ ~ ^ 

cos^A cosec'^k — 1 
^7. cos u4 + tan A sin -4 “sec A, 

sec^A + tan^«4 =*1 + 2 sec’^-d tan^il. 


/9. 1 + 3 ooM-4 

io. (cot 0 + cosec 0)* “ ^ ^ ® f • 

1 — COB 0 


11 . 

f 

12 . 

^ 

18. 


14. 


7 


16. 


1 -*^tan®0 ^ /I ““ tan 6V*^ 

1 + cot ** \1 — cot o) 

tan® a — cot® a ^n ® a — oo a®a 
l + cot®a cos® a 


’ tan ® + sec 0 •• 




tan 0 + see Q — 1 ^ 1 + sin 0^ 
tan 0 — sec 0 + 1 cos 0 

sin -4 — 2 sin®4 _ ^ ^ 

e\ ^9 A A *" tan A, 

2 cos 41 — cos A 



1 + sin 0 
i - sin 0 


- aec 0 sec 


0 - 



1 — sin 0 
1 + sin 0 
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4^. 


cpsec cot jA ^ 

cosec A - cot A (1 - cob A)^ 

(1 + sin A + cos A)^ == 2(1 + sin A){l + cos -4). 


^9. 


s ec 0 + tan 0 ^ sec 0 — tan 0 
cosec 0 + cot 0 CO sec 0 — cot 0 


2(sec 0 - cosec O). 


^0. 

-^ 1 . 


. a= 1 

1 + sin^O ] + cosec^O 

sin® a + co8®a ^ sin®a — cos® a 
sin a + cos a sin a — cos « 




tan 0 
sec 0-1 


sin 0 
1 + cos 0 


2 cot 0. 


cos 0 + cos </> ^ sin^® + 
sin 0 - sin <#» cos </> - cos 0 

^4- 1 + 4 cosec®0 cot^0 *= (cosec® 0 + cot®0)®, 

25, Express 1 - 2 sin 0 cos 0 as a perfect square. 

26. Express 2 8ec®0 — sec*0 — 2 coBec®0 + cosec *0 in 
rms of tan 0. 


27. Prove that 

(sin a cos j3 + cos a sin ^)(sin a cos P — cos a sin p) 

«sin*a~sin*i3. 


28. If sin A + sin®4 — 1, then co8*®4 + cos*4 “ 1. 

29. * (i) If sin 0 - cos 0 *0, prove that sec 0 « ± J2. 

(ii) If 7 sin®0 + 3 cos®0“4, show that tan 0* ± 

(iii) If 3 sin 0 + 4 cos 0-5 show thfit sin0"|- 

— 1 

SO. If tan 0 + sec 0 * rr, show that sin 0 - - 


31. If tan 0 


^ » find the value of 
0 


B flip 0 & c os 0 ^ 
a sin 0 + h cos 8 
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82. If 1 + 4a?® - 4a? seo i4, prove that 
sec A + tan ^4 - 2a? or l/2a?. 

88. Express sin a in terms of sec a, and sec 0 in terms of 
cot 0, 

34. Given sin cos where 0 and ^ are acute 

' angles, find the value of 

1 + tan 6 tan v 


85. If cos a + sin a =* cos a, prove that 
cos a -sin a*® n/ 2 sin a. 


86 . 

87. 

* 88 . 


T. . . 3 £ -I cosec® ^ - sec® i4 

If tan find ■ 2 ^ 

V3 cosec^d + sec il 

If l + sin®-4“3 sin A cos -4, find tan A. 

If tan 0 + sin O^m, tan 0 - sin 0 “ w, prove that 

m® - w* - 4 V mn. 


89. If (a® - 6*) sin 0 + 2ab cos 0 " a® + &® , find tan 0 and 
cosec 0. 

iiA Tt j. A Sin (X — cos (1 , , 

40, If tan 0 ■* . » prove that 

sin a + cos a 

COS 0 “ sin a + cos a. 

I 41. Given tan*0 - 1 - e®, show that 

ft 

sec 0 + tan®0 cosec 0 — (2~e*)^. 

42. If a? and ^are two unequal real quantities, show that 
the equations (i) sin®0“— and (ii) cos 0«a?+ ^ are 
both impossible. 


48. Eliminate 0 between 

(i) a? « a COS 0', y - 6 sin 

(ii) a? * c (seo 8 + tan &), y — c (sec 0 - tan ®). 

(iii) a cos 0 + fe sin 0 + c* 0, a' cos ® + 6' sin 0 -f c' » 0. * 
(vi) a tan®0 + 6 tan 0 + c-a' cot®® + 6^ cot 0 + c'»O. 
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Examples 11(A) 

Provo the following indentities 1 to 18) : — 

j _tan*a ^ cot®a ^1 — 2Bin*a ooa*a . 
l + tan*a l + cot*a sin a cos a 

2. (tan 0 + cot 0 + sec 0)(tan 6 + cot 0 — sec 0) ■■ cosec® 0. 

3. sin 0(l + tan 0) + cos 0(1 + cot 0) ■“ sec 0 + coseo 0. 

[ 0. U. 1935. ] 

4. (l + sin a - cos a)® + (1 - sin a + cos a)® 

“ 4(1 - sin a cos a). 

5. sin®a + ain^a co8®a - sin®a cos*a - cost'd 

■*Bin®a-co9®ci. 

6. 3(sin 0 + cos 0) - 2(8in®0 + co8’'0) -■ (sin 0 + cos 0)**. 

^ __ l ._ . 1 « 1 . 1_ 

cosec 0 - cot 0 sin 0 sin 0 cosec 0 + cot 0 

g cm X ^ cos 1 / _ ® cos?/ 

sin® + cos?/ sin?/ — cos® sin®*- cosy sin y + cos® 

9. (sin 0 + cosec 0)® + (cos 0 + sec 0)® — tan®0 4- cot*0 + 7. 

10. (sec 0 - cos 0)(cosec 0 - sin 0)(tan 0 + cot 0) — 1. 

1 + (cosec ® tan y)® ^ 1 +(cot a^sin ?/)®^ 

1 + (cosec z tan y)® 1 + (cot z sin y)* 

12. 9ec*^a cos 0 c®a - 3 sec a cosec o. • tan®a + cot*a. 


13. 

14. 

15. 

16. 

17 . 


sin® A - cos* A « (sin A + cos AXsin A • cos A) 

X (1 4- sin A cos A){1 - sin A cos A), 

tan a , cot o 

a ".’" " 3 \2 ** sjh cl cob 

+ tan a) (l + cot®a)® 

sin*0 tan 0 - co8®0 cot 0 + sec 0 cosec 0 ■* 2 tan 0. 


cos ® A — sin® A 

sin A cos®A-co8 A sin® A 


coseo A + sec A. 


tan® A 4’ 0 ot®A ^ sin * A +o os® A ^ 
tan® A - cot®A sin® A - cob®A 



23 


INTERMEDIATE TRIGONOMETRY 


18. (sin a cos - cos a sin P)® 

+ (cos ot COB P + sin a sin jS)® = 1. 

19. If cob®- 4 - sin*il “ tan*B, 

then cob^B - sin’^B tan^il. 

20. If sin*a3 + sin^a;- 1, then tan^aj - tan®T“ 1. 

21 . Show that the difference between 3 sin^O - 2 sin^O 
and 2 cos®0 - 3 cos*0 is the same for all values of 0. 

© Tf 1 + sin 0 , . 1 i. 1 1 - sin 0 

If a;« ^ - » show that - - - --• 

cos 0 X cos 0 

23. If tan®il «l + 2 tan^B, show that cos®B-2 cos® 4.^ 

24. If sin a + cos a *■ 1, then sin a - cos a =* ± 1. 

23. If a cos 0 - & sin 0 = c, then show that 
a sin 0 + 6 cos 0® ± 

26. If (l + sin a;)(l + sin t/)(l + sin z) 

“ (l - sin aj)(l - sin 2/)(l ““ sin z\ 

* prove that each is equal to ± cos x cos y cos z, 

27. If X sin®a + y co8®a = sin « cos a, and 

X sin a-?/ cos a“0, then a;® + y® *1. [ C. U, 1937, ] 

oo Tj! • ^ sinaJ + sinv , ... 

28. If sin 4 “ - . . . » show that 

1 + sin a; sin y 


1 + sm a? sin y 

29. (i) If sin a + cosec a ** 2, 

then Bin”a + cosec”a « 2. 

(ii) If sec a » sec j0 sec y + tan /? tan y. 

then sec jS » sec V sec a ± tan y tan a. 

cos^a; , 8in*aj . ,, cos*!/ . sin*?/ _ - 

cos y sin 1 / cos x sin x 


80. If 



CHAPTER HI 

TRIGONOMETRICAL RATIOS OF SOME 
STANDARD ANGLES 

14. Ratios of 30^ 



Lot the angle XOP, which may be supposed to be traced 
out by a revolving line starting from OX, be 30**. Let PN 
be drawn perpendicular upon OX from any point P on OP. 
The angle OPN is then 60^ 

Produce PN to Q, making JVQ “ jVP. Join OQ. The 
triangles PON and QON are easily seen to be equal in all 
respects, and so ^OQN^ Z.OP^“ 60^ Hence the triangle 
OPQ is equilateral, and so OP “ PQ « double of PN. 

I 

Hence in the above figure if PN’^a, then OP “2a and 
so OA"- JOP^P'N^ - Jia’^ - - JSa. The sides ON, 

PN, and OP are all positive in this case, since the angle is 
acute. 

Hence 

. aaO • Pl^ a 1 

sin 80 -sinPOA-Qp-^-g 
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tan 30' 


PN 1 

'on“1T9 


cot 30' JB 


cosec 80° 


sin 30” 


2 



Let Z-yOP” 45”. PN is perpendicular on OX, In the 
right-angled triangle PON, Z-PON"" 15". 

Therefore, Z.OPN is also 45* and so ON’^PN’^a 
suppose. Then OP - JON’+PN* - >/a® +^* - 0 ^ 2 . 


Hence 


Bin 45" 
cos 45".' 


PN 1 

6p’‘~T9 

ON 1 

OP^Ul 


tan 45" 


PN 

ON 


1 


sec 45 ” -*00860 46"-* ^/2, cot 46*-* 1. 
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16. Ratios of 60*’. 



Let — 60^ Now PJT" being perpendicular upon 

0^1 along NX cut off NQ" ON, Join PQ, Then bhe two 
triangles OPN and QPN are easily seen to be congruent. 
Hence ZPQN* Z PON** 60®, Thus the triangle POQ is 
equilateral, and so OP “ OQ** double of ON. 


If ON* a, then OP* 2a and hence PN« JOP^-~ON^ 

‘aJS. 

Then 8in60“--JJ=-^® 

COB 

tan 60*-|J- JS 

cot 60* " sec 60*- 2, coses 60* 


2 

V3’ 


Note. It may be noted from the values of the ratios, that 
sin 60"«oos 30®, cos 60®-8in 30®, tan 60®-cot 30’, cot 60®«tan 30*, 
sec 60®«co8ec 30®, ooseo 60®—sec 30®. It will be proved more 
generally; in the next chapter, that for any two complementary angles 
sine of one is the cosine of the other and vice-versa^ tangent of one is 
the cotangent of the other, and secant of one is the ooseoant of 
the other. The angle 45*’ being its own complement, therefore, it 
should have its sine and cosine equal to one another, as is actually 
seen to be the case. 
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17. Ratios of 90^ 

Lot XOP be an acute angle very nearly 90**. PN being 
Y p perpendicular upon OX, ON is extreme- 

ly small, and as Z.XOP approaches 
more and more to 90^ 0^ becomes 
smaller and smaller. The length OP 
may however remain finite, and PN and 
OP will approach each other more and 
more closely. Ultimately when Z^XOP 
becomes 90®, OP and PN coincide, and 
^ N X ON becomes zero ultimately. Hence 

the ratio PNlOP becomes 1 and ONlOP becomes zero. 


« PN 

Thus sin 90 “ in the limit • 1 

cos 90® ■■ in the limit ** 0 
PN 

tan 90® = in the limit « oo * (infinity) 


( since ON 0, whereas PN remains finite ) 

^ 4 . oA® „ 9 0"* _ 0 ^ 

cot 90 “ ; — ^>ro = Y “ 0 
sm 90 1 


cosec 90® « 1, sec 90® "* OPiON in the limit « <» *. 


* The symbol o<? is used to denote a quantity which exceeds any 
positive number, however large, and does not represent a definite 
number. 

It should be noted that in determining tan 90**, we may start with 
an angle XOF, slightly greater than 90° (i.s. in the second quadrant), 
and make it approach 90°. Then ON will be negative and 0, 
whereas PN is positive. Accordingly we may also write tan 90*^ w — oo , 
(Thus strictly speaking. we_ should write tan 90*= Similar 

remarks apply for sec 90°, cot 0°, cosec 0®. 
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18. Ratios of 0^ 


p 



Let AXOP be an infinitely small positive angle, and lot 
PN be perpendicular on OX. 

Then PN is infinitely small, vrhereas OP is finite. Now 
if Z.XOP bo taken less and less and ultimately becomes 
less than any quantity we can assign, we denote it by 
zero, and in this case PN practically vanishes, whereas 
OP and ON remaining finite, coincide. Hence the ratio 
PN/ OP becomes ultimately zero, and ONlOP becomes 1. 


Hence, 


« PN 

sin 0 "“ qp in the limit -0 


cos 0® “ in the limit 


tan O'" 


sin 0^^ 0 

coVo’’ 1 


cot 0® 
cosec 0** 
sec 0® 


ON 

PN 

OP 

PN 

1 

cos 


in the limit 
in the limit 



uo 


♦ 


Note. Note that 0® and 90* being complementary, 
sin 0® “ cos 90“ ■* 0, cos 0® « sin 90“ — 1, etc, 

19. As the ratios of the standard angles 0**, SO"*, 45**, 60^ 
and 90® are very often used, they should be remembered very 


• See loot note of Art, 17. 
3 
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carefully. The first three ratios are given in the tabulated 
form below. The other three are reciprocals to these. 


angle 

sine 

cosine 

tangent 

0° or 0® 


* 

0 

30“ or " 

I 

to 

' i 


1 

73 

45 or . ; 

4 { 

1 

Ja_,. 

1 

1... 

60 or - 

CO 

J 

2 

73 

i 


! 

! 


90" or 

1 

1 ^ 

± •” 


Note, The following device may be of uso in remembering the 
sines and cosines of standard angles. The sines of the angles 0^, 30”, 
45®, 60”, 90” are respectively the bnuaivj toots of the fractions 
S. h hL i 

and cosines of those angles are the square roots from right to left. 


20. Examples worked out. 

Ex. 1. T/0- 30*. vefifv that cos 20 = 

X T tan 0 

Hence cos 2® ■■ cos 60^** ^ • Also tan 0 — tan 30^ 
l-tan®®_l-4_ 1 1-tan*® 

Ex. 2. Verify that 

sin 30* -*m 60* eoji 30*- cm 60* sin 30*. 


1 

78 ' 
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The right-hand side, on aubstitation of the valaeB, 


v'3 1 1 „ 3 _ 1 

2 ■ 2 2' 2 “ 4 4 


^ •= sin 80*. 


Hence the result. 


Ex. 3. Solve for 0, where 0 i$ a positive acute angUt 
given cosec 0 cot O’" 2 ^3, 


From the given equation, . ^ — 2 ^3, 

® ^ sin 0 sin 0 

or, cos 0 — 2 /s/3. sin*0 — 2 JSil - cos*0), 
whence, 2j3 oos®0 + cos 0-2 /s/3-0 


giving cos 0 


7l + 48_ -1±7 
4 V 3 “ 4: j3 ’ 


Since 0 is a positive acute angle» cos 0 is positiv6» and 
so rejecting the negative value, 

0-30“ i,e., I* 


Examples III 


Verify the results {Ex, 1 to 6) : — 

1. 1-2 sin^30“ - 2 cos® 30“ - 1 « cos 60“. 


2 30 

1 - tan^"30“ 


^/3. 


n n . , n , n ,jt j* n , n 

cos o cos . + sin Q- sin ^ - sin 7 cos ^ + cos • sm 

\ o 4 4 6 4 6 


3 


t {•\ , / . j_ T 5 \ tan ^ tan B , 

4 . (0 tan (4 + B) - - -7 t '. B* 

l**taniltanB 

(u) 00 s if ■“oos'B-sin'B, 
where il- 60', B-30'. 
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5, Bin 34 ■* 3 sin il - 4 8in®4, where 4 “ ^ • 

o 

8. oo8eo*46*.Bec*30* (ain^ao* + 4 oot*46'’ - 8eo*60“) - i. 

. If tan . ^ cos o *■ aj sin ■ cos T^an find ®. 

4 3 4 4 3 

8. If 0 be a positive acute angle, find 6, when 

(i) 2 sin *0-3 cos 0 ; 

(ii) tan 0 + cot 0 - 2 ; 

(iii) coseo^O + 5 - 3 >/3 cot 0 : 

(iv) sin 0 + COB 0 - s/2 ; 

(v) 2(cos®0“Bin*0) — 1 ; 

(vi) 6 8in*0 -11 sin 0 + 4- 0; 

/ ..V sin 0-008 1 “ s/3 

Bin 0 '+ COB 0 * 1 + s/3’ 

9. Given 0 and to be positive acute angles, and 
tan (0 + </>) - s/3t tan (0 - 4>) - 1, determine 0 and </>, 

10. Find a and P (a and ^ being positive acute angles), if 

Bin (2a - j5j - 1, 
and cos (a + p) « i. 

11. Find 4, JS, 0 (4, B, C being positive acute angles), if 

sin (fl + 0-4) — 1, 
oob(C + 4-B)-1. 
and tan (4 + B - 0) - 1. 

12. Find the numerical values of : — 

W -aJJ rt 2^ 3 2^ j 8 ^ • 

cot g “ 2 COB* 3 j 1^-4 sec g » 

(ii) 3 tan*46'’-sin*60®- J cot*80*+i flec*45®. 
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Now jLXOV (measured anti-clockwisely) being equal to 
^LXOQ (measured clockwisely), LQON in magni- 

tude in all the figures, and therefore the two rt-angled 
triangles PON and QON are congruent. The corresponding 
aides are therefore equal in magnitude. Considering the 
signs of these sides according to the usual convention, we 
get in all the figures, 

gxV- -PN. and 00“ OP 

( both OP and OQ being always considered positive ). 

Hence, from definition. 


sin ( - 0) 
cos ( - 0) 
tan ( - 6) 


QN -PN 
OQ'" OP 

ON ON 

00 “op 

QN -PN 

on“ on 


- sin e 


COB e 


“ - tan e 


and the reciprocals of these give, 

cosec ( - 0) « - cosoc 0, 
sec ( -0)“sec 0, 
cot f- 0)“ - cot 0. . 


22. Ratios of (90" -6), 

Let the Z.XOP traced out by a revolving line be 0, and 
let another revolving line, starting ftom OX trace out the 
angle XOF"90" and then revolve back, tracing out Z.TOQ 
“0 in the clockwise direction, so that ZXO0**90’* — 0. 

Take two equal lengths OP and OQ along OP and OQ 
respectively, and draw PN and QM perpendiculars on OX. 

If OP be ike first or third gtiadrant as in Pig. (i) and 
Pig. (iii), OQ also lies in the same quadrant. If OP lies in 
the second quadrant as in Fig. (ii), OQ lies in the fourth 
quadrant ; and if OP lies in the fourth, OQ lies in the 
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second, as in Fig. (iv). Now, JLXOP being equal to LYOQ 
in magnitude. Z.PON’^ jLOQM, and since OP’^OQ, the 



Fig. (iii) Pig. (iv) 

two rt.-angled triangles PON. OQM are congruent. The 
corresponding sides are therefore equal in magnitude. 
Considering signs as well, we get in all the figures, 

eilf - ON. OM^ PN. OQ - OP. 

Hence, from definition, ^ 


sio (90* - 6) - ainZZOO - “ cos 0 

eos (90*-a)- e 
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The reciprocals of these are 

cosec (90® - fl) •* sec d, 
sec (90® “ — cosec 0, 

cot (90® — 0) “ tan 0, 

Obs. The angle (90® — (9) is the complement of 0, and wo derive the 
result that for a pair of complementary angles, sine of one is the cosine 
of the other and vice versa, tangent of one is the cotangent of the 
other and secant of one is the cosecant of the other. This was verified 
in the last chapter in connection with the complementary pairs 30* 
and (JO®, as also 0® and 90®. 


28. Ratios of (90** + a). 
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Cut off OP“OQ along OP and OQ respectively and 
let PN, QM be perpendiculars on OX (produced ^here 
necessary). 

Now OQ being perpendicular to OP, the Z.POjV* the 
complement of Z.QOM” Z.O0 /if in magnitude, and since 
OP« OQ, the two right-angled triangles OFN and OQM are 
congruent. The corresponding sides are therefore equal. 
Considering signs as well, we get. for all the figures, 

Oilf “ ON, OM-^ - PN, OQ - OP. 


Hence from definition, 

sin (90*+ 6) - sin XOQ ' 


QM ON 

‘ oq“ op' 


tan (W+9) - gg - - - cot 9 


and considering their reciprocals, 

coseo (90* 4* o) “ sec 0, 
sec (90* + a) « - cosec 0, 
cot (90* + 0) — - tan 0. 


24. Ratios of (180* -6). 
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Let L.XOP^O be traced out by a revolving line, and let 
another revolving line, starting from OX, trace out an 
angle 180® coming up to OX* and then revolve back and 
describe an angle X'OQ“0, so that Z.XOQ* 180®- 0. 

Two figures are given here, one with OP in the first 
quadrant and another with OP in the third quadrant. The 
two other figures may easily be drawn by the students. 

Now cut off OP “00, and draw PN and QM perpendi- 
culars on OX (or OX^ as the case may be). Then LPON 
^ Z.QOM in magnitude, and OP“O0. Hence the right- 
angled triangles PON and QOM are congruent, and so have 
their corresponding sides equal in magnitude. Taking into 
consideration the signs, we get for all the figures, 

03f“PX. Oaf“ “ON, O0«OP. 

' Hence for all values of 0, 

sin ( 180 * - e) = sin - sin e 

cos ( 180 * - e) - = - cos e 


tan (180® - 6) « 


QM 

6m 


_PN ^ 
-ON 


-tan e 


and so taking reciprocals, 

cosec (180® - O) “ coseo 0, 
soc (180® - 0) “ - sec 0, 
cot (180® -d)* - cot 0. 

Not®. The first two formula', may l>e cxp’-essed in the form 
of supplomonUiry angles are egiial, and cosines of supplementary angles 
are egual in tnagnUttde hut in sign.'* 

25s Ratios of (l80®+e)s 

Let a revolving line starting from OX, trace out au 
angle XOP“ 0, and further trace out ah angle POC»- 180*, 
so. that ZXOO“18O®-f0. 
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OP and OQ are then in one straight line. 



Fig.(i) Pig.(ii) 


Cut off OP^OQt and draw PN and QM perpendiculars 
on XOX\ 

Two figures are given here with OP in the first and 
fourth quadrants, and the other two may be similarly 
drawn. 

Now POQ being a straight line in this case, Z.PON' 
“ Z. QOM in magnitude. Also, OP ** OQ, Hence the right- 
angled triangles PON and QOM are congruent and have 
their corresponding sides equal in magnitude. Considering 
signs, we get in all cases, 

QM^ - PN, OM^ - ON, OQ^ OP, 

Thus for all values of 0, 

■in (180“+5)-8in 

COB (180*+©)- - cos © 

fttn QM “* PN PN - ^ 

ton (180 +©)- tan © 


-sin © 
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and BO, 

cosec (180® + 0)— -COB 0 C 0, 
B 0 O (180® + 0) — - sec 0, 
cot (180® + 0) « cot 0. 

26. Ratios of (270® -6). 



Let AXOP”0 be traced out by a revolving line, and let 
another revolving line trace out an angle XOY' “ 270®, there- 
by coming up to the position OY\ and then revolve back, 
tracing out an angle Y'OO«0, so that Z.XOQ®* 270® - 0. 

Two figures are given here with OP in the first and third 
quadrants. The other two may be drawn similarly. 

Out off OP 00 and draw PN^ QM perpendiculars on 
X0X\ 

Since ^XOP’" /LY^OQ in magnitude, we easily derive 
that LPON^ ^OQM in magnitude. Also OP* 00- Hence 
the two right-angled triangles OPN and OQ^ sre congruent. 
Oonaidering signs, we get for aU the figures, 

OH- - ON. OH- -PiV, 00- OP. 
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Hence, for all values of 0, 


Bin (270* - e) - sin L XOQ - 


COB (270*-©) 
tan (270® -a) 


ou 

OQ 

QM 

om' 


’-PN 

'op 

-ON ON 
-PN^^PN 


-sin a 


» col a : 


-COB a 


and thuBi 

cosec (270® - 0) « - sec d, 
sec (270® - 0) — - cosec 0, 
cot (270® - 0) « tan 0, 


27. Ratios of (270®+ a). 


We may proceed geometrically as in the previous cases. 
Otherwise we may proceed as follows : 
sin (270® + a) -sin (l80® + + 1#) « - sin (90® + 0) [ from S 25 

--cos a ... ... [from §28 

COS (270® + a) - cos (180® + 96 « + 5 ) « - cos (90® + 0) 


tan (270®+a) 


=* - ( - sin 6) — sin 0 
^ sin (270® + ^ cos 0 

cos (270® + 0) sin 0 


cot a ; 


and hence, 

cosec (270® + d)— - sec 0, 
sec (270® + 0) — cosec 0, 
cot (270® + d) — - tan 0, 


Note. The ratios of 180® - 0 , 180® + 0, 270® - 0 can also bo similarly 
dedacod from the formulse for ratios of 90® ±0. 


28. Ratios of (860® - a), (360® + a) and (n.360® ± a). 

It has already been remarked in Art. 2, Chanter I, that 
angles which differ by complete multiples of 360®, s.e. by an 
exact number of complete revolutions, |iavd the final posi- 
tions of the revolving lines coincident, if the initial lines are 
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the same. Hence all the trigonometrical ratios o( two such 
angles must be identical in magnitude as well as in sign* 

Thus trigonometrical ratios of 360'' - 0 must be same as 
those of • 0. Hence, 

sin (360*-6)-sin (-0)- -sin 0 
cos (360" — 6) cos ( - 0) ■= cos 6 
tan (360" - 6) — tan ( - 0) " - tan 6, etc. 

Trigonometrical ratios of 360° + 0, or of 360° ^ n ± 0, 
where n is an integer, positive or negative, must similarly 
be same as those of 0, or of ±0. 

Thus in determining trigonometrical ratios of angles^ 
complete multiples of 360" 27i) may be always added 

yr subtracted. 

29. All the above results may, for easy remembrance, 
30 summed up in a simple rule. 

11 0 be associated with an even multiple of 90*^ by a + or * sign, 
[e.g., 180" - 0, ISO** + 0. ZBQ)' - 0. 360® + 0. etc.), the ratio is not 
dtered in form (fe., sine remains sine, cosine remains 
iosine, etc.). To determine the sign, assuming 0 to be 
,Gute, 6nd out the quadrant in which the associated angle 
ies, and determine the sign according to the rule "all, sin, 
ian, cos". 

If B be associated with an odd multiple of OO** by a + or — sign, 
c.flf., 90" - 0, 90" + 0, 270" - 0, 270" + 0. etc.), the ratio is altered 
sine becomes cosine, cosine becomes sine, tangent becomes 
lotangent, etc.). Moreover, the sign of the result is 
letermined as in the previous paragraph. 

Example. Consider formulcs for tan (270" - 0) and 
wc (180" +d). 

270" - 0 *• 3.90" - 0 (multiple of 90" is odd). 
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Hence the ratio will be altered, tan changing into cot. 
Moreover, B being assumed acute (whether it actually is so or 
not, it does not matter), 270*- 0 falls in the third quadrant, 
where tan is positive. 

Hence, tan (270® - 0) - + cot 0. 

180® + 0 has got 0 associated with even multiple of 90®. 
Hence the ratio does not alter in form, sec remaining sec. 
Also, 180® + 0 falls in the third quadrant, if 0 be assumed 
acute, where sec (by the rule “all, sin, tan, cos”) is negative. 

Hence, sec (180® + 0)— - sec 0. 

N. B. The angle “ — ^1’* may be written as 0.9(>0'’ — and 0 may 
be considered even in applying the above rule. 

Thus, ^ being supposed acute, falls in the fourth cjuadrant, 
where cos and only arc x>usitive. The form of the ratio not changing 
in this case, sin ( — ^)=» — sin 0, cos ( — 0)e» +co8 etc. 

SO. Special angles (outside the first quadranl). 

In Art. 24, putting 0*60®, 45®, 30® and 0® respectively 
we can deduce the following results : 


sin 

120^ 

sin 60 ^ « ; 

cos 120® » 

-cos 60®*- 

1 

“ 2 ■ 

sin 

135® 

-»sin 45® ■» V, I 

cos 135® « 

- cos 46® ■■ 

1 

" n/2’ 

sin 

160® 

-Bin30®» “i ; 

cos 150® « 

- COB 30® « 

2 

sin 

180® 

« sin 0® « 0 ; 

eos 180® « 

- cos 0® w — 

1. 

And similarly from Arts. 

. 27 and 28, 

putting 0 

-0, 

sin 

270® 

«• - 008 0® — 1 ; 

cos 270® -sin 

0®»0. 


sin 

860® 

■sin 0®*0 ; 

cos 860® «* cos 0® 1. 


From 

the 

above, we get, 




tan 

180® 

0 ; tan 270® • o® ; tan 800® 

-0. 
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Examples worked out. 

Ex. 1 . Find the value of cot ( - 1575°). 

cot ( - 1576') - - cot (1575") - - cot (4 x 360" + 135") 

- - cot (135")- - cot (180" - 45") 

-cot 45" - 1 . 

11 n 

Ex. 2 . Find the value of cot 0 - tan where 0 = ^ 

11 n n o 

g “G?*"- g • and omitting complete multiples of 360“ 

i.e., of 2n, \vhereby trigonometrical ratios are not altered, 
we get, 

cot “ cot I - g j — - cot g “ - cot 60“ “ " ^g" 

tan " 1 “ “ tan ( 3 ) ““ “ 1 " * 60“* - JZ* 

4/14. 1 ^ /Q 3-1 2 2^/3 

. . cot e - tan e - - -^3 + V 3 - - j- - - -3 • 

Ex. 3. Prove that 

sin (420") cos (390") + cos ( - 300°) sin ( - 330") — 1. 

L. H. Bide - sin (360" + 60") cob (860".+ 30") 

+ cos ( - 360" + 60") sin ( - 360" + 30") 
— sin 60" cos 30" + cob 60" sin 30" 
^^/3J^.ll S I- 
X' 2 2*2 " 4 4 

Ex. 4. Express cot ( - 1368") in terms of the ratio of a 
positive angle less than 45". 

cot ( - 1368") - cot ( - 4 X 360" + 82") 
-oot82"-cot(90"-8") 

-tan 8". 

Note, Batios of angles of any magnitude and sign can always be 
expressed in terms of a ratio of a positive angle less tlian 45^. 
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Ex. 5. Express 

w; (\)(f + 0) ( - 0) fav (180*’ - 0) 

sec UGo" + Oj sin (ibO^ + 0) cot (00'’ u) 

form. 


in its simplest 


Tho given expression 

- fiin 0 flp(» Of- tan ^ ) 
see ( — 81 U 0;. tan 0 


Examples IV 

1. Write down the values of sin 160^ cot 840^ 
cosec ( - GG0°) and tan (-11 25°). 


tan 


(i"s) 


and cos 


f l]j«\ / 


[ - 4 j* cosec \ 

1 3 )■ 

/5yl 197|\ 


I 2 ~ 3 1 


1 - COS ||2n + 1 



IS 


n is a negative integer. 

4. Find the value of sin |n 7 * + ( - l)" !^ |» where ni 
any integer. 

5. Find all the values of 

(i) tan + 1 )" 4 ) ’ 

(ii) cosec +(-!)" gj* 
where n is any integer. 

6 . Show that cos| 2 wwi±-^j and tan|wn+gj have 
one value each for all integral values of m. 



50 


INTERMEDIATE TRIGONOMBTRT 


7. Prove that, n being any integer 

(i) cos (nw + a) «■ ( - 1)" cos a ; 

(ii) tan (wr - a) — - tan a. 

8. Prove that 

(i) cos 0 « - cos (0 - 180°) ; 

(ii) tan 0 - - cot (0 - ^ji). 

9. Prove that 

(i) sin (780°) cos (390°) - sin (330°) cos ( - 300°) « 1 ; 

(ii) cos 306° + cos 234° + cos 162° + cos 18° «0 ; 
i...N sin 250° + tan 290° 

cot 200° + cos 340° “ 

10. Simplify 

8in**(3x + 0) , tan (2 ji- 0)^ sec^lyt-B) 

+ cosec'^O Bin(;?*-fl) 
and determine its value vyhen 0 « 225°. 

11. Prove that 

sin ( Jrt + 0) cos (n - 0) cot (I + 0) 

“ sin (i^i - 0) sin (Stj - 0) cot Uti + 0). 

12. Evaluate 

/.\ . 2^1 *2 3^1 , , 2 t • 2 7 ^ 

(i) Bin ^ + sin ^ +sm +Bin -• 

1 . ^ 1 . . dn .In .9.-1 

in) cot 20 cot 20 cot cot 

(iii) sin x + sin (.-i + x) + sin (2.-i + a:) + to « terms. 

18. If tan 0 - TV and cos 0 is negative, find the value of 
sin 0 + co s ( - ^ 

sec ( — 0) + tan 0 

14. An angle ^ lies between 180° and 270°i and cosec 0 
- 1. Find cot 0, 
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15. Express in terms of ratios of positive angles less 
than 45*^ ; 

(i) cot { - 1054**) ; (ii) sin (1146*) ; 

(iii) sec (-1491*) ; (iv) cos 

16. Find the value of 0 when, 

(i) tan 0 = - v/3 and 0 lies between 270* and 300* ; 

(ii) cos 0- - and 450*< 0 < 540*. 

17. Solve for 0, giving all the possible values, when 
0* < 0 < 360* ; 

(i) cos 0 + ^/3 sin 2 ; ' C. U. 1930. ] 

(ii) 2 sin^^^ + S cos ^>“0 ; 

(iii) 3(sec**0 + taa®(/)- 5 ; 

(iv) cot 0 + tan 0 « 2 sec 0 ; 

(v) 1 - 2 sin 0 - 2 cos 0 + cot 6*0. 

18. If -4, B, C be angles of a triangle, show that 

sin ( A + B) - cos G *= cos (4 + B) + sin C. 

19. If B, C be angles of a triangle, show that 

tan (B + C) + tan (C + .4) + tan (4 + B) _ 
tan (.T “ 4) + tan (271 - B) + tan (3;* - C) 

20 . If /I, B, C, D be the angles of a quadrilateral, 
show that 

cos + 0) + cos i(B + B) - 0. 

If the quadrilateral be cyclic, then 

cos 4 + 009 B + cos C + cos B ■» 0. 



) CHAPTER V 

SIMPLE PRACTICAL APPLICATIONS OF 
TRIGONOMETRY 

81. One of the most important applications of Trigono- 
metry is in the determination of heights and distances 
of distant objects which are not directly measurable, by 
observations of angles subtended by those objects at the 
eye of the observer. These angles may bo measured by 
instruments known as Sextants, or Theodolites or by other 
angle-measuring instruments. Thus Trigonometry plays 
a very important part in land survey. It is also extensively 
used by Astronomers in determining the distances of the 
heavenly bodies like the sun, moon and stars. 

Two angles are very often used in the practical applica- 
tions of Trigonometry, and they are defined as follows : — 




If a horizontal line OST be drawn through O, the eye of 
an observer, the angle which the line joining 0 to a point P 
above OX makes with OX is called the Angle of Elevation 
or altitude of P as seen from 0. 
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If Q be below the Ijorizontal line OX, the angle XOQ 
measured below OX is called the Angle of Depression of 
Q as seen from 0. 

B2. Illustrative Examples. 

Ex. 1 . From a distance of 40 feet from the foot of a 
palm tree in a horizontal field ^ the amjle of elevation of the 
top of the tree is observed to he 60^ Find the height of 
the tree. 


P ^ 



Let h ft. be the height of the tree P.Y, and jLNOP, the 
angle of elevation of P as seen from O, where OA^*'40 ft., 
is 60^ 

Then = tan PO.V = tan 60' “ JZ ; 

4U 

fe«40^/3 ft.-G9‘28 ft. 

Ex. 2. From one hank of a river ^ the top of a building 
Just on the opposite hank is observed to have an elevation of 
45**. On receding 50 ft, from the bankt perpendicular to its 
edgct the angle of elevation becomes 30**. Find the breadth 
of the river, and the height of the building. 
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AQ being the breadth of the river, PQ the height 
of the building, /LPAQ^ib"". Also AB being 50 ft., 
LPBQ^m\ 


P 



AB 

Hence, subtracting, = cot 30'* - cot 45®, 

50 irt 1 
or, PQ *** ^ * 

FQ 2 ~ Oft 3 ft. nearly. 

Also p^“cot 45'’‘=l : AQ-PQ^-eS'dh. 

Thus, the breadth of the river and the height of the 
building are both 63’3 ft. nearly. 


Ex. 3« The angles of degression and elevation of the top 
of a tower SjO ft high from the top and bottom of a second 
tower are 60® and 20® respectively. Find the height of the 
second tower to the nearest foot, [ Given cot 20®*=* 2*747. ] 

PQ is the second tower, and AXPA^GO^t Z,BQ4 *20®. 

J5“ 50 ft., ilC is parallel to jBQ or PX, so that A PAG 
— the alternate angle XPA 60®. 
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Now = cot 20' ; <2B- AB cot 20”. 

Also = tan PAG = tan 60* ; 

PC~CA tan 60° - QB tan 60" 

A B cot 20** tan 60^ 



Q B 


height PQ^PC^ CQ^ PC ^AB 

^AB (cot 20^ tan 60" +1) 

-50(27i7x V3 + 1). 

-287’8..Jt.«2HH ft. nearly 

Ex, 4. The elevatiofi of a hill from a place P due East 
of it is 45", and at a place Q due South of L\ the elevation 
is 30". If the distance PQ be 400 yds,^ find the height of 
the hill, 

A is the top of the hill, B is the point vertically below it 
on the ground. BP is due East, PQ is due South, so that 
BPQ is a right angle. Also ABP and ABQ are both right 
angles. 

Now - cot AQB>= cot 30" - s/3, 

AB 


and 


cot APB cot 45" -1. 
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Hence, BQ~ABjZ, BP-AB, 


A 



and PQ^ ’•BQ^ - BP* ■= AB^iZ-D- 2AB*. 

. • . V2 = 200 J2 “ 283 yds. nearly. 

Examples V 

1. From the top of a tower by the sea side, 100 feet 
high, it was observed that the angle of depression of the 
bottom of a ship at anchor was 30^ Find the distance of 
the ship from the bottom of the tower. 

2. Two straight roads, which cross one another, meet a 
river with a straight coarse at angles 60’’ and 30^ respective- 
ly. If it be 5 miles by the longer of the two roads, from 
the crossing to the river, how far is it by the shorter ? If 
there be a foot-path, which goes the shortest way from the 
crossing to the river, what is the distance by it ? 

8. Two poles are of equal height ; a person standing 
midway between the line joining their bases observes the 
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elevations of the poles to be 30®. After Tvalking 40 foot 
towards one of them, he ob«erven that the same pole 
now subtends an anjile of 60®. Find their height and 
the distance between them. 

4. A straight palm tree GO feet high, is broken by the 
wind but not completely separated, audits upper part meets 
the ground at an angle of 30®. Find the distance of the 
point where the top of the tree meets the ground, from the 
root, and also the height at which the tree is broken. 

5. Two posts are 120 ft. apart, and the height of one 
is double that of the other. From the middle point of the 
line joining their feet, an observer finds the angular eleva* 
tioQS of their tops to be complementary. Find the height 
of the shorter post. 

6. The Bally bridge subtends an angle of 46® at a given 
point at the edge of the river ; 800 yds. higher up, it 
subtends an angle of 30®. The course of the river here is 
straiglit and perpendicular to the bridge. Find the length 
of the bridge. 

7. The height of a house subtends a right angle at an 
opposite window, the top being 60® above a horizontal 
straight line through the window ; find the Jieight of the 
house, taking the breadth of the street to be 30 feet. 

8. From an aeroplane vertically over a straight road, 
the angles of depression of two consecutive milestones 
are observed to be 45® and 60® ; find the height of the 
aeroplane. 

9. From a ship sailing due South-East at the rate of 
5 miles an hour, a light-house is observed to be 30® North 
of East, and after 4 hours, it is seen due North ; find the 
distance of the light-house from the final position of the 
ship. 

10. The shadow of a tower standing on a level plane is 
found, to be 40 feet longer when the sun's altitude is 46® 
than when it is 60®. Find the height of the tower* 
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11. From the lower window of a house the angular 
elevation of a church-steeple is found to be 45® and from a 
window 20 feet above, the elevation is 30®, How far is the 
church from the house ? 

12. A liglit'house facing East sends out a fan-shaped 
beam of light extending from S. E, to N. E, An observer 
sailing due North, after meeting the light continues to see 
it for lOv/2 minutes. When leaving the fan of light, the 
ship is 10 miles from the light-house. Find the speed of 
the ship. 

13. A pole 100 ft. high stands vertically at the centre 
of a horizontal equilateral triangle, each side of which 
subtends an angle of 60® at the top of the pole. Find the 
side of the triangle. 

14. Two chimneys are of equal height, A person stand- 
ing between them in the line joining their bases observes 
the elevation of the nearer one to be 60®. After walking 
80 feet in a direction at right angles to the line joining 
their bases, he observes the elevations of the two to be 45® 
and 30® respectively. Find the height and the distance 
between them. 

15. At the foot of a mountain the elevation of its 
summit is 45® ; after ascending 1 mile towards the moun- 
tain up an incline of 30®, the elevation changes to 60®. 
Find the height of the mountain. 

16. From a station, two light-houses A and B are seen 
in directions North and 30® East of North respectively; 
if A were one- third as far off as it really is, it would appear 
due West of B, If the distance of B from the station be 
10 miles, find the distance of B from A, 

17. A person walking along a straight road observes a 
tall tree standing in front of a tower, both being on the 
road before him. The elevation of the top of the tower is 
45®, and of the top of the tree 30® ; on advancing 100 feet 
he finds the tower and the tree to have the same elevation 
60® ; supposing the height of the eye of the man to be 
5 feet, find the height of the tower and of the tree. 
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18. A man on the top of a rock rising on a seashore, 
observes a boat coming towards it at an angle of depression 
30* ; 10 minutes later the angle of depression is 60*, The 
height of the rock being 4000 feet, find the speed of the 
boat in miles per hour. 

19. A person walking along a straight level road 
observes the elevation of the top of a hill to bo 60* when he 
is nearest the hill, and after walking 200 yards in a direction 
perpendicular to the direction of the hill from this point, 
observes the elevation to be 30*. Find the approximate 
height of the hill. 

20. A square tower stands on a horizontal plane. From 
a point in this plane, only three of its upper corners aro 
visible, and their angles of elevation are 45*, GO*, 45*. Find 
the ratio of tho height of the tower to its breadth, 

21. Two wheels, the sura of whoso radii is 10 feet, aro 
placed flatly on a table with their centres at a distance of 
20 ft. An endless string, quite ntrotchod, is paftly wrapped 
round the wheels and crosses itself between them. Show 

that the length of the string is nearly 76*5 feet. 

« 

22. On a still day, from a station A an airship is 
observed due north at an elevation of 60*, while from a 
station B it is observed due east at an elevation of 45*. At 
this instant of observation, a parachute message is dropped 
from tho airship, and the observer at A has to walk a mile 
to reach tho message. Find the distance between tho two 
stations. 

23. From the foot of a column the angle of elevation 
of the top of a tower is 45* and from the top of the column 
the angle of depression of the bottom of the tower is 30*. 
A man walks 10 ft. from the bottom of the column towards 
the tower and notices the angle of elevation of its top to 
be 60*. Find the height of the column. 
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33. To prom that / 

Bin (A+Ii) = 8in A cos B + cos A sin B 
cos(A + B)*= cos A COB B- sin A sin B, 

wlien A and B are positive and acute and {A-^B) < 90®. 



Let a revolving line starting from the position OX trace 
out an angle XOY^A and then revolving further, trace out 
an angle YOZ^B ; thou LXOZ * A \ B. 

In OZ, the hounding line of the compound angle B, 
take any point P and draw PQ and PR perpendicular to OX. 
and OY respectively ; also draw RS and RT perpendicular 
to OX and PQ respectively. 


From the right-angled APOQ, 


sin (A + B) 


PQ^QTi-TP^RS + PT RS PT 
OP " “op “ op "* OP OP 
RS OR PT PR 
OR OP PROP 


■■ sin A cos B + cos TPR. sin B, 

Now. A TPR - 90® - Z.TRP » 4 TRO - 4POS - A. 
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sin (4 + J5) *= 
Again, 

cos (A + JB) “ 


sin A oos B + ocs A sin B. 


OQ ^OS-QSi ^OFi-TR 
OB* OR “ OR 
OS on TR PR 
OB OP “ FB OP 


OS 

OP 


TB 

OP 


■“ cos A cos B - sin TPB. sin B 
*co9 A cos B-sin A sin B. 


34. To prove that 

sin ( A - B) = sin A cos B - cos A sin B 
cos ( A - B) - cos A cos B + sin A sin B, 
when A and B are positive and acutCt and A > B. 



Let a revolving lino start from tho position OX and 
trace out an angle XOY^ A and thentrovolving back trace 
out an angle YOZ - B ; then Z^XOZ * d - B. 


In OZ, the houiuUng line of the compound angle d-B, 
take any point P, and draw PQ and I'B i)eri>end»oiilar to 
OX and OY respectively ; and draw BS and BT perpendi- 
cular to OX and QP produced respectively. 


From the right-angled APOQ, 


sin (d - B) 


PO„Tg-PT^BS-PT^BS PT 

op” op^ ““ op” ”<Jp^bp 
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_ TiS OR PT PR 
OR OP PR OP 
“ sin A cos B - cos TPR. sin B. 

But Z. TPR - 90® - Z TRP * Z Z FOX - 

.* . sin (A “ B) •* sin A cos B - cos A sin B, 


Again, 

cos {A - B)^ 


OC>^ON+8() ^08 + BT 
OP OP OP 

08 OR RTRP 
OJi OP RP OP 


OS RT 
OP OP 


“COS A cos P4-sin TPR, sin B, 


“ cos A cos B + sin A sin B. 


Obfi. In the ahovo Goomctrieal proofs, it is assamod that the 
angles i4, ii, ^4-1? aro all loss than a right angle and that ^ — 7? is 
positive. If the angles are not so restricted, the same method of proof 
(there being some modifications in the figures) will apply, due atten- 
tion being paid to the signs of the quantities involved.* 

Thus the above lour formulae are perfectly general. 

Note 1. The sum or difference of two or more angles is called % 
Compound angle ; such as, iH D, Dj A+ B + C etc. 

The expansions sin (A + J3) and cos (A±B) are generally called the 
** Addition Formulat or and. Suhfrat'ti'^v Theorems” , 


Note 2. Assuming the truth of the above formulm for acute 
angles, they can be shown to be true for angles of any magnitude, 
as follows : 

Let us dbnsider sin (A + B), 

Let A and B bo acute and A + B < 90®. 

Let^i==90® + .4 ; B,-B. 

Now, sin (^, + Bj>*=sin {(90®+,r'l)+B}«sin ■{90®4(^+B)}^ 

*cos (.l+B)«cos A cos B-sin A sin B, [by Art. 33. ] 
sin {90® + A) cos B+ cos (90® + A) sin B 
«6in .4, cos B|+cos sin B,. 


*See Appendix, Art. 2-4. Also lor alternative proofs of Arts. 33 
and 84, see Appendix, Act. 10. 
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Again, let - A, 

Then sin + B 4 ) — sin ( — -4 +B)« - sin (-4- B) 

» — sin A cos B + oos A sin B, [ by Art, 34, J 
™ sin ( - .4) cos B+ cos ( - <1) sin B 
« sin A , cos B, + cos A a sin B.^ . 

Thus, the above formula remains true if any of the two angles is 
either increased by 90®, or has its sign changed. 

In tho same w'ay it may be shown that the other three form 11 be 
for cos (^4 + Bl, sin {A — V) and cos (A — B) will continue! tt) hold good 
unchanged in form, if any of the two angles be either increased by 90‘' 
or has its sign changed. 

Now starting from positive acute-angled values of A and JJ, com- 
bining the two processes of increasing one of tho angles by 90'^', and 
reversing the sign of any one, we can arrive at values of A and B of 
any magnitude, positive or negative, and the four formubt' will still 
hold good. 

Thus the formul.c for sin (*4 ± 71) and cos (A + 70 ftre perfectly 
general. 


35. Ex. 1. Find the values of 

sin 75®, cos 75®, sin 15® and cos 15®. 


sin 75° 

“*sin 

(45° • 


sin 45® cos 30® + cos 45® 

sin 

30° 


1 n/3 

“ V2 2 

+ i 

^ V2 2 

2V2 




cos 75° 

“COS 

(45° 

+ 30°)“ 

cos 45° cos 30° 

- sin 45* 

' sin 

30° 


1 

n/3 

1 1 

Vs-i 





> 

II 

i 2 

“ J2 2 

2^2 




sin 15° 

“Bin 

(15°- 

-30°)- 

Bin 45® COB 30® 

- cos 46° 

Bin 

30* 

and cos 15° 

“COS 

.{45° 

-30°)- 

COB 46® COB 30® ■ 

4- sin 46° 1 

sin 30® ; 


therefore eabstituting the values of sin 45^ cos i5" etc. 
as before, vre get 
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sin 15° - and cos 15*° 

Not«, The v«a1ucs of sia iiud cos 10° can also be deduced from 
the fact that 

sin 16° * sin (00° — 75°) — co8 75° 
and cos 15° « cos (90° — 75")*' sin 75°. 

Ex. 2. Show that 

(i) sin ( A+ B) sin (A - B) * sin® A - sin^B 

«cos®B“ cos®A. 

(ii) co8(A+B) cos (A-B)“C08®A-8in®B 

■■C08®B-sin®A. 

(i) Left side 

"• (siu A cos B + cos A sin A cos B - cos A sin B) 

cos®/? - co 8“-4 sin®/? 

-sin®/! (I“eifri3)“(l-sin®i4) sin®i? 

— sin®-4 - siri^B 

(l - cos°i4) - (1 - cos®J5) “ cos®/? - cos®^. 

(ii) Loft side 

** (cos A cos B - sin A sin /?)(cos A cos B + sin A sin J5) 
“cos®j4 cos® Z? - sin '*.4 sin®i? 

"COS®.! (l “ sin®/?) - (1 - co8®i4) sin®i? 

“C 09 ®il - sin®/? 

■= (1 - sin*^) - (l “ cos®/?)**“co8®i?- sin®i4. 

Note. The results of Ex. 1 and Ex. 2 are very useful and should 
bo carefully remembered. 


36 . 


To prove that 

(i) tan (A + B) 


tan A + tan B 
1 - tan A tan B 


tan A - tan B 

n •m m !■■■ A 


(ii)tan (A-B) 


14- tan A tan B 
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W 0 have 

i. / A , sin {A + B) sin A cos B + t*os A sin B 
cos \A + B) COB A cos - sm A sin B 


Now dividing the numerator and donominator by 
cos A cos Bt we have 


tan (a + B) 


sin A COS ^ cq9^i4 sin Ji 

cos A cos B COR A cos B 

COS A cos B _ sin A sin B 

COS A COS B cos A cos B 


Again, 

tan (A - If) 


tan A + tan B 
1 - tan A tan B 

sin (A^B) ^ sin A cos B - cos A sin B^ 
COS {A B) cos A cos B + sin A sin B 


Now, dividing the numerator and denominator by 
cos A cos B, we have, as before, 


tan (A - B) - 


tan -4 “ tan B ^ 
1 4* tan A tan B 


87 . 


To prove that 

(i) cot (A-fB) 

(ii) cot (A-B) 


cot A cot B - 1 
cot B + cot A 
cot A cot B-fl 
cot B - cot A 


cot {A + B) 


^ „ COB A cos B - sin A sin B 
sin( A + B) sin A cos B + cos A sin B 


Now, dividing the numerator and denominator by 

sin A sin B, we have, , 

cos A cos B _ A sin B 

w j . T»\ sin A «in B sin A sin B 

cot (A + B) • • z ^ — 7 “d 

sin A cos B I cos A sm B 

sin A sin B sin A sin B 

. ^ cot B— 1 

cot B + cot A 
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cofc (il “ 2?) * 


COR - 2?) COR A COR B + sin A sin B 


sin [A - B) sin A cos B - cos A sin B 
Now, dividing the numoiator and denominator by 
sin A sin we have, as before, 

cot (A -• 2?) =* — :■ - • 

cot B “ cot A 

38« Ex. 1. Find the values of tan 75® and tan 16®. 

tan 45® + tan 30® 


tan 76® “tan (45® + 30®)* 


1 - tan 45 tan 30® 


1 + 


1 


1 - 


^/3 ^ n/3 + 1 _ ( \/ 3 + 1){ ^/3 + 1) 
1 s/3-1 ‘ '3-1 

n/3 


,4 + 2 73 ^ 2 ^.^ 3 _ 


tan irr-tan (45’ -SO’)- 


tan 45’ — tan 30’ 

‘ 1 + tan 46° tan 30’ 


^ n/3 ^/3-1 (_V3-1)L-/3- 1) 

1 v'3 + i“(V3 + 1X>/3-1) 

•J'i 


ir2-y3 

2 ■ 


2- JZ. 


Ex. 2. Show that 
(i) <a»(45’ + 4) 


1 + tan .4 
1 - tan A 


(ii) tan (45®- A) 


1 - tan A 
1 + tan A 


(i) Left side 


I - tan 45® tan A 


(ii) This result follows similarly. 


1 + tan A 
1 - tan A 
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Show that 
cot 2A + tan A 


Left side 


cosec 2A. I C. U, 19i7, 3 
^ cos 2A sin A ^ cos 2/l_co8 A + sin 2A sin 4 
sin 2 A COB A hui 2 A cos A 

cos (24 “4)^ cos A ^ 1 

sin 24 cos A sin 24 coa A sin 24 
cosec 24. 


39. To find the expmisions of 

(i) sin (A+B + C) 

(ii) cos (A+B + C) 

(iii) tan (A+B + C) 

(i) sin (4 + 5 + C) 

•* sin {'4 + £?) + Ci 

“sin (4 + B) cos O + cos (4 + JO sin G 
“(sin 4 cos J? + co8 4 sin B) cos C 

+ (cos 4 cos B - sin 4 sin B) sin C 
— sin 4 cos B cos C + sin B cos C cos 4 

+ sin C coa A cos J5- sin A sin B sin 0. 

Note 1. The exvansion of sin (4 + B + C) fan he easily put in the 
form 


cos 4 COB B cos C (tan A +tan /^+tan C — tan 4 tan B tan C). 

(ii) cos (4 + B + C) 

“ COS {(4 + B) + C\ 

*• COS (4 + 7:^) COS G - sin (4 + B) sin C 
(cos 4 COS B - sin 4 sin B) cos C 

- (sin A cos B + cos 4 sin B) sin C 
“ COB 4 coa B cos C * cos 4 sin B sin C 

“ cos B sin C sin 4 - cos C sin 4 sin B, 

Note S. The expansion of cos {AA-B-^C) can be easily put in the 
form 

cos 4 cos B cos C (1 - tan B tan C -- tan C tan 4 - tan 4 tan B). 
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(Hi) tan (A-f B-fC) 

■■ tan {(<4 + J5) + cl 
„ tan +Z?) I tan C 
i - tan {A + J5) tan G 
tan A + tan B 


1 - tan A tan B 


+ tan C 


1 - 


tan A + tan B 


tan C 


Note 8 . 
thus. 


1 tan A tan B 

^ tan A-f tan R-ftan C - tan A tan B tan C 
" 1 - tan B tan C - tan C tan A - tan A tan B 

The expansion of tan (A + B-{-C) can also be obtained 


j tj-l 8in(i4 + jB + C) 

Now, write down the expansions of sin (A-^B + C) and cos (A + B+C) 
and divide the numerator and denominator by cos A cos B cos C or 
simply write down the expansions of sin (A + B + C) and cos (-4+J5 + C) 
as given in Notes 1 and 2. 

Obs. FormulfB for the Trigonometrical functions of the sum of 
four, five or more angles can bo similarly obtained. 


Examples VI 

Show that I to W ) : — 

^i) sin (4 - B) i J and cos (A + B) ■» -gf , 

^ if A and B are acute and if sin A - cos B = If. 
(ii) cos 68* 20' cos 8* 20' + cos 81* 40' cos 21* 40'“ 5. 
ii) sec (a; - v) - f J, if sec x - Vi cosec y - f . 




^(i) sin A sin (B- C) + Bin B sin (O’- A) 

+ sin 0 sin (A -S)” 0. 
y (ii) COB A sin (B - C) + cos B sin (0 - A) 

+ C08 C sin (^- B)-0. 

(iii) sin (S + O sin (S ^ 0) + sin (0 + A) sin (C - il) 

+Bm (A + B) sin (A - B)-0. 
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' (i v) sin (a - 0) sin (/?-?) + sin - 0) sin (y - a) 

+ sin (y - 0) sin (a - /5) •• 0, 
^3. COB (60* - 4 ) cos (30* - J5) - sin (60* - .1) sin (30* - B) 

- sin (il + B), 

4. /i) sin (n + l)x cos (n - l)a? - cos (n + l)x sin (« - l)a? 

- sin 2ic. 

(ii) sin 20 cos 0 4- cos 20 sin 0 
/ ■■ sin 40 cos 0 - cos 40 sin 0. 


sin B sin (2 A + 7?) 


- 2 008 (A + B), 


sin (B “ C) ^ sin iC - A) ^ ^ip J>4 “ JB) _ 
cos cos C COB C cos ^ cos A cos B 

sin (B - C) ^sin(0 -; ^) _^8in(^-:/7) ^ 
sin B sin 0 sin 0 sin A sin A sin B 


•8.* tan (i4 +B) tan (4 -B)* 


co8®i4 -sin*B 


♦9, tan*i!l - tan^B** 

/.X tan (a + i3) - tan a 


sin {A + B) sin (A -* B) 


cosM cos B 


. 4 A /•\ »<»4U va T pi — tHin a , - 

y'(ii) Ifii + B4-C — n: and coSi4'"cosB cos C. show 
that tan A — tan B + tan C. [ 0. (7. 1942* ] 

11. 1 +tan 20 tan 0 — sec 20. 

12 . cot 0 - cot 20 ■■ cosec 20 , 

IS. tan SJO* + tan 26* 4 tan 26* tan 20* • 1. 


14. (i) tan (45* + il) 


cos j - sin 


y/ (ii) n/2 sin (45* + i) - sin il + cos il. 


c os 8* 4 sin 8 
008 8* -sin 8* 


■tan 53*. s 
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^16. tan(45* + 4)tan(45’-4)=l. 


-trr^an ( J + J5) + tan [A-B) 


cos “4 - 8in‘'‘jB 




sin {x’¥y) _ t^an 3? + fcan v. 
sin (x - y) tan x - tan y 


.19. 


cot (46® + flc) 


c^t X - 1 
cot a; + 1 


co8_^‘“ sin X 
cos a; + sin a: 


. 20 . 


sec(x + y) 


sec X sec y 
1 “ tail X tan y 


21. Find the expansions of 

8in(^4-B+C) and tan (4 - 2? - C). 

22. Express cot (^4 + 2? + C) in terms of 

cot Ay cot By cot C. 


23. (i) If a cos (a; + a) *= h cos (a? - a), prove that 
(a + h) tan a: =* (a ~ 6) cot a. 


(ii) If sin a sin i5 - cos a cos j3 + 1 = 0, show that 

1 + cot a tan ^ » 0. [ C. U. 1939. ] 

/*^iii) li A+ B+ C^n and cos A ^ cos B cos C, 
then cot 22 cot 0“*^, 


Aj T# A « a sin a; + h sin y 

24. If tan0“* ™- • 

a cos a: + o cos y 

then a sin (0-a:) + 6 sin (0-y)«O, 

25, An angle 0 is divided into two parts a, p such that 
tan a ; tan ^ « a; : 1 / ; prove that 

sin (a-j5)«®^ ’ ^sin d. 
x-hy 

2A. If cos (j5 • y) + cos (y - a) + cos (o - iS)*» - f, 
show that 11 cos a » 0 and 17 sin a * 0. 
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TRANSFORMATION OF PRODUCTS AND SUMS 

40. Transformation of products into sums or 
differences. 

Wo have from Arts. 33 and 34, 

sin .4 cos 7? + co 8 i4 sin (i + JB) ... (1) 

sin A cosJIh^coQ A sin JB — ain (*4 “ I?). ... (2) 
Adding (ibi^nd (2), we get 

2 sin A C09 i?“»sin + B) + 9in (/I - jB), ... (3) 

Subtracting (2) from (l), we get 

2 cos .4 sin B — ain (4 + JB)-* sin (i4 - JB). ... (4) 

Again, from Arts. 33 and 34, wo have, 

cos A COB B — sin A sin B ■* cos (^4 + 7?) ... (5) 

cos A cos B + sin A sin cos {A - B). ... (6) 

Adding (6) and (6), we get 

2 cos A cos JB* cos iA + B) + cos {A - J3). ... (7) 

Subtracting (5) from (6), we get 

2 sin -4 sin J5 ■■ cos (-4 — B)“ cos (4! + J5). ... (8) 

Thus, wo have the following formulae for transforming 
a product of two sines and cosines into the mm or the 
difference of two sines or two cosines. 

2 sin A cos B sin (A+ B)+ sin (A - B). ... (I) 

2 cos A sin B — sin (A+ B) - sin (A - B). ... (II) 

2 cos A cos B"-co8 (A+B)^ cos (A- B). ... (Ill) 

2 sin A sin B — eos (A— B)^cos (A+B). ... (IV) 
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41. Transformation of sums or differences into 
products. 

Let -4 + J5 *■ C, and A- B’^D 

then, 4- --- and 2?= — 

Making these substitutions for A and B in the results 
(3), (4), (7), (8) of Art. 40 and noting that the relation (8) 
can be written as 

cos (4 + J5) - cos (4 - B) — “ 2 sin 4 sin B 
« 2 sin 4 sin (- B), 

we have the following four formulas for transforming tho 
sum or the difference of two sines only or two cosines only 
into a product of sines and cosines. 


sin C+sin D-2 sin ^^cos 

... (I) 

sin C*sin D-2 cos sin 

... (II) 

C08C+C08D-2 cos^^^ cos 

... (Ill) 

cosC-co8D-2 8in^~^ sin 

... (IV) 


Note, d'he following concise verbal statement of the above four 
formulae is sometimes very convenient. 

(i) fiin0+8ins-*2 sin sum), cos di£f.). 

(ii) sins — cos sum), sin H difl.). 

(iii) cos + cos* 2 cos (| sum), cos (if di£f.). 

(iv) cos — cos “2 sin (i sum), sin (J diff. reversed). 

42. Ex. 1. Prove that 

(i) cos 20® cos 40® cos 80® —i, 

(ii) cos 80® + cos 40® - cos 20® •• 0. 
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(i) Left side ”=* ^.009 20°(2 cos 40** cos 80**) 

*■ i cos ^O'^Coos 120*^+ cos 40*") 

“ i cos 20®( “ i + cos 40®) 

— - i cos 20® + i cos 20® cos 40® 

” i cos 20® + i(co8 GO® + <?os 20®) 
« - i cos 20® + + cos 20®) 

“ TS> 

(ii) Left side “ (cos BO® + cos 40®) - cos 20® 

“2 cos 60® cos 20® -cos 20® 

- 2i.cos 20® - cos 20® *■ 0. 

Ex, 2. Show that 

sin 0 + sin 20 + sin 40 +• sin 50 ^ 
cos 0 + cos 20 + cos 40 + cos 50 


Numerator “ (sin 50 + sin 0) + (sin 40 + sin 20) 
“ 2 sin 30 cos 20 + 2 sin 30 cos 0 
*■ 2 sin 30 (cos 20 + cos 0) ; 
Denominator " (cos 60 + cos 0) + (cos 40 + cos 20) 
* 2 cos 30 cos 20 + 2 cos 30 cos 0 
«• 2 cos 30 (cos 20 + cos 0). 

^ 2 sin 30 (cos 20 + cos 0) ^ sin 30 
2 cos 30 (cos 20 + cos 0) cos 30 


Left side* 


tan 30. 


Ex. 8. Express 4 co5 A cos B cos C as the sum of four 
cosines, 

4 cos A cos B cos C 2 cos A. (2 cos B cos C) 

" 2 cos 21 {cos (5 + C) + cos (B - C)i 
" 2 cos A cos (B + C) + 2 cos A cos (B - C) 

■■ cos (A + B+C) + cos (il - B — C) 

+ COB (i4 + B - 0) + cos (4 - B + C). 

Ex. 4. Express as the product of three stnes 

sin A) + 8in (C+ A - B)4^8tn (il +B- C) 

-sin (4 + B+O). 
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Grouping together the first two terms and grouping 
together the last two terms, the given expression 

“ 2 sin C cos (/? - -4) + 2 cos (A + B) sin ( - 0) 

— 2 sin G {cos (B - -4) -* cos (4 + B)} 

■■ 2 sin 0 (2 sin B sin A) 

— 4 sin 4 sin B sin C. 


/ 


Examples VII 

Provo that {Ex, 1 to 17) : 

sin A + sin B 
sin 4 - sin B 

cos 4 + cos B 


1 . 


2 , 


/ 


/ 
/ 

/ 


, A+n ,A-B 

tnn g - cot 2 ’ 


,A+Ii ^A-B 

" “A" A” cot n • 

cos^^coB^ 2 2 


cos 20 +coa 100 +cosl40'’ = 0. 

X 4. sin 0 sin (60^ - d) sin (60® + 0) * J sin 30. 

5. 008 0 cos (GO® - o) cos (60® + 0) “ 1 cos 30, 

6. (sin 3a + sin u) sin a + (cos 3a - cos a) cos a « 0. 

7. cos (4 - D) sin (B - C) + cos (B - D) sin (C — 4) 

+ cos iC - D) sin (4 - B) ■* 0. 

8. COB 20® cos 40® cos 60® cos 80® « iV- 

9. sin 20® sin 40® sin 60® sin 80®-* 


10 . 

11 . 

12 . 


8 . 


sin 4 +Rm B , 4 + B 

cos 4 + cos B 2 

sin 4 -8in B ^ 4 + B 
cos m - cos 4 2 

s in 0 4- s in 30 + Bjn_50J- s'nJ70 
008 0 + cos 30 + cos 50 + cos 70 

sin 24 ^■ sin 54 ~ si n 4 ^ 
cos 24 +C 08 54 + cos 4 


■ tan 40. 


tan 24. 
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iT) ^ P^.f • f 

^ C09{<2 + P)-2C0Sa + C0S (tt-/?) 

. - cos 7(1 + cos 3a - cos 5a — cos a , „ 

. 15, . -' - - . Q . r . . ' «cofc 2a. 

/ sm 7a - sin oa - sin 5a + sin a 

A 16. sin 24 + sin 2Z? + sin 2C - sin 2(4 + B + 0) 
■■ 4 sin (B + C) sin (C -f 4) sin (4 + 7i). 

y 17, cos 4 + cos B + cos (7 + cos (4 + B + C) 


If si 


. B+C C+4 4+B 

« 4 cos — cos 2 cos — • 

sin ir**/; sin ]/, prove that 


tan i(iP “ ^ + j 


/ 19. If cos « + cos y“ir and sin a: 4 sin prove that 
tan KiP + y)“ i 

20, If X cos a+ysin a-i-® cos p-^y sin prove that 

^ » . - - 

cos ifa + p) sin ^(a 4 p) cos i((i /i) 

21. If sin 0 4 sin 4 =" a, cos 0 4 cos </» ** prove that 

**° 2 a> + f ■ 

». Pro,, lh.t '-I”- . ...a 35-. 

cos 10 4 sin 10 

[ Note that ein B^coe (tiO® - and cot sin (90® 4 tf), ] 

2S. If ooseo 4 4 sec 4 — cosec B 4 sec B, then 

tan 4 tan B-cot i{A 4 B), [ P, U* 1936. ] 

/24. Prove that 

/ cos' 4 4 cosJ^\^ ^ 4 sin B\* ^ 2 4 — B^ 

\sin 4 - sin Bl vcos A^oo^ Bf 2 * 

or zero, according as n is even or odd. [ P. U. ] 
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Obs. By a xufithod' bimilar to that of the previous article the 
Trigoaomotrical ratios of any higher multiple of A can he expressed 
in terms of those of A, 

45. Ex. 1. Express sin 2^ and cos 2 A in terms of 
tan A. [ 0. U. 1931. ] 

sia 2A'" 2 sin A cos A “2 ^’cob^A 

^ ^ COS A 


^ 2 tan A 


1_ ^ 2 tan A 
sec" -4 l + lan*A 


cos 2A - cos®.4 - sin^ A cos® A - cos®A 2 ^ 
cos A 

«cos®a(i*-®'”j 4 -'^)-* \ (l‘-tan®A) 

\ COB A/ sec A 

^ 1 "" tan^A 
" n-tan^A 

Ex. 2- Express cos 4 A in terms of cos A, 

Putting 0"‘2A, cos 4A -*cos 20 -“2 cos®0“ 1 
“ 2(cos 2 A)* - 1 
“2(2 oos®A - 1)® 1 

' “ 8 cos* A - 8 cos® A + 1. 

w o Cl ji, i 1 - fon®(45®- A) . nj, 

fix* 3. Show that _ ' - s/jco ■ 2A. 

1 + fan (46 - A) 

Let 0 " 46"* - A ; then 

. sin®0 


,l-tan®_0 
1 + tan*0 


^ P . ^ co&® 0 - Rin ®0 

1 4 . cos®0 sin® 0 

cos 0 


- 008*0 - Bin *0 ■■ cos 20 
•» cos (90* - 2A) - sin 2A. 


Loft side 
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Eiamples Vin 

Prove the following identities {Ex. 1 to ii&) 
. sin 2.4 . 

/ 1 + cos 24 


- tan A. 


2 , 


Sin 2A . . 



1 - COS 2A 


/ 


3, cot A - tan -4 — 2 cot 24. 

4» (i}. (2 cos 0 + 1)(2 cos 0 - 1) - 2 cos 20 + 1 
(i^ tan 0(l + sec 20) =* tan 20. 

cot A - tan A ^ . 

: * y“cos 24. 

cotf A + tan A 

tan A + cot 4 — 2 cosec 24 . 
cos*0 - sin'^O «» cos 20. 
y8. coB®0 - sin^O « cos 20(1 — i sin* 20). 

" oos®0 + Bia®0 — J(i + 3 cos* 20), 

810*07 sin 


5. 

6 . 


9. 

^ 0 . 


(ii) 


siu a cus a - sin (i cos fi 

tan 0 


.. 1 — cos 20 + sin 20 

sin a— x/l + sin 2a 


tan ia'^p), ' 

C, U. rj'Ji, 


I. , —cot a, La beinc positive and 

cos a - Vi + Bin 2a 

cute, and the square root being taken with positive sign. ] 

coH 0 — Bin 0 

cos 0 + am 0 

sin 4 + sin 24 


COR 0 + flin 0 
^ cos 0 - sin 0 


, - 2 tan 20. 


>13. 




11 _A_ r> A * tan 4* 

1 + cos 4 + cos 24 


/..X pm 40 1 - COR 20 . . 

>(ii) r * • - ” "vx-tan 0. 

cos 20 1 - cos 40 




<<i) Z 


COS 4 - sin 4 


(ii) 


ooB 4 + am 4 
coR*0 + 8in* 0 
coa 0 + sin 0 


-sec 24** tan 24. 
- 1 - 4 sin 20, 
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15. coB®^ COS 3il + sin®il sin 3i4**co8®2ii. 

16. (i) 4(cob® 10® + Bin*20®) - 3(cos 10® + Bin 20®). 

/..V 1 \f3 . 

(ii) -T * ,7,0" - 

sm 10 cos 10 

tan 30 - tan 20 — tan 0 “ tan 30 tan 20 tan 0. 

IQ ^ — « 1 

cotk-ootOi tan 3i4- tank 

tan 30 - tan 0 cot 30 - cot 0 
20. sin 80 • 8 sin 0 cos 0 cos 20 cos 40. 

- 21. ^(0 COB 50 ““ 16 cos®0 - 20 cos®0 + 5 cos 0. 

(ii) sin 50 “ 16 8m®0 -* 20 sin^O + 5 sin 0. 


^ 22. (i) cot 30 


^ cot®0 7 3 cot 0^ 
3 001^*0 -i 


/..N . 4 tnn 0 - 4 tan ®0 

% (u) tan 40 « - 7, - — ^.7:1 *♦/>* 

1-6 tan 0 + tan 0 

V 23.» (i) cos ( 120 ® - i4) + cos A + co8(l20® + .4) “ 0. 

(ii) oo8®(4 -120®) + cos®4[ + co8®(.4 + 120®)“5. 

24. - (2 cos 0 - 1)(2 cos 20 - 1)(2 cos 2*0-1) 
2 COB 0 + 1 

(2 008 2 ’‘-^e-l). 

[ Ust (2 co$ « + l)(a cos e-l)-2 cos Qfl + 1. ] 

25. “(l + 860 20)(l + 8eo 2“0)(l + 860 2*0)... 
tan 0 

...(1 + 860 2 " 0 ), 

[ ITafl tan 0(1+ sac 20)*= ton 20, 3 

26. If prove that 

2* 008 0 008 20 008 2*0*”008 2’’"*0" 1. 
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cj>#^27.'(i) If tan x — hla^ find the value of a cos 2x + b sin 

(ii) If tan**a; + 2 tan x tan 2?/“tan®l/+ 2 tan y tan 2x, 
prove that each side**], or else, tan ir* ±tan y. 

If tan®0 « 1 + 2 tan‘‘®<f>, show that cos 2«^ * 1 +2 cos 20. 

29. (i) If 2 tan a ■■ 3 tan P, prove that 

sin 2/? 


tan (a - ’ 


5 - 008 2/i 


[ 6\ LT. VHCk ] 


tan (a + ^ ~ y) tan y , . 

(uOJIf- ^ show that 

V-V tan (a ~ /? 4* y) tan 


(a ~ /? 4* y) tan 
sin (/I - y) == 0, or, sin 2a 4- ain 2^ sin 2y *• 0. 


30. If a and ^ are acute angles and cos 2a ' 

show that tan tan i3. 

31. If cos 0“Ka + o'^). show that 

(i) cos 29 “ Ma* + «’*) : 

(ii) 008 30 ■= ifa* + o'“). 

Show that {Ex. 32 to 36) 


^ 3 coo 2/7 - 1 ^ 
3 - cos 2^ 

I 0 . u. mj. ] 


32. 

sin^ 

0 “ S “ i COB 20 + i cos 40. 

83. 

COS*" 

9 + 8in''9 = l- 

8in®20 4- i 6in*20. 

34. 

tan 

(“ +ii| + tan| 

[^-4| = 2 8eo 2J. 

35. 

Q - sin 30 . ,2 

i^cos 30 sin 40 

cos 

d - — + Sin 

» e - - . — Bs — 

3 4 

36. 

cos 

Ax - cos Ay 




«■ 8(co8 X - 008 2/)(coB X + COS y){cos 


X (ooB X + eio y). 
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46. From the usual formula for multiple angles, namely 
sin 2A’“2 sin A cos A 

cos 2A " cos*/l - sin®jl ■= 2 cos*j1 - 1 - 1 - 2 sm*4 
1 + cos 24 •= 2 cob*4 ; 1 - cos 24 = 2 sin®4 
. n , 2 tan 4 

1-tan 4 


sin 34' 
cos 34 ■ 

tan 34 


•3 sin 4 - 4 6in®4 
’ 4 oo 8®4 - 3 cos 4 
3 tan 4 - tan*4 
r-3tan‘‘4 


putting 4“ 40 and ^0 respectively, wo derive the follow- 
ing formuliG for submnltiplo angles. 


sin 0 ° 2 sin cos IB 

cos 0 “ cos*^© - sin® *= 2 cob®^ 0 - 1 ■= 1 - 2 sin® J0 
1-f cos 0=2 CO9®^0 ; 1 -cos0=--2 8in®i0 

tan0 = ---—-^ 
l-tan ^40 

sin 0 = 8 sin ^0 ~ 4 sin® g0 
cos 0 - 4 cos® 30 - 8 cos ^0 
„ 8 tan 40- tan® ^ 

*•" « l-»ta.*to 


47. Values of sin 4^ and cos ^6 in terms of cos 0. 

From 008 0 = 2 008*40-1 = 1-2 sin*40, we at once 
deduce 


sin 40 - ± n/ifl - cos 0) 
cos 40- ± •J^l+coie) 
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48. Ajtihiifiiity of signs explained. 

^Yhen cos 0 is given and not 0 and consequently 
has a series of values as will he explained in Chapter XL 
Thus may lie in any quadrant and sin 4® and cos ^0 will 
then have corresponding signs. 

If the quadrant in which JO lies he known, for example, 
when 0 is given along with cos 0, there is no ambiguity in 
choosing the proiier signs of cos and sin 40 , as shown in 
the following example. 

Ex. 1. Find sin 224*’ an</ cos 22i°. 
sin 224°“ + J.Ui“C 06 45°j“ 

*303 224°“ + <^ 4(1 + cos 45°) * V^ 2 (^ 

49. Values of sio id and cos iS in terms of sin 6. 

Wo know that sin fJ“2 sin 4f^ cos 40 
and 1 “ cos ^40 + Bin® 40 . 

Therefore, 1 + sio 0“(co8 40 + sin JO)* 
and 1 - sin 0“(cos 40 — sin 40)^. 

Hence, cos 40 + sin 40 — ± Ji + sin 0 
cos 40 - sin 40 - ± v^i - sin 0. 

Thus. cos ±i i/i+sind ± i Jl - sin 6 

and sin ^0* ± J ^/l + 8^n d^iJl^Bin 0 

50. Ambiguity of signs explained. 

As before, when sin 0 is given, and not 0, 6 has a series 
of values for the given value of sin 0 as will be explained 
in Chapter XI ; 40 may therefore lie in any one of two 
possible quadrants. 
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COR + sin “ ^/2 sin (i:7i + 4®) 

and COB - sin id “ ^2 sin {in - id) 

^ill have their signs determined accordingly. 

Thus, sin iO and cos id will be definitely known. 

Ex. 1. Find sin 16** and cos 15**. 

We have, cos 15** + sin 15** = + ^/l + Bin 30**“ \/l +i 
cos 15** -sin 15**“ + *yi - sin 30**“ \/l-i. 

[ cos 15® — sin 15® « s/2 sin (Jr- 15®) and is clearly positive, i 

Thus, COS 15**“i(s/4+ ^/i)^ 

8in]5" = Mv'S- -s/i)” 


51. tan jo in terms of tan 0. 

/ 1 A n 2 tan io 

From the formula, tan 0 « * 

1 - tan 4d 

i,fi. tan 0 tan ” ^ d + 2 tan i d - tan d == 0, 


we easily deduce 

. 2.U — l+s/l + tan*d 

t an id “ * o • 

tan d 

The reason of the ambiguily is similar to those of the 
previous cases. 


52. Ratios of ^0 from those of 0. 

By resolving the cubic equation 

sin d - 3 sin id - 4 sin® 4d ••• (1) 

we get sin id, if sin d be known. 

Similarly, by solving the cubic equations 

cos d “ 4 cos® id - 3 cos id • •• (2) 
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and 


tan 0 ' 


(3) 


.3 tan 

1-3 tan^ir/ 

we derive values of cos iO from those of cos 0, and of tan iO 
from those of tan 0 respectively. 


53. Ratios of 18° and 


Let 0 « 18° ; then 50-90° : 20 -90° -30. 

sin 20 “COS 30 or 2 sin t) cos 0 — cos 0(4 cos'^0 - 3). 

As cos 0 (i,e. cos 18°) is not zero, wo have 
2 sin 0 — 4 COB® 0 - 3 — 1 - 4 sin ® 0, 
or, 4 ain®0 + 2 sin O - 1 — 0. 

.. sm0= . 


Now, as 0 bore is a positive acute angle, therefore, 
rejecting the negative value, we got 
Sin 18° -5(75-1). 

cos 18°-+ 7l-Bin“]8°-}( 710 + 275). 
cos 3G°— 1-2 8in''18°— i( 75 + l). 
sin 36°- 7i-cos*36"- j( 7l0-375). 

Note. Since 54*^ and 3f.‘* are complementary and 72® and 18® 
arc complementary, from tho above values wo easily get the trigono- 
metrical ratio? of 54® and 72®. 


54. Ratios of 3° and multiples ot 3°. 

sin 3° — sin (18° - 16°) — sin 18* cos 15° — cos 18° sin 15° 

- iV( 76 - 1)( 76 + 72) - 1( 73 - 1){ 75 + 76), 

on substituting the values of sin 18°, cos 15° etc. 

Similarly, 

cos 3°“i( ^3 + 1)( V5+ ^/6) + iW y/S~ 1). 

From a knowledge of the ratios of 3°, 15°, 18°, 30°, 
36° and 46°, we can deduce the ratios for all angles which 



86 


INTERMEDIATE TRIGONOMETRY 


are multiples of 3*. (for, 6“ -36“ -30®; 9“-45'-36“; 
12“- 30“ - 18“ ; 21' « 36“ - 15“ ; etc. ). For angles greater 
than 45“, the ratios may be deduced from those of their 
complements which are less than 45“. 

Ex. Show that 

-n cc X X . X 

sin 2 cos 2 cos cos cos <,n* 

X X 

We have. sin a; - 2 sin ^ cos ^ 

iP iC iP 

sin 2 “ 2 sin cos ga 

X XX 

sin ,ja“2 sin cos 
X XX 

Similarly, sin gn-i “ ^ sin cos g*- 

SC cc sc X M sc 

Hence, sin 2 c — 2” cos ^ cos cos cos sin -n 


Examples IX 

Prove that {Ex. 1 to 14) : — 


• 1 . 

8 . 

4. 

5. 


‘ tan . 


1 - c os A 
sin A 

( A A' 
sin 2 ± cos 2 ^ 


1 + cos A .A 
2. — “ -coto* 

sin A 2 


= 1 ±8in A. 


sec 0 + tan 0 - tan (i« + ^9). 


(i) 

(ii) 


1 + sin 0 — cos 0 


1 + sin 0 + cos 9 
sin 4a - f+sin a 


tan 


2 


'cot^ 


[ C. C7. 1939. ] 


where 0 < a < ti, and 


cos 4o \/l + sin a 

the square root is taken with positive sign. 


- /,s 1 + sin a: . a 


(M)' 


(ii) 


2 sin 9 - sin 29 ^ 
2 sin 9 + sin 29 


tan® 49. 
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7 M 

* ^ 1 - tan I A cos A 
(ii) cot p “ i(cnt iP - tan ip), 
o f.x sin 29 COR 0 i, 9 
^ 1 + cos 20*1 + cos 0 ^^2 

(ii) 8 sin^iO - 8 sin® J0 + 1 cos 20. 


9. 

11 . 


sin 0* 


10 . 


. l-tan®i0 

®°“®“l + tan*Vo' 


13- 

14. 


. ,2 tan jO 
i + tan®i0 

(cos X + cos v)^ + (sin x + sin y)® ■* 4 cos®4(x - ?/). 
tan 6‘' tan 42** tan 66‘’ tan 78®- 1. 
tan 7i®- ^/'6- ^3-1- ^/2-2. 

2 cos n/2+ >/!+ J2 


15. (i) If tan ^ 2 * 


2 

cos <i> 
(ii) If tan 0 


cos 0 - c 


1 - e cos 0 
sin n sin p 
cos a + cos p 
values of tan ^0 is tan ia tan ip. 


show that one of the 


16. If sin a -J- sin i3 - a and cos a + cos i3 - find the 
value of cos (a + p). 

•17. (i) Prove that 2 sin ii - ± Vl + sin i ± N/l-sin A, 
and determine which are the correct signs when 
270® > i > 180*. [ B. E. U. L 193L ] 

(ii) If 0 - 240®, is the following statement correct ? 

2 sin J0- ^/^+sin 0- Vl -sin 0. 

If not, how must it be modified ? 


18. If i -320®, prove that 

A - 1 + Vi+ tan^i 

tan ^ — 7 

2 tan A 



CHAPTER X 


TRIGONOMETRICAL IDENTITIES 

55. Many interesting identities involving functions of 
three or more angles can be established when there exists 
a relation among the angles. The most important of these 
identities are those in whicli the three angles are connected 
by the relation that their sum is equal to two right angles. 
In establishing this latter kind of identities, it will be 
necessary to make frequent use of the properties of supple- 
mentary and complementary angles. 

Thus, since. -4 + B + C “ ti, 

sin (J5 + C) “ sin sin 41. 

Similarly, sin (C + il) == sin B ; sin (4 + B) ** sin G, 

Again, cos (B+ C)* cos (ti- 4)** - cos 4. 

Similarly, cos (C + 4)** - cos B ; cos (4 + B) * - cos C. 
tan (B + C) «= tan (ti — 4) “ — tan 4. 

Similarly, tan (G‘+ 4) — tan B ; tan (4 + B) ■■ - tan C. 

. . . 4 , B 0 n 

Again, since, 2 2 2 2 ’ 



sinj 

\ 2 2 


-i] 

(-003 2 ■ 

Similarly, 

sinj 

l2 ^ 2 ) 

B- 

1 - 003 „ . 

Ji 




sin 1 

[A 

i 2 2j 

i cr 

j-COSg- 



Again, 

cos 1 

l2 21 

1-003(1 

"2j 
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Similarly, cos 

(C.A\ . B. 

la ■^2r®’”2’ 

j 

f /t ^ J?\ . c 

cos 1 

la"" 2)“"'" 2 

tan 1 

[V 2)“*''° (2"^)”“ 

Similarly, tan 1 

iC.A\ .B. 

[ 2^ 2/ "^* 2 ’ 

tan 1 

f A B\ C, 


Ex. 1. jyA+B + C“.^,prow that 


sin 2A4-sin 2B + sin 2C“4 sin A sin B sin C. 

[ C. U. Ifhw, WSr ] 
Loft side "(sin 2^4 + sin 2B) + 9 in 20 

« 2 sin (A B) cos (A - B)^ 2 sin C cos 0 
" 2 sin C cos (4 — /i) + 2 sin C cos U 


[ A -r fS’hC-'^T. 1 

"2 sin 0 [cos (A— cos C] 

2 sin C fcos (^ - J5) - cos [A + B)] 

{ A+B ! 

" 2 sin C.2 sin A sin B 
" 4 sin -4 sin B sin C. 
ix. 2. /f^A + B + C-», prow 

cos 2 A + cos 2B + cos 2C ■» - 4 cos A cos B cos C - 1. 
Left side “(cos 24 +cos 2^) + cos 2G 

“ 2 cos (4 + B) cos (4 — iy) + 2 cos** C -* 1 
■* - 2 cos C cos (4 — ^) + 2 cos**C • 1 

[•/^ + B+C«ir. ] 

“ - 2 cos C [cos (4 - B) - cos C] - 1 
« - 2 cos C [cos (4 - B) + cos (4 + B)| - 1 

[ *.• 4+B+a*ir. ] 

“ - 2 cos C.2 cos 4 cos B - 1 
“ - 4 cos A cos B cos C - 1. 
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Ex. 3. If h-^B+C-Xiprovethat 


7 


A. B 0 

sin A + sin B + siii C«4 cos ^ cos ^ cos 


Left side - (sin A + sin B) + sin G 


[ C. U. 1910 , * 29 . ] 


‘ 2 Bin - — “ cos 2 + 2 sin 2 cos 

^ G A -B . G G 
' 2 cos 2 cos '" 2 ”" + 2 sin cos ^ 


r.. 

L 222 2 J 


* 2 cos 2 {' 
o 

' 2 cos ”2 y 


cos ^ + sin 


‘“9 


A-B, A 
cos — 2 — + cos - 


P] 

[■■ 


A ,0 ir 


*■ I ^ 


2 2 


o ^ n A B 

— 2 cos 2*2 cos 2 cos ^ 

A B G 

=* 4 cos 2 cos *2 2* 

,Ex. 4. 4fA+B-fC“w, prow 

ABC 

cos A + cos B+cos C— l + 48in s»n 2 2 * 

Left side - (cos A + cos B) + cos 0 

- A^B i4-B, - o . 2^ 

— 2 cos — 2“"' ~ 2““ ^ ^ 2 

— 2 sin 2 cos ^ ~ - 2 sin® + 1 

L 222 2 
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» . or A-B . Cl., 

~2 8in 2 [cos Y--8m ^J + l 

cr A-n + 

-2 sin 2 [cos 2 -oos -y-J+I 


®=2 sin 2*2 sin ^sin ^ + 1 

A , n . C 

- 1 + 4 sin Q sin 2 sin 


i] 


^Ex. 5. ‘'/f A+B+C=;r, prove that 

tan A+tan B + tanC-*tan A tan B tan C, 

Since, j9+C«'ji — il, 

tan {B + (J) — tan (n - A), 

, tfm B + tan J7 - 

• ' 1- tan J5~ tan , 

i.e. tan B + tan C — - tan A{1 ~ tan B tan C) 

— - tan A + tan A tan B tan C. 
tan A + tan B+tSkU C“tan A tan B tan C. 
'^Otherwise : 

tan (A + J5+ C)“'tan 7i«0. 

• t an A + tan B + tan G - t an A tan B tan „ q 
1 - tan B tan G - tan 0 tan A - tau A tan B 

Since the fraction is zero, numerator must be zero. 

/. tan A + tan B + tan 0- tan A tan B tan C*0, 

i.e. tan A + tan B + tan C**tan A tan B tan C. 
if prove that 

tan— tan^+tan ^tan^+tan^tan®-l. 

[ 0. U. 1936, '39. ] 
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Since, il + B+C"=J», 


A ,B ,C n 
2 + 2'"-2“2 


‘'^“(2'^2)“‘^“(l "D’ 

tan^^ + tan^ , 1 

• • . B. 2 “ . A 

1 — tan tan „ tan ^ 


or, tan ^ + tan ^ j “ 1 “ 


tan ^ tan ^ • 


On simplification, the required result follows. 
Otherwise : 






1 A ^ L C. j 4 . il. ^ 

1 “ tan tan ^ - tan tan - - tan ^ tan ^ 

•'• T JTT F7T T. Tl d 

tan + tan ^ + tan ^ - tan ^ tan ^ tan 

Now the viiluo of tho fraction being zero, its numerator 
must bo zero. 

. . 1 - tan tan ^ Lau ^ tan ^ - tan ^ tan 2 “ 

whence the required result follows. 

Ex. 7, /fA+B^C^x,prove that 

^ A , B , C . ^ — A 3r - B ar "• C 

cos *2 + ®®® 2 "^®®® 2 ’*’^ '" 4 "' ®®® * 


Right side ■■ 2 cos 


171 - R 71 “ C] 

[2 008 -- 009 I J 

r 2 n-(B + C). B-Cl 

[cos +008—^— I 


n 'fi-Af 2n — (J9 + C), B—Cl 
- 2 cos ^ [cos J + cos J 

„ n-AT « + B-01 

■“ 2 COB ^OOS - - + cos — J 

[ 2r-(i3+C)»*ir4*#-(B+C)«»THh4, since, A + B+C^^r, ] 
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n — A ^ n A 

COS ^ cos ^ +2 COB ^ ‘ cos ^ 


— |COS 2 + COB o I + 2 cos — cos 


B-C 


^ + Ji-f-C«ir. ] 


‘ cos + cos + cos 2 • 


Note. Sinco cos J(ir- J) = Km {iar — :t(r4- /I) 

and cos ;J(ir— /J) — cos J(^4 + i? + C’ — /i ) ~ cos i(/^+C), 
.*. we have also, cos + coh ^BH-cos 

*»4 sin i(ir+A) sin J(r+2?) sin (J) 

- 4 cos i(73 + G) cos i(0+ *1) cos Z^l. 


.^x. 8. // A+B+C= X, prow f/ia/ 

cos® A + co 8®B + cos®C -f 2 cos A cos B cob C ** 1. 

L c. u, W, 'n. ] 

cos® A + cos®^ + cos®C 

■= i(2 cos*A + 2 co 9®B) + cos®C 

■* Ml + cos 2/4 + 1 + cos 2Z?) + cos*C 

** 1 + Mcos 2i4 + cos 27>*) + cos® C 

** 1 + cos {A + B) cos (/4 - J?) + cos C’. cos C 

■“ 1 - cos C cos (A — B)^ cos C cos (^4 + B) 

f. *.• .-1 fi}«ir-C\ 1 

* 1 - cos C [cos (/4 - J5) + cos {A + 5)] 

“ 1 “ COB C [2 cos i4 cos B] 

“*1-2 cos A cos B cos C ' 

\vheDC6 the required result follows. 

V^Ex. 9. Show that 

tan ()5 - y) + tan (y - a) + tan (a - j3) 

* tan (fi - y) tan (y - a) tan (a - fi). 
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Let fi - y, a, C^a - ^ ; 

then A+iJ+O^/S-y + y- a + a- jS^O 
tan (A+B^ C)«= tan 0«0. 
tan A + tan B 4 tan C “ tan A tan B tan 0. 

Now, Bubstituting the values for A, B, C, the required 
roBult follows. 


Ex. 10. jy « 4* 7 / + £? = xyz, prove that 

a;{l “ y/®)(l “ 2®) + 1/(1 - -a?®) + 2 (l - a;®)(l - y^)^i:xyz. 

Putting X =* tan a, y ** tan /3, 2 ~ tan y, in the given relation, 
we have 

tan a + tan /i + tan y = tan a tan /i tan y. 
by tranBpoflition, 

tan a(l - tan p tan y) « - (tan P + tan y), 

, tan p + tan y i, fo* .a 

1 - tan p tan y 

. a •* « — (/3 + y), . a + ^ + y ** n:. . 2a + 2jS + 2y ** 2n, 

. tan (2rf + 2/3 + 2y) = tan 2;i = 0, 


Therefore, as in Ex. 5, above, 

tan 2a + tan 2P + tan 2y •= tan 2a tan 2/3 tan 2y. 

Now, expresBing tan 2a, tan 2/3, tan 2y in terms of tan a, 
tan P, tan y, and substituting x, y, z, for them, we get, 

2® J2v , ,, 2^ ^ 8xyz 

l -a;“ 1-1/® i-s® (l-a?®Xl 

On simplifioation, the required result follows. 


Examples X 

If A -^B + C^ 71, prove that (Ex. 1 to 16) : — 

.. ^ , A , B 0 

'^1. sm i4 + sm J5-sm C-4 sm 2 sm 2 cos ^ ' 

cot B cot C + cot C cot i + cot A cot 1, 
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Q t ^ -I- i.*® A. i. ^ 1.^ L ^ 

o. cofc 2 + cot 2 + cot 2 “ cot 2 cot 2 cot 2 • 

4, tan 24 + tan 2B + tan 2C“tan 24 tan 2J5 tan 2C. 

5. (cot B + cot CXcot C + cot 4)(cot A + cot B) 

^ *■ cosec A cosGc B cosec C* 

cot B + cot p ^ cot O + cot ^ cot 4 + cot 7? ^ 

tan B + tan C tan O + tan A tan A + tan B 

- . 4 , . B^ . 0 

7. sin 2 +sin +sin ^ 

- . . n- A . n- B . rr — C 

“= J + 4 sm . sin — . sin , 

4 4 4 

G . C+4 . A B 
^1 + 4 sin . SID - ’ sin 

4 4-1 

8. cos^24 + cos^2B + cos*2C 

*•1 + 2 cos 24 cos 2B cos 2C. 

^9. sin®4 + sin‘'*B + sin*G'“-2 + 2 cos A cos B cos C. 

10. sin® + sin® ^ + sin® ^ “ 1 - 2 sin sin sin 

^ cos C 

sin B sin G sin G sin 4 sin 4 sin B 

I C. (7. ] 

sin 24 + sin 2B + pin 2G ^ . A , B , C 
8in 4+8inB + sinG ^ sm ^ sm ^ • 

13. sin (B + C *“ 4) + sin (C + 4 — B) + sin (4 + B — C) 

■■4 sin 4 sin B sin C. 

14. sin (B + 2C) + sin (G + 24) + sin (4 + 2B) 

. . B-G , C-A . A-S 
“ 4 sm “2 — sm ' sm — ^ - • 

^5. cos*4 + cos®B + 2 cos 4 cos B cos C " sin® 0. 

- 1/1 A B-C, B C--A, 0 4-B 

16. cos 2 cos + cos 2 cos + cos 2 cos - 2 


'sin il + sia B + gin 0 , 
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17. If a + /? 4- y « itn, prove that 

sin^a + sin®/? + sin^y + 2 sin a sin p sin y “ 1. 

[a u.ms.] 

^ (ii) t;an p tan y + tan y tan a + tan a tan /? “ 1. 

18. If A, Bt C. D aro tho angles of a quadrilateral, 
prove that 

tan 4 4 tan 7? 4- tan C 4- tan D 
cot A + cot Ji 4- cot C 4- cot D 

■■ tan A tan B tan C tan D. 

(ii) cos A 4- cos B 4- cos C 4- cos D 

*= 4 cos Ha B) cos HB 4* C) cos HC 4- A)^ 

19. Show that 

(i) cos®(/I - y) 4* C 08 ®(y - a) 4* cos ®(a ~ fJ) 

~ 1 4- 2 cos (P - y) cos (y *“ a) cos (a - p), 

(ii) sin'^a 4* sin®/3 + 2 sin a sin P cos (a 4 P) = 8in“(u 4 P). 

(iii) cos®0 4 co8*(a 4 0) - 2 cos a cos cos (a 4 0) 

is independent of 0. 

20. (i) a4/?«y, show that 

cos®a 4 cos*/? 4 cos®y **142 cos a cos p cos y. 

[ C. U. 1940, ] 

(ii) If a 4 ^ 4 y « 2.'Tt, show that 

C08®<i 4 cos®/? 4 co8®y 2 cos a cos p cos y “* 1. 

21. J{ cos (A + B) sin (C4D)«»cos (A^B) sin (C — D), 
show that 

cot A cot B cot C “ cot D, 

22. If A + B + C 2S, prove that 

(i) sin (S - -4) 4 sin (S - 2?) 4 sin (S — C) "• sin S 

, A , B , C 
“4 sm -^ Bin 2 sin^- 

(ii) co8*il 4 cos®J5 4 co8®0 4- 2 cos A cos B cos C • 1 

*“ 4 COB S cos (S — A) cos (S - B) cos (S - 0). 
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23* If il + J3 + C nn (n being zero or an integer). 

tan iil + tan ^+tan 0"*tan A tan B tan C. 

24. Show that, if a + /? + y ■* ?*, 

tan (P + y - a) + tan (y + a - j3) + tan (a + P • y) 
— tan (/? + y - a) tan (y + a - i?) tan (a + /5 - y). 

25. If -4 + J? + C - :ri, prove that 

(i) sin A cos B cos C + sin B cos C cos A 

+ sin C cos A cos B “ sin A sin B sin C. 

(ii) cos A sin B sin C + cos B sin C sin A 

+ cos C sin A sin B — 1 + cos A cos B cos C. 

(iii) sin 54 +8in SB + sin 60 

, 54 5B 50 

“4 cos 2 cos ^ cos ^ • 

(iv) (tan 4 + tan B + tan 0)(cot 4 + cot B + cot 0) 

■■ 1 + sec 4 sec B sec 0. 

We. If COS 4 + COS B + cos 0 — 0, show that 

cos 34 + cos 3B + cos 30-12 cos 4 cos B cos 0. 

[ ro3 3Aa*4 3 cos A, etc. ] 

27. li x + y + z*" ^71, prove that 

cos (a: - y - z) + cos (y - - x) + cos (js - x - y) 

- 4 cos X cos y cos z — 0, 

28. Show that 

sin (y - z) + sin (z - x) + sin (x - y) 


+ 4 sin ’ 2 - Bin 


z-x . x-y ^ 
-2 Bm g^-O. 


29. If X + y + z ■“ 0, show that 
cot (z + x-y) cot (x + y-z) + cot (x + y-z) cot (y + z*x) 
+ cot (y + ^- 0 ?) cot (z + x-y)-l. 


30. 


If X + y + z •» xyz, prove that 
3x-x^ 3y-y* 4. ^ 


3x-“x^ 3 y-*y* 


3z — z* 



CHAPTER XI 


TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 


57. Ib will bo apparent from Chapter IV that there are 
infinitely many angles, the trigonometrical ratios of which 
have a given value. For example, if sin one value of 0 
(the smallest positive value) is known to be 30^ Now sines 
of supplementary angles are equal. Hence sin 150° being 
equal to sin 30° is also Again angles diHering from 30° 
or 150° by complete multiples of 360° will have their sines 
(in fact all ratios) the same. Thus sine of each of the 
angles 30°. 150°, 390°, 510°, -330°, -210°. etc. is equal 


to J. Similarly, if cos 0 bo given, equal to say, 0 may 

have any of the values +45°, +315°, +405°, —316°, 
-45°, etc. ; or else if tan ^3, 0 may have any of the 
values 60°. 240°, 420°, - 300°, etc. 


It is very convenient for the solution of trigonometrical 
equations, as also for other purposes, to obtain a general 
expression in a compact form embracing all angles, the 
trigonometrical ratios of which have a given value, 

58 . General expression of all angles, one of whose 
trigonometrical ratios is zero. 

If the sine of an angle be zero, from definition, the 
length of the perpendicular from any point of one of its 
arms upon another is zero, so that the two arms must be in 
the same straight line. Evidently, therefore, such angles 
must be some multiple of ti, odd or even. 

Thus, i f sin ^-0 ^ then g — mr. 


n being ssero^ or any integer^ positive or negative. 
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When the cosine of an angle is zero, the projection of 
any length along one arm upon another is zero, and so the 
two arms must he at right angles to one another. The 

rt 3?1 

angles must therefore bo evidently eitlier or * or differ 

A d 

from these by complete revolutions ; in other words, the 
angle may bo any odd multiple of [!* 

Thus, if cos 6 •0^ then 0*(2n-f 1)?- 

n being zero^ or any integer, positive or negative. 

Again if tan 6 ” 0,_t hen its numerator sin 6 is also zero ; 
and so 

Similarly if c ot 6> — 0> then cos 0“0 
and so <9 ■■ (2n + 1) 

Note. The ratios cosoo or soc ^ can never be zero, for they can 
never be numericany less than unity. 

59. General expression of angles having the aame 
sine (or cosecant). 

Let a be any angle i)ositive or negative such tliat its sine 
is equal to a given quantity Ic (numerically not greater 
than 1) ; for fixing up the idea, and for the sake of 
convenience in practice, the smallest positive angle having 
its sine for the given quantity k is taken as a. Lot 0 be 


any other angle whose sine is equal to k. 

Then 

sin O — Bin a, 

or, 

sin 0-8in a — 0, 

or. 

2 sin i(0 - a) cor i{0 + o) ■■ 0. 


.*• either sin i{0 - a) - 0, 


i,e* i(9- a)*any multiple of ••• (l) 
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or, else cos i(8 + a) - 0, 

».«. K® + a) - any odd multiple of (2m + 1) Q ... (2) 

From (l), 0 - a ■» t.a. 0 * a + 2 w.'t. ... (3) 

From (2), 0 + a ■■ (2m + 1)71, t.e. 0“ - a + (2m+ ( 4 ) 
Combining (3) and (4), 0 - ( - l^a + ... (5) 

where n is zero, or any integer, positive or negative, odd or 
even. 

If cosec 0« cosec a, then sin 0«Bin a ; hence all angles 
having the same cosecant as that of a are also given by 
expression (6). 

Thus all angles having the same sine or cosecant as that 
of a are given by 2nn + a and (2n+ 1 ) 71 - a, 

or, n5r+(-l)"a, 

n being zero^ or any integer, positive or negative. 

60. General expression of angles having the same 
cosine (or secant). 

Lot a be the smallest positive angle such that its cosine 
is equal to a given quantity h (numerically > 1) ; and let 0 
be any other angle whose cosine is equal to k. 

Then, cos 0 ■» cos a, 

or, cos a - cos 0 •" 0. 

/. 2 sin K® + a) sin 1(6 - a) ■■ 0, 

/ . either sin i(0 + a) ■» 0, 

i.e. i(6 + <i) — any multiple oi ... (l) 

or else, sin i(6 - a) - 0, 

i.e. K6 - a) - any multiple of 5 * ■■ ... (2) 

From ( 1 ), 6 + o-2nrr, or 6«»2nnE-a, ... (3) 

From ( 2 ), 6-a«2»7i, or 6*2n« + o. ... (4) 
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Prom (3) and (4), we have 0 ■* 2nn ± a, ••• (5) 

where n is zero, or any integer, positive or negative. 

It is also evident as in the previous case that all angles 
having the same secant as that of a are also included in the 
expression (5). 

Hence, all angles having the same cosine or secant as 
that of a are given by 

2nn±a 

n being zero, or any integer^ positive or negative. 

Note. As in Art. 5U, instead of taking the smallest positive angle, 
wo might take a to be any one angle having for its oosino the given 
quantity k. The general value of 0 satisfying cos B - cos a as obtained 
above, would not be aHectcd at all. 

61. General expression of all angles having the 
same tangent {or cotangent). 

Let a be the smallest positive angle sucli that its 


tangent is equal to a given quantity k ; and let 0 bo any 
other angle whose tangent is equal to h* 

Then 


tan 0 ■■ tan a, 


or, 

sin 0 _ ain « 
cos cos a 


or, 

^ ^—0 
cos 0 cos a ' 


or, 

^in (0 -a) 
cos 0 oos a 



sin (0 - a) « 0, 


i,e, 3 - a - any multiple of n * nn. 

0-a + n«. (1) 
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The factor „ " — cannot bo zero, for cosine of an 
cos 0 cos a 

angle cannot have an infinitely large value. 

It is also evident as in tlie previous case that all angles 
having the same cotangent as that of a are given by the 
expression (l). 

Hence, all angles having the same tangent or cotangent 
as that of a are given by 

11* + a 

n being zero^ or any integer, positive or negative^ 

Note. The rein.'irk below Art. GO is applicr-blo horo ilso. 

62. Special cases. 

From Art. 59, considering both cases when n is odd or 
even, it may be easily seen that 

if 8lii0-l-8in|> ©-2n3r+ |-(4n+l) I 

and if 8in 6“ - l“aln| - | jt e->2iiflr- — ■=(4n-l) 

or, “(4k+S) ^ 

where n (or is zero, or any integer, positive or 

fiegative. 

Similarly from Art. 60, it may be seen that 
ifcosG«l, e^2nx 

and if cos G - - 1, 6 * (2n + l)jr 
^ieing zero, or any integer, positive or negative. 

These are the usual forms in which the above special 
cases are used in practice. 
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63* Geometrical Treatment 

(t) Geometrical construction of an angle ivkose sine (or 
cosecant) is given, and to obtain a general expression of all 
such angles. 


X' 


Let the sine of an angle bo given equal to *a\ 

Taking the perpendicular lines XOX^ and YOY' for 
reference, draw a circle of unit radius witli cenlro 0, 

Measure off ON^a along OY (or along GY' if a be 
negative). Through N draw a straight lino PNQ parallel to 
XOX* meeting the circle at P and Q, 

Then Z.P0X« a say, is one of the required angles, for 
sin a ■“ sin OPX * "■ 1 ^ 

Another angle with the same sinei as is apparent from 
the figure, is Z^QOX’" nc ~ a (or 3.^ -- a if a * ON be negative, 
which is trigonometrically the same as - a), 

V being given in magnitude and sign, the position of N 
on TOY* is fixed and thus in one revolution, ix., from 0 to 
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271 there are, as is clear from the figure, only two angles a 
and n - a having the given sine.* 

Now the addition or subtraction of any multiple of 
makes no difference in the values of the trigonometrical 
ratios of an angle {See Art, 28), 

Hence all the angles having the same sine as that of a 
are contained in the formulas 2m?r + a and 27717 * + ;i- a 

(2771+1)7* - a, where m is zero, or any integer, positive 
or negative. Both the sets of angles are evidently included 
in the formula n»+(-l)"a, n being zero, or any integer, 
positive or negative. 

{%%) Angles with given cosine (or secant). 


P 


X 


Y' 

Let the given cosine be *a\ As before, measure off 
ON- a along OX (or along if ‘a be negative), and 
through N draw PNQ parallel to YOY’ to meet the circle 
with centre 0, and radius unity, at P and Q, 

*ln tho same quadrant there cannot be two distinct angles (with- 
out being coterminals), having the same sine, for the oorresponding 
triangles will then he oongraent. 
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Let /^POX’^a, Then a is a required angle. Also from 
the figure, the only angles in the first four quadrants which 
have the given cosine are a and - o. 

Adding or subtracting multiples of 2*^ to these, all the 
angles having the same cosine as that of a are given by 
2mn + a or + 2^ - a, both of which are included in the 
formula 2nw ± a. n being zero, or any integer, positive or 
negative. 

(iii) Angles with given tangent (or cotangent). 



Let ‘a* be the given tangent. Along OX or OX^ measure 
off ON of unit length, and then measure off NP perpendi- 
cular to it of length whose numerical value is *a'. If 'a* be 
positive, both ON and NP will be positive, or both will be 
negative, and so the /LXOP will be either in the first or in 
the third quadrant. If "a be negative, the angle will be 
either in the second or in the fourth quadrant. In any case, 
there are only two angles, within one revolution, «.e., from 0 
to 27t as is apparent from the figure, with the given tangent."^ 

*Th6 ratio PN : ON being given, and the included angle PNO being 
right, the triangle PNO constructed remains always similar to itself 
and so in the same quadrant the A^PON of the triangle is unique. 



106 


INTEKMBDIATE TRIGONOMETRY 


One of the angles being a, the other is evidently (from 
the figure) n + a. Adding or subtracting multiples of 27i, all 
the angles having the same tangent as that of a are given by 
-h a or + 71 + (2 both of which are included in the 
formula nx-ha where n is zero, or any integer, positive or 
negative, odd or oven. 

Ex. 1. Solve 2(cos^0 - sin^O) - 1. 

The given equation can bo written as 

2 cos 20 — 1. . cos 20 »= 2 — cos ix. 

20 « 2n7i ± Jti. 0»n7i±ff7t, 


Note. It may be observed that a trigonometrical equation can be 
solved in gevoral ways ; and the results though different in forms will 
givo the Ktimo series of angles. To illustrato this we work out tho above 
example in another way. 

Tho equation can also be written in the form 

— l + cos^fl)«l, or, 4cos’0»3. 

. o ^ ^ 

. , cos <9'®+ *cos » </r, cos 

“20 0 

XT 

^*=2//^+ ..I or, 2mT’h • 

“ u “0 

Now 2?nir+ ‘^«:(27a + l)ir- or, (27»— 

All the four sots of solutions, vi being any integer, can be included 
in the expression nr+^ir, in which form tho result has already been 
obtained by tho previous proccaj. 

Ex. 2. Solve 4 cos^x + G sin^x ■* 5. 

The equation can be written as 

4 cos*a? + 6 6in®a:**5(sin®a; + cos®ic). 
8in*a;-‘co8®a!:, or, tan®a;-»L 
tan®""±l. /. x^nn±ln. 


Note. Equations of the form a cog’x + b sSn*x«c can be easily 
eolved by the above method, or by eixpressing sine in terms of cosine 
or cosine in terms of sine. ' 


Ex. 8. Solve 2 sin^x + am®2a; “2. [0. D“ 1040. 3 

The given equation can be written as 
. 2{l - sin’a:) - sia*2x « 0, or, 2 cos*aj - 4 sin®® cqb®x •• 0. 
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or, 2 cosMl “ 2 sin®ar)“0, or* cos®i» cos 2a?“0. 
.*• either cos ir-0, «>., w-n; + 
or, C09 2a;«0, i.e.» 2.t;*2fj.’i± J.x x^n7f±l:t. 

Ex. 4. Solve cos 0 - sin 0 - • 

Dividing both sides of the equation by JV + i\e., n/2, 

we have 

n 1 • n ■» ^ 

C03 0-^2 -sm 0-^2 “ 2 

i.e., cos 0 cos J.-i-sin 0 sin 
cos (0 + cos 0 + 2iin± 4?*. 

/ . 0 « ^nn + or, 2n:i “ .'t. 


Note. Extraneous solutions. 


In general, as pointrd out in I'.x. 1 above, the sime trigonometri- 
cal equation may he solved by different methodj?, and tho forms of 
the result wo arrive at, though apparently different in eoine cases, are 
ultimately equivalent. In some causes, however, we may be tempted 
to solve a trigonometrical equation by methods which have flaws in 
them, leading to solutions whi*‘h ineliide in addition to the correct 
solutions, some oxtnineous soluti* ms which do not satisfy the given 
equation. The given equation whieh is of the type a cos S hb sin 
is an example, Wc proceed to demonstrate it as follows : 


1 

Hero COB 6 - ^,^»sin tt. 

cos’^— hj'2 cos 6 + 4-».sin’tf»l~cos*ff, 
whenco 2 cos^fi " kj 2 cos - 4 = 0. 


cos 0* 


kj'2± + ^/3 

'“4 


‘iji "‘■’“‘'i-i 


or 


cos 


It 

12 


$ra2nir±j\ri or 

But it can be easily seen on substitution that 
2n*'-^S«“ and 2nT+V;r do not satisfy the given equation. The 
error in the method lies in squaring the equation as we have done ; 
for the squared equation includes tho etiuation cos 0 - — sin 1? 


i,e„, cos 0 + 8iD 0 


V2 


of which the solutions are 2ns’-t\r and 


Equations of this typo are therefore best solved as in the next 
example, and not by squaring*. 
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Thus while solving any trigonometrical equation it is 
always advisable to verify Hie roots obtained ; for thereby 
extraneouB roots, if any, can be easily detected. 

Ex. 5. Solve a cos 0 + h sin & “ c. ( c 3^ /s/a® + h®. ) 

Put a"r COB a, 6«r sin a, choosing the smallest posi- 
tive value of a, keeping r positive. 

Then r- Ja^ + b‘^ and sin a“ 


and oosa--^~J^-^-,. 

The signs of a and b vrill determine the quadrant in 
which a lies, and a and b being given, r and a are definitely 
known. 

The equation now becomes, 
r cos (O - a) — c. 


or. cos (0 - a) - ^ “ COS P, 

where is the smallest positive angle whose cosine is 
and a, h, c being known, j5 is also known. 

Hence a^^n7t±p, or, 0 — 2n."5 + a± j?. 


Note. An angle which is introduced in a trigonometrical work to 
facilitate calculations is called a huhsiduiry angle. Thus a and p are 
here subsidiary angles. 


Ex. 6. Solve i cos x+d sin a: * 5, given tan 51** 21^ - 1. 
Dividing both sides of the given equation by + 
t.fi. by /s/4i, we get 

-J^^oo,*+-Jj8inx- - (1) 

Since, tan 51° 2l' f , 




;• cos 61* 21'- 


4 

7d‘ 


sin 61” 21' 
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/. (l) reduces to 

cos X cos 51* 21' + sin x sin 51* 2l'“ sin 51* 2l\ 
or, cos (jj-*51* 21') “sin 51* 21' -cos 3R* 39'. 
ir-51* 2l'“2fw±38* 39'. 

.T“2n^ + 90*, or, 2n.‘t + 12* 42'. 

Ex. 7. (i) Solve 2 sin^x + sin^ 2® “2 /or-n < x < 
From Ex. 3 above, we see that + Jri ••• (l) 

or, a;“W7i±j7r. ••• •" (2) 

Putting 7i“0, - 1 in (l), we get a:**^-*, "5**, which lie 
in the given interval. Putting n“0, 1. - 1 in (2), we get 
± Jn, |n, - which also lie in the given interval. 

Hence the required values of x are ±i.Tt, ± 

(ii) Solve cos 0 + J3 sin 0 ■» 2 

for 2--J < 0 < and Zn < ^ 
Dividing both sides of the equation by >/l + 3 i.e., 2, 

we have 

cos 0- ^ +8in O' *^^“lf 

i.fi., cos O.cos i.iH-sin O.sin Jn:“l, 
i,e., cos (0 1. 

0 ^ in^2n7i, i.e., + 

Putting «“0, ^1, we get which lie in the 

Ist interval. 

Again putting n-1, 2, we get O- Jrr, which lie 

in the 2nd interval* 

Ex. 8. Solve tan ax^cot bx. 

Here, tan ax “ cot hx “ tan (in - bx)* 

/. ax^^nn + in^hx, 

. ^ _ 2n + 1 7t 

•• a+b 2 
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Examples XI 

Solve the following equations {Ex. 1 to 23) : — 

1. ciot*x + cosec^a; " 3* 

2. (i) 2 008*0 + 4 Bin®^ — 3. 

(ii) tan*0"3 co8ec*0 - 1. [ C. TJ. 1939. ] 

3. tan T - cot a? * coaeo x. 

4. cot X - cot 2x - 2. 

6. 2 sin 0 tan 0 + 1 « tan 0 + 2 sin 0. 

6. sin 60 + sin 0 ■= sin 30. 

7. sin mO + sin nO *= 0. 

8. cos X + cos 3a: + cos 5a? + cos 7a: « 0. 

9. cot 2a: =• cos x + sin a\ 

10. sin a; + co9 a:“ for - .-x < a? < n, 

11, sin 2a; tan a; + 1 ** sin 2a: + tan a?. 

<kj[2. cot a: - tan a: “ 2. [ C. U. 1934, *37. ] 

^8. sin X + J3 cos a: - >/2. [ C. U. 1938, *47. ] 

14. 2 sin a? sin 3a? “1. 

15. sin 0 + 2 cos 0 “ 1. IC.U. 1933. ] 

16. tan X + tan 2a: + tan 3a: « tan a? tan 2a; tan 3a;. 

17. tan (Jti + 0) + tan (i.^ - 0) - 4. [0. U. 1949. ] 

18. tan X + tan 2x + tan x tan 2a: - 1. [ C. IT. 1941, *43, ] 

19. cos 0 + n/ 3 sin 0 - ^/2. [0. U. 1944. } 

20. cos CC+ sin a:** 1, for - 2:1 < a; < 2.^. 

21. cos 2a: ■» cos x sin x. 

22. 2 cot a; + sin T 2 cosec x. 

28. cos a: + sin a: - cos 2ar + sin 2r. [ C. U. 1943. ] 

24. Solve 2 sin*x + 8in ; and find all the angles 
between O'* and lOOO^which satisfy it. 

25. Find the solution of the equations (general solution 
Id not required) 

tan T+tan ^*3 

2 COB X cos 
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^ If tanaar-tan te-0, show that 
form a aeries in A. P. 


the values of x 


27, Solve 

(i) cos ix + cos 2x + cos a: 0. [ C, U. 1942 ^ '46. ] 

(ii) cos 9a: cos 7a:*=> cos 5x cos 3a;, - i.i < a; < in. 

(iii) tan a + tan 2a? + tan 3a: “O. [ A. 1. 1941. ] 

(iv) cos a: - sin a: « cos a + sin a. [ B. H. U. 1938. ] 

(v) co8®a: - cos a: sin a; - sin’* a: ■» 1 . 

(vi) cos 6a; + cos 4x = sin 3a: + sin x. 


iSin a 


cos a 


sin 2x cos 2x 


‘2 


28. Solve 5 cos 0 + 2 sin " 2, given tan G3® 12^“ 2i* 

29, Find those pairs of solutions of tl)e following 
equations which correspond to positive solutions loss than 
2n of each individual equation : — 

(i) sin (a - /I) “ 0 ; sin (a + i5) 1. 

(ii) sin (a - /?) *“ cos (a + J3) « 4, 

80. If sin A “Bin B, cos A - cos 2?, prove that either A 
and B are equal or they differ by some multiple of four 
right angles. [ C. U. 1936 ] 

31. Show that the three equations 

sin^O “*8in*a, cos*0“cos*«, tan’*^ “ tan®a 
are all identical and the solution is always nn ± a. 

82. Show that the same two series of angles are given 
by the equations 

a:+ ^ -nff + (-l)**g and 



CHAPTER XII 


INVERSE CIRCULAR FUNCTIONS 

64. The equation sin means that B is an angle 
whose sine is x. It is often convenient to express this 
statement inversely by writing 0“sin“^fl;. Thus the symbol 
sin'^rr denotes an angle whose sine is x. Hence sin'^o; is 
an angle, whereas sin 0 is a number. The two relations 
sin B^^x and 0«Bin~^a; are identical ; if one is given the 
other follows. The symbol sin'^o; is usually read as ''sine 
inverse x'\ Sometimes it is also denoted by arc sin x. 

Note. must not be confused with (sin a;)*** Le, -- — • 

Bin X 

65. We know that if B be any one angle whose sine is 
equal to x, then sines of all the angles given by «?* + (• l)”0 
are equal to x. Hence, sin'^o; has got an infinite number 
of values, and as such, sin'^x is a multiple-valTied function. 

Hence the general value of s*n'^a;*»n7i + (— 
where on the right-hand side sin^^rr stands for any parti- 
cular angle whose sine is x. 

Similarly, the general value of 

cos' ^ x^^2nn± cos’ ^x 
and of tan' ^x"^nn+ tan' * x. 

The smallest numerical value, either positive or negative, 
of B is called the principal value of sin'^^o;. Thus, the 
principal value of sin*^ i is 30^ If corresponding to the 
same ratio, there are two numerically equal angles, one 
positive and the other negative, it is customary to take 
the positive angle as the principal value : thus the 
principal value of oos*^i is 60^ and not (^60^) although 
cos (- 60 *)-i, 
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In all numerical examples, the principal value is 
generally taken, 

co8*^ir, tan“^a:, cosec" sec’V, cot"^a; have similar 
signiScance and all properties as those of These 

expressions ate called Inverse Circular Functions. 


66. If sin then 0 — 8in"^x, 0“ sin" ‘'sin 0. 

Similarly, 0*“CO8"^ cos 0*=tan”'* tan 0 ; etc. 

Again, if 0“sin"^flr, sin O-a:, t.e. sin 8in"‘'x*®x, 
Similarly, cos coa'^x^x ; tan tan~‘*X”»x ; etc . 

Also, wo have 

cosec"^x-sin’^ ^ ; cot"^x« tan""^ £■; 8ec“^x»co8"^ - 

Let cosec‘'^a; “ 0 ; then cosec 0 ac. 

. . sm 0“ « • 

cosec 0 £ 

Hence 0*sin"'^ ^ • and therefore cosec" sin’ ^ ^ • 


In the same way we have, cosec" ^ ^ 
The other relations follow similarly. 


^ sin X. 


JHv. As all the trigonometrical ratios can be expressed 
in terms of any one, similarly, all the inverse trigonometrical 
ratios can be expressed in terms of any one inverse ratio. 

Thus, let 8in“^a;“0 ; then sin 0-ar, 

cos 6- ; tan 0- — ; cot 0- : 

Vi-ap* * 

sec 0 « and cosec 0 - ^ • 

/. 0-8in"^rc"“co8''' 

i^/l -1 1 -4 I 

-cot — •sec ^^*00860 * 
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To prove that 

(I) Bln“‘*X + C08“'*X- 

(ii) tan“^x + cot’^x— ^ • 

(iii) cosec’ ^x + sec" ^x— 

(i) Let 8in“^£B— 0 ; then sin 
Now, sin p — cos Uti - 0), 

/. cos Uti — 0)"’x and hence cos“’^a; = i?t 
Therefore, sin " ^ it? + cos — O + i-'t. 

(ii) Let tan’^oj^O ; then tan 0«a;. 

Now, tan 0 — cot - 0). 

/. cot (i;i — 0) “ 0 ?. /. cot’^X"* i.T " 0, 

tan**^x + cot’‘^x*= 0 + Jn - 


(iii) Let cosec' ; then cosoc 0*x, 
Now, cosec d « Boc (4?* - 0). 

sec (iri 0) X, sec"^x“ i-i “ 0. 
co 9 ec‘^x + sec'^x «0 + i.-i“ 0 




Let 


To prove that 

(0 tan'^jc + tan‘''y'“tan~''i^^' 

1 xy 

(|i) tan"'x-tan~^y — tan"* 


t»n"^®“a ; and ; 


then tan o-® ; and tan P"‘V. 
Now. tan (a + a) - - *±v 

’ ' l-tanataniS l-»y 
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i,e* 


tan * ^ a: + tan " ' y « tan * ^ 


^ 4- »# 

1-xy 

.T + v 

1 -aiv 


Again, tan (</ - /J) 


tan a - tan ^ 

1 + tan a tan /i 


a- - 1/ 

i + xy 


u-/l = tan-’ f 


^.o^ tan"^a;-tan“'i/“tan" 


-1 . 

1 + a?!/ 

Note. Ill can be easily prov(Kl as above that 
cot *x + cot 

y±x 

To prove that 

taii*’*x4’tan"^y-f tan" tan"'* 

1 — yz — zx — xy 

Let tan^^aJ^u ; tan "*;/“// ; tan**^£?“y, 

/. tanu^ic, tan/J**j/, tany"z. 

Now, tan (a + /3 + ?) 

tan « + tan tan V 7 j;an_« tan /? tan y 
1 -• tan li tan Y - tan y tan a - tan a tan fi 
^ sc + 1 / + X - xyz ^ 

I'-^yz-zx- xy 

Hence, a + j5 + y * tan'^ * ^ • 

' 1-yz- zx-xy 

Since, a + /I + y • tan’ + tan ’ ’ y + tan’ the required 
reeult follows. 


Note. This relation can also be deduced by applying twice the 
formula of Art. C9. Thus, 

Left side- (tan^‘*+ tan"' ‘y)4'tan“'*« 

*» tan“* tan”*s ; now again apply Art. 69- 
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71. In fact for most of the formula) involving ordinary 
circular functions, corresponding relations connecting 
the inverse circular functions can be easily deduced. In 
addition to those given above, some are illustrated in the 
following examx)les. 

Ex. 1. Show that 

(i) siir^x ± ± J/ V ^ 

(ii) cos“’ir±cos“^l/ = co.s"M®?/+ x/(l-“a;“)(l-y/‘'^)l. 

(i) Let sin" ^ a; ~ a. /. sin a “'a; and cos a « Jl-x^ ; 

also let sin" — andcos)3“ 

Now, sin (a ± /]) ■* sin a cos P ± cos a sin p 

±y 

a±/? = 8in“^|a; Vl-|/^±1/ Vl-®“|. 

Since, a±/l«=8in"^fl5±sin“^y, the required result follows, 

(ii) These relations follow similarly from the value of 
cos (a ± p). 

Ex. 2. Show that 

(i) 2 sin'’a;“*s«fi"^t2a;s/l-a;‘‘^). 

(ii) 2 co$"^ir-co5"^(2a?® - 1). 

(iii) 2 

Jl *“ 3/ 

(i) Let sin‘^a;“ Cl. /, sin a “a:, cos a®* ,^ 1 - 05 ®, 

No'W, sin 2a *® 2 sin a cos a 2a; Jl-x^. 

/- 2a ■■sin"^(2a? Vl-x"*), 

Since, o“8in"^i, the required result follows. 

(ii) A: (iii). These relations follow similarly from the 
corresponding values of cos 2o in terms of cos a and tan 2a 
in terms of tan a. [ ^Sfee Art. 4^ ] 
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Note. Tlie atjove three relations can also be deduced by putting 
X for y in the values of sin~‘j: fsin" *j/, cos" *x + cos**y and 
tau“‘j:+tan~^3/. 

Ex. 3. Show that 

(i) 3 

(ii) 3 cos' * X “ cos' ‘ {4jc® - 3®). 

(iii) 3 [ G\ U, 1038. ] 

I uX 

(i) Let sin“’a;*=0 ; then sin O^a;. 

Now, sin 30“ 3 sin 0- 4 sin ^0“ 3a: — 4a:'*. 

/• 30, t.c. 3 sin'^*a:“sia''^(3a;- 4a:'*). 

(ii) (iii). Those relations follow simiJaily from the 

corresponding values of cos 30 in tonns of cos 0 and of tan 30 
in terms of tan 0. [ See Art. 4J. j 

Note. The result of (liU may *tlLO be deduced by putllug 
in tbe formula of Art. 70. 


fix. 4. 

Show that 



2 V 

O tail " ^ V s; min * f 

-a® 


m lillll X IlJU . . 9 

1 + a* 

“*®* r+? 

Let 

tan’^a?“0, 

tan O^a;. 

Since, 

, 2 tan 0 

sin20“. 

1 + tau 0 

2a? r 

"“l + x**’ 


■^tan 




20 i.e. 2 tan'^x“8ia‘ 
1-Un*0 1-a:* 

Since. COB 20- 


2z 

1 + a;® 


and tan 20 


2 ta^0 
i-tan*®0 


2x 


the remainiog relations follow similarly. 
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Ex, 5. Show that 

. a-h . ^ -iC-a ^ 

,+ian - , +tan — “O. 

1 + ao 1 + be 1 + ca 

Isttorm of leftsid 0 = tan“'a- tan“’^/7 [By Art, 09 (ii) ] 

2nd “ tan“’fo- tan"^c. 

3rd “tan'^c- tan'^a. 

Henco, adding up the throe terms, the required result 
follows. 

Ex. 6. Show that 

2 tan'^\ + ian~^\ *= 

Since, 2 tan’’ic= tan"’ a* f See Ex, 4, ] 

• J “ flj 


Left side«tan"’iV + tan“’}«*tan"^^^^ft^ “tan'^iiS. 

1 * -m 

Ex. 7. Solve ^ 


• -1 2(1 , . -t 2 /> „ 


2 tan~ X. 


[ 0. U. 1947, ] 


2 *r 

Since, sin"^- 1 2 “2 tan’^^ir. [ See Ex, 4. ] 

1 + a: 

Left side* 2 tan"^a + 2 tan'^^fc. 
the equation reduces to 
2 tan*^a;"*2 tan"^a + 2 tan"’^6. 

tan"’a?* tan"^a+ tan"^&*tan*^~^* 


i ^ab 
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Ex. 8 . Solve 

tan **“ o ^ 

ar- 2 x + 2 4 


Left side « tan 


a? - 1 ^ ^ + 1 

■ t g"’ 2 y + 2 

^ x '* - 4 


.-1 


the equation reduces to 


‘tan‘^ 1. 


2t® - 4 


1 or, 2x* « 1 or, X ' 


Examples XU 

Prove {Ex, 1 to 1 ;) that : — 

l/(i) tan*^i + tan 1,-1, 

-1 1 2® 

y{n) tan ^x + tan‘^ j_^a“tan 
^ (iii) tan“’’^T + tan"^ I +tan’'* tV“cot“‘' 3. 

2, tan*^ -*1r + cot‘^ -V*“tan"^ 4. 

3. tan“^ 1 + tan"^ 2 + tan“ * 3"“n 

— 2(tan”^ l + tan*' 4 + tan"^ 4),*^ 

4^1) tan"*^ ® + cot"^ («+ l)“tan' + ®+ 1). 

(ii) tan‘^— +tan’' . «tan“’ ^ • 

P’^q p + M + 1 P 

5. tan'^a- tan“*c — tan "’ ^7 + tan*’^,fx"f ’ 

1 4 - a 6 I + be 

6* tau"’^ ‘S + sin"’- f — tan"’'fi. 

7. tan"^ 4 + tan‘’’i-htan"’^4 + fcan**4*i-^* 

[ C, U. 2942. ] 

8. 3 tan-^ i + tau"^ |«ia. [ 0, tJ. 293t 1 
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9/{i) ein (2 BiQ"^a:)"2a5 N/l-as®. 

''(ii) {cos “{sin (oos^^o?)}®. 

*10, coir^ir-2 sin’^ ^ ^ 2^ 2^’ 

ll. tan“^ Jx^ 008*“^ r^‘ [ CT- 1943, ] 

z 1 + a; 


» . -1 /flj-6 .1 /a-x . -1 /x-i 

I, sin . / * “ cos W 1 tan fj 

W a-b ^ a-b V a-i 


lo L -1 . -x b — r. .. 

IS. tan , + tan ^ ^ , + tan ^ . 

1 + a/> 1 + Z?c 1 + ca 




I4, S 0 c^(tan“^ 2) + co8ec®(cot“^ 3) = 15. 

L5. cot"^(tan 2x) + cot**^{- tan 3a:) “ a?. 

16. J + ain”^ iV + sin’^ “J.TE. [0. 17. ] 

17. 4(oof ^ 3 + cosec”' [ C. U, 1939. ] 

18. If tan"^a? + tan*^ 3 / + tan'^^: — :*, show that 

x + 7j-^z^xyz. 

19. If tan"^a: + tan“^l/ + tan"^j = J.T, show that ' 

yz-^ zx-^xy^^l. 

20. If oos"^ir + coB’’' 2 / + cos‘' 2 *':». show that v 

a?* +y* + s® +2xyz^l, 

Jl. If sin’^a: + sin" + sill’ ^how that 

X + 1/ + z s/l^^^Qxyz . ' 


22. Find the values of 

sin (sin*^ i + cos“^ J). 
fJox) tan (tan"^a+ oot'^a). 

Miii) ton (i 8in-‘ + i 


[ O. U. 1933. ] 
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28. If tan'^^o;, find y as an algebraic faDct<io& 

of X. 

24. If tan"^a;, tan"^l/, tan*’^^? are in A.P., find out the 

algebraic relation between rr, y, z. If in addition, y, z 
are also in A.P., prove that x^y^z. [ 1, or - 1 ] 

25. Solve the following equations ; 
f(i) tan*^(® + l) + tan‘^(x- 1)« tan'^-jfr. 

2 fl? . 2 flt 

-X 1+a 1+0 

(iii) tan (cos'^a;)- sin (tan“^ 2). 


/ 


(ii) tan"^ 


(iv) tan"^? . tan*^fl;< 

1 + a; 

/ \ i. • 1 ® ^ I X. - 1 ““1 . - 123 




= tan' 


36 


(vi) 9m''a; + Bm'^2®= ^• 



(i) cot' ^(o! - 1) + cot"‘{« - 2) + cot"'^{® - 3) * 0. 
26. Show that 


(i) oot*^**^ ^ ^ + cot* ^ ^ + cot* ^ - 0. 

®-y y-z Z~x 

(ii) tan (tan'^x + tan'^y + tan'M 

-cot (oof^aj + cot'V + cof'js), 
(iii) tan"‘(cot *) + cot" ‘(tan *)-•»“ 2«, 



Miscellaneous Examples 1 


1. If 3 sin © + 4 cos 0 “ 5, show that tan 0 = f . 

2. If a* sec*£c — tan®a;“c®, find cosec a?. 

3* If fl5**r cos 0 cos t/ “ r cos 0 3in</>, j?“rsin0, show 
that a;® +J3;® 

4. Ifsin show that tan| '^ * 2)“ ” 

5. If jr “ r sin (O + 45°) and y = r sin (6 - 45**), then 

6. If cos {a + /5) sin (v + /?) “ cos (a - /J) sin (y - 0), then 

tan 0 «= tan a tan P tan y. 

Show til at {Ex, 7 to 9) : — 

7. (cos X - cos 2/)® + (sin x - sin ?/)® *= 4 sin® ^ ^ 

8. sin A + sin B + sin 0 - sin {A + B + C) 

, . A+B . B + C . 0 + ^ 

- 4 sm — * sm ^ ^ sin ™— • 


9, 


. , A+B + C , n-^C-A . C + A-B ,A^B-G 

4 sm 2 ■ ■ 2 r" ® “"”2” ■ 

-* 1 - cos®^ “ co8®i? - cos®C + 2 cos .4 cos B cos C. 


10. If tan ^ sin y^ ^ ^ 

8in(a + y) 

in harmonica! progression. 


11. If a + ^ + y«(2n+ 1)2, then 

(i) tan p tan y + tan 7 tan a + tan a tan P"^!. 

(ii) sin 2a 4- sin 2p + sin 2y » ± 4 cos a cos P cos y. 


12. If the angles C be in A. P., then 
sin A --si n G ^ ^ 

00 s cos A sin B 
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13. If cosec 2-4 + cosec 2B +■ cosec 2C“0, show that 
tan A + tan JB + tan C + cot 4 + cot J5 + cot C *** 0. 


14. 


If tan a 


a sm 

1 - a cos ^ 


and tan p 


h sin a 
1-6 COB a 


15. 


then 


sin __a ^ 
sin (S b 


Show that 

tan 0 + 2 tan 20 + 4 tan 40 + S cot 80 « cot 0. 


16. If cos (0 - v) cos </>“ cos (0 - </> + yf), then tan 0, tan 
tan V* are in harmonical progression. 


17. If 1 + cos (p - z) cos U - x) cos (jc - j/) ~ 0, show that 
either (p - z)t or U a), or (x - p) is an odd multiple of .-i, 

18. If sin 0 + sin <|>= \/3 (cos </'»- cos 0), show that 

sin 30 + sin 


19. Eliminate a and /i from 

sin a + sin /? *= a, cos a + cos P^b, cos (a • /]) c, 

20. If + C + C • ;i, prove that 

(i) tan J3 tan C + tan C tan A + tan A tan B 

* 1 + sec ^4 sec B sec C. 

(ii) cot -4 + cot I? + cot C^oot A cot B cot C 

+ cosec A cosec B cosec C. 

21. If + jB + C = n, and if 

sin^i4 + sin'^^fi + 8in*C “ sin J5 sin C + sin C sin A 

+ sin A sin B, then 4 B • C. 

22. If At B, C be the angles of a triangle, and if 

cot -4 + cot B + cot C"* \/3, show that the triangle 
is equilateral. 

2^ If sec ax + sec bx *■ 0, show that the values of x 
form two series in A. P. 



CHAPTER XIII 


LOGARITHMS 

72. Definition of Logarithm. 

Logarithm of a number with respect to a given base is 
the index of the power to which the base is to be raised in 
order to give the number. 

Mathematically if a* = N, then V is the power to which 
*a (which is called the base) is raised to give Hence 
by definitioni 'x' is tlio lo:?arithm of ‘A^’ with respect to the 
base ‘a’, and it is usually written as .-r *= /of/a A“. 

As a numerical examine, logn 8 = 3, for 2 ^ = 8 Le. 3 is 
the power to which 2 is to bo raised to give 8, Again, since 
3* =81, 4 = log3 81. 

Any result involving lattices can be expressed as a result 
in logarithm, and vice versa. 

For example, 

if = n then, q = logj^/*. 

If =” tl\on n ” logm 

or /c — logs (w”). 

Similarly, if logv 

then = x. 

It sbould be noted that the logarithm of the same 
number with respect to different bases will be different ; for 
example, to get the same number Gl, we must raise 2 to the 
power 6, whereas we are to raise 4 to the power 3 and 8 to 
the power 2 only ; hence logfl64«6, log* 64*»3, logs 64 “2. 

Thus so long as the base is not stated, logarithm of a 
number has no meaning. 
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73. Special Cases* 

We know from Algebra that if a be any real finite 
quantity, other than zero, then 1. 

Hence, loga 1“0 ; in other words, 

(i) logarithm of 1 with respect to any finite quantity 
(other than zero) as base, is zero. 

Again, a being any quantity, a' •* a. 

Hence, 1 = loga cl- In other words, 

(ii) logarithm of any number with rnpect to itself as 
base is unity. 

Note 1, If then sc» — oo if a > 1, and x* I- «» if a < 1. 

Thus, wo havo logo 0 = +oo according as ft > or < 1. ITonce, 

logarithm of zero to a base greater than unity is minus infinity, and 
to a base less than unity is plus infinity. 

Note 2. Since the equation ft''=s —n (ft and n being real positive 
quantities), cannot be satisfied by any real value of a?, whether positive 
or negative, provided we consider the principal value* only of a'% 

therefore, logarithm of tx negative guaniity (in a system of logar- 
ithms whoso bate is a real positive quantity) must he inuuginary, 

74. Fundamental formula in logarithms. 

From the definition it is clear that logarithms are but 
indices in another form. Hence corresponding to tbo three 
fundamental results in the theory of indices in Algebra, 
namely that if a, x, y be any real quantities, 

(i) 

(ii) a* -»•«’' “a*'" and 

(iii) 

we get three fandamental laws of logarithms which are 
given below. 

*8ee a treatise on Higher Trigonometry. 
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(i) log* (m X n)"Iog« m+log* n 

in other words, logarithm of the product of two quantities 
is equal to the sum of their logarithms taken separately, base 
remaining the same always. 


Proof. Put loga m^x, loga w *= y 
and loga im ^n)’^z 
then from definition, 

a* * m, a'' « n and ** m x ?i =» a* x » a^^^, 
BO that, ^ — a; + y. 

Eeplacing values, 

loga {m7l) = loga m + loga W. 

Cor, loga (m.n.p ) ■■ loga m + loga n + loga p + 


(ID log, ( ^ ) “ log, m - log, n 


in other words, logarithm of the quotient of two numbers 
C8 equal to the difference of their logarithms (logarithm of 
the numerator minus logarithm of the denominator). 

Proof. Put loga m^x, loga w y 

and log, I J - 

Then from definition, 

a*“m, a^'-n 


and a*' 


7n 

s ■ 

n 


BO that 


z*^x-y, 

or replacing values, 


loga ( ”) * loga m loga 'n. 
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(iii) logs (m)" - n log« m. 

Or, logarithm of a power of a number is the product of 
the power and the logarithm of the number. 

Proof, Put logo m “ aj, and logo 0^0" "“s. 

Then by definition, 

af’^m and 
a"«(wr-{aT*=a”®. 
z^nx, 

or replacing values, 

logo (w)" = n logo m. 

Ex. 1. Beduce to a simple form loga * 

logo Jf “loga (a:V)-loga («*) 

« logo + logo • logo s'* 

P logo x + q logo 2/ ~ s logo 
Ex. 2. Simplify log lo VI 3* 



“Mogio 2*_fi 

= i[logao 10® - logic (2M1)] 

-i[2 logio 10-(logi„ 2®+log,o 11)3 
“3t[2-5 logic 2 -login llj. 

75. Change of base. 

There is a fourth standard formula whereby logarithms 
of numbers with respect to one base being given, those with 
respect to a different base may be obtained. The formula is 

logs m logs m X logt b 
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Proof. Put loga m — a;, logb w — j/ and loga 

Then from definition, 

Hence, ^ (a*)^ - 

or, X •“ yz. 

Beplacing values, 

loga m - logh m X loga h. 

Cor. 1, In the above result, put m^a. Then remem- 
bering that loga a* 1, we get 

logb axlog. b-1. 

Since the above relation is very important, we add here 
an independent proof of it. 

Let logft and log® h^y. 

Then and a^^b, 

:.^xy^h 

i,e. logb a X loga 6“ 1, 

Cor. 2. The result of the above article may be written 
with the help of Oor. 1, in the form 

loga m-logb m/logb a. 

Thus if logarithms of both m and a with respect to b be 
known, logarithm of m with resi)ect to a is obtained. 

76. Common system of logarithms. 

Por all practical purposes, wherever logaritfams are used 
for numerical oaloalations.tfae base is invariably taken as 10. 
Logarithms of numbers with respect to the base 10 are 
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referred to as the Common system of logarithms. The 
advantage of the common system of logaritijms for practical 
applications will be clear presently, from the article 77, 
Theorems 1 & II. 

Note. In higher mathrmatics, for theoretical irivTsligations, another 
quantity ‘e’ (defined in V^oolis of Algebra), whose v.iluo is nearly ‘2*718..., 
is Ubod as the base of logarithms, and logarithms to this baso c are 
called NajpicTian logarithms. 

With the help of the logarithmic series established in books 
on Algebra, Napierian logarithms of numbprs aro tabulated. The 

factor which is known as the modulus of iJie coniuon system^ 

applied to the Napierian logarithms will convert them to common 
logarithms {See Art. 7d). Thus a table of common logaiithin.s is 
prepared. 

Henceforth we shall proceed with the consideration of 
the common system of logarithms, and the base being 
understood to be 10, will not be written. 

77, Characteristic and Mantissa of common logarithms. 

It is only in very few cases that the logarithm of a 
number is integral. In most cases, however, the logarithm 
of a number is partly integral and partly fractional (or 
decimal). 

Def, The integral portion of the logarithm of a number 
is called the characteristic ^ and the decimal portion is called 
the mantissa. 

In case the logarithm of a number is negative, and 
partly integral and partly decimal, the decimal portion, ie, 
the mantissa is always kept positive by altering the integral 
part t e., tlie characteristic suitably. Thus the mantissa 
part of the logarithm of a number is always positive. For 
instance, if the logarithm of a number is ^2 3, we write it 
as ~ 3 + 7 and call — 3 as the characteristic and ’7 (and 
not - ’3) as the mantissa, - 3 + ‘7 is often abbreviated in 
the form 37. 

9 
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Theorem I. The characteristic of the common logarithm 
of (i) any number greater than 1 is positive, and numerically 
one less than the number of digits in the integral part of the 
quantity whose logarithm is sought ; and (ii) of any positive* 
number less than 1, is negative, and numerically one greater 
than the number of zeroes immediately after the decimal 
point in the quantity whose logarithm is wanted, 

(i) Let the number be greater than unity. 

Any number, say 7'209, which consists of 1 digit only in 
its integral part, lies between 1 and 10. 

Now 10® -1 and 10^-10. 

Hence if 10® -7*209, clearly x must be greater than 0 
and less than 1. 

Thus log 7*209, must lie between 0 and 1, i.e,, of the 
form 0’..., having its characteristic 0. 

Similarly, numbers of the type 63*0528, which consists of 
2 digits in their integral parts, must lie between 10 and 100, 
i.e., between 10^ and 10*. 

Hence the index to which 10 should be raised to give 
53*0528 must be greater than 1 and less than 2, i.e., 
log 53*0528 must be of the form 1'... having the character- 
istic 1. 

log 10 is 1, and 10 also falls in this category of two 
digits. 

In the same way, a number which has n digits in its 
integral part lies between 10*^'^ (which also has n digits) 
and 10" (which has n + 1 digits). Thus the logarithm of 
such numbers must lie between n*l and n, i.e, (n*l) 
+ some positive proper fraction. Hence the characteristic 
in such cases is n - 1. 

Hence the result. 

^Logarithms of negative numbers are easily seen to be imaginary, 
lor there is no real i^wer, positive, or negative, to which 10 may be 
raised to give a negative result. [ See Note B, Art, 73, ] 
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(il) Let; the number be positive, and less than 1 (i.e. 
between 0 and 1). 

We notice that 


10" 

« 1 

O 

1 

B 

o 

“*1 

10'““ ^ 

100 

«*01 

10'®= ^ 

1000 

«’001 

lO'* = - - - 
^ 10000 

«*0001 


etc. etc. etc. 

Now a number less than 1, with no zero immediately 
after the decimal point, like *3015, must be greater than *1 
and less than 1 ; hence the power to which 10 must bo 
raised to give such a number must lie between - 1 and 0, 
— 1 + a positive proper fraction. Ilonce such numbers 
have the characteristic of their logarithms'* - 1. 

A decimal number with one zero immediately after the 
decimal point, like *078005, lies between '01 and *1 which 
are respectively equal to 10*^ and 10“^. 

Hence if 10® - *078005, x must lie between - 1 and ~ 2 

i.e., X is of the form - 1* Writing the decimal part of 

a? positively, in the form -2 + * , wo notice that the 

integral part of x i.e., the characteristic of the logarithm of 
*078005 is - 2. 

Similarly the logarithms of numbers between '01 and 
*001 (Le , 10*® and 10*®) which must have two zeroes after 
the decimal point, lie betwwen - 2 and -3 i.e,, are of the 

form -2* •■-3 + * , and so the characteristic in 

such cases is ** 3, 

and so on. 

Hence the result. 



i32 


INTBBMEDIAIB IBIGONOMBTRY 


Theorem II. All numbers, formed of the same digits in 
the same order, differing only in the positions of their 
decimal points, have the mantissse of their logarithms same. 

This will bo clear from an example. Let us take the 
numbers 8:i5107, 835107000, 83‘5J07, '835107, '000835107 
and 835107. 


Now 


Again, 


log 835107000 


log 83'5107 


log (835107 x 1000) 
log 835107 + log 1000 
log 835107 + 3. 

, ^835107 
10000 

log 835107 -log 10000 
log 835107-4. 


log 

log 

log 


'835107 


= log 


'000835107- log 


8351*07 


■log' 


835107 

1006060 

835107 
10 “ 
835107 


100 


-log 835107-6. 
-log 835107 -9. 
'log 835107-2. 


Thus the logarithms of all the numbers hero differ from 
the logarithm of 835107 by a whole number in each case 
and so must have their decimal i)art3 i.e., their mantissie 
the same as that of log 835107. 

In fact, numbers formed of the same digits in the same 
order differing only in the position of their decimal points, 
must have their ratios equal to an integral power of 10 and 
so must have their logarithms differing only by a whole 
number. 

Hence the result. 

The two theorems above given show that (i) the charac* 
teristic of the logarithm of a number can 1^ found by a 
simple glance at the number and (ii) that for the mantissa 
part of the logarithm of a number, we need' only take into 
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account; tho digits of which the number is formed, without 
taking any notice of the position of the decimal point in it. 

In logarithmic tables, only the mantissa) of the logari- 
thms of numbers ai*e therefore given. 

Those constitute tho special advantages of tho common 
system of logarithms. 


78. Examples worked out. 

Ex. 1. Simplify 


log yv * and find its value, given 

v/\ IH. 

log 2 — ‘30103 and log 3 “ *4771213. 

1 1 

Tho given exp. “ log — ' ^ , 

(n-s.2*)'^ 

“ log , , , = log , , s , 

2*.(2 2^.2 '.3™.2’^ 

1 

- log , - log ] 0‘ - log (2^ ^ X 3^) 

2^«.3* 

-1 log 10- (log 2^" + log 3®) 

“ i log 10-^5 log 2 - 5 log 3 

and its valuo is 

i.l - 4SC30103) - K'4771213) 

- ’25 - losecas - ‘sisosoo 

» -1 + -73G2496 
-17362496. 

Note, log 6- log log 10 -log 2 S'! -log 2 and henco log 5 is 
deducible from log 2. 

Ex. 2. Pfove that 

7 log “• 2 log f i + 3 log *8 J ■■ log 2. 
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The left-hand expression 

■■ log {’•(!■)’ ” log (-ji)® + log (S'c)* 

, (-V)’ ^(ur 
(li)® 

^3x2* x2“'*‘ 


‘log 




• log 1^?* X 
‘log 2. 


<^12 

fd* x'^** 


3® X 2^° 
' ‘ 10* ■ 


) 


Alternative method : 

Left side 

■= 7(log 10 - log 9) - 2(log 25 - log 24) + 3(log 81 - log 80) 
■» 7{log (5 X 2) - log 3®) - 2{log 5® - log (3x2®)} 

+ 3|log3*-log(5x2*)} 

“ 7ilog 5 + log 2 - 2 log 3} - 212 log 5 - log 3 - 3 log 2} 

+ 3{4 log 3 - log 5 - 4 log 2} 

•= log 2. 

Ex. 3. Find the number of digits in , having given 
log 2 -•30103. 

We have 

log 4“ -log 2®" “30 log 2 
» 30 X 30103 -9’0309. 

Hence since the characteristic of log 4®® is 9, 4®® muet 
consist of 10 digits. 

Ex. 4. Find approximately the 7*’* root of 35'28, having 
a«»«» Zoff 2 — *30103, log 3 — ‘4771213, Zoj 7 - '8450980 and 
log 1197'342- 30782184. 

Let ® - (35*28^ - 

then log X - t[ 2 log 7 + 2 log 3 + 3 log 2 - 2 log 10] 

- ^[2 X *8450980 + 2 x -4771213 + 3 x -30103 - 2] 

— -0782184 nearly. 
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Now log 1197*342 - 30782184. 

log 1*197342“ *0782184, having character- 
istic 0, but mantissa same as that of log 1197*342. 

Hence a:— 1*197342 approximately. 

Ex. 5. Obtain an approximate numerical solution of 
2* 3“^ “100, having given log 2 “*30103, log 3 = *47712. 

Wo have 

2®.3®®=10^ 

Iog(2*.32^)“logl0®, 

«*.e., X log 2 + 2ic log 3 — 2 log 10=2. 

2 2 

• • " log 2 + 2 log 3 ” •30103 + 2 x 47712 

“ 1 5933 nearly. 

Kote. Equations of this typo arc called Exponential equations. 

Examples XIII (a) 

[ Use the values : log 2 = *30 103, log 3 “'4771213, 
log 7 “ *8150980 when required ] 

1. Find the logarithm of (i) 1728 to the base 2 
(ii) cos*** a to the base sec a. 

2. Find log. oi 10000. 

8. Show that logio 2 lies between i and i 

[ 0. U. L 1926. ] 

4. Prove that 

(i) loga rn X logt n “ log^ m x loga n. 

(ii) log2 log2 log2 16“ 1. 

@ If log, m + loge n-log« (w + n), find m as a simple 
function of n. 

6. Prove that if a series of numbers be in 6.P., their 
logarithms are in A.P. 
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7. Prove that 

2 log a + 2 log + 2 log a® + •••••• + 2 log 

n(n + 1) log a, 

8. If X is positive and less than unity, show that 
log (l + a:) + log (l+a;®) + log {l + ir^) + log (l + ®®)+ ••• to <» 

■= - log (1 - rr) 

9. Simplify 

(i) log2 \/G + log2Ayi. 

,..x loCv/27 + lnc R-log JJOOO 

10 . Find log ( 00225)^ and log 

11. Prove that 

(i) logo h X log[, c X logo a = 1. 

(ii) logo X « logb X X logc h X loga c... x logn m x logo 

12 . Show that 

(i) 7 log iS + 5 log |£ + 3 log n log 2. 

(ii) 7 log 15 + G log t + 5 log ? + log If « log 3. 

13. Extract the fifth root of 84 having given 

log 2425805^6 3318559. 

1 

14 . Calculate ( 0020736)'^, having given 

log 41369 -4'G1GG750. 


15. Simplify 


(i) 


log 



8* X 14^ _• 

-s/72 X VW 


/..V */72xG3 , . 

(n) 62 6 ' ’ given 

log 898666 - 5'9635977. 
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16. Find the value of 64}l — (l’05)'*°j, having given 

log 21121 -4-332394. 

17. Find the number of digits in (i) 2*“, (ii) 

(iii) (540)®. 

18. Find the number of zeroes after the decimal point 
before the first significant digit in the expressions 

(i)C024)”. (iii) (oisO)*"- 

19. Solve the equations 

(i) 3*«2. (ii) a*-*-?. 

(iii) 

(iv) 2* - 3’^ 1 (v) 7*+*' X « 0 \ 

20. (i) If (x^y^)^a, log ( ^ ) find log x and log y. 

^ \y f 

(li) If “ lah, show that 

log {J(a + 6)} *=^ i (log a + log 6). 

^ log X loc 7/ loa ^ X V Z f 

21. If «s cr ^ show that 1. 

y - z z- X X- y 

22. Why is log (l + 2 + 3) -* log 1 + log 2 + log 3 ? 

23. If a, 6, c....... be in G.P., show that 

loga ic, logj, a:, log© x are in H.P. 

24. If -* ay xy"^’^ - h, « c, prove that 

im-n) log a + (7^*0 log f> + (Z-w) log c-0. 

OK jt 1 f r.^) « tl z ?}, 

log X log y log z 


show that 
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79. Tables of Logaritbms and Trigonometrical 
ratios. 

Boveral mathematical tables correct up to five places of 
decimals are given at the end of the book. An explanation 
of the tables is given below. 

Table I gives the common logarithm of all numbers 
from 1 to 10000, t.e., those 'which consist of 4 digits or less. 
The tabulated quantities are the mantissee only, correct to 
five places, with the decimal point dropped. The characteris- 
tic is to bo supplied according to the rule given in Art. 77. 
The main body of the table gives logarithms (mantissa part) 
of numbers of 3 digits, and the mean difference table at the 
side supplies the increment in the mantissa due to the 
fourth digit. This increment is written, in order to save 
space, giving the significant digits only, which are to be 
supplied with the necessary number of zeroes to make up 
5 places (here the table being a five figure table). Thus 
‘00024 will bo written as 24 only in the difference table. 
As an example, to find log 2‘697, we notice from the table 
that the mantissa for log 269 is *42975, and along the same 
row, the difference table gives 115 under the heading 7. 
This means that for 7 in the fourth place of the number 
(i.e., for the number 2697) the increment in the mantissa 
will be *00115. Hence log 2697 will have its mantissa 
*42975+ 00115 ■■'43090. Again log 2'697 has the same 
mantissa, but its characteristic is 0. Thus log 2*697 
= 0*43090. 

Table II gives ordinary sines and cosines (usually 
referred to as natural sines aud cosines) of all angles from 
0® to 90® at intervals of l', sines being given from the left 
side of the top towards the right and downwards, and 
cosines being given from the right side of the bottom to- 
wards the left and upwards. The table is arranged in such 
a way that the sine of any angle given is the samo as the 
cosine of exactly the complementary angle, and it is on 
this arrangement that a single table serves as a sine as well 
as a cosine table. The main portion of the table gives sines 
or cosines of angles at interval of lO't and the difference 
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table at the side gives changes in the value of the sine or 
cosine for changes in minutes in the angles. It should be 
remembered that as an angle increases from 0** to 90*, its 
sine increases from 0 to 1 whereas its cosine decreases from 
1 to 0. Hence the changes given m the difference table are 
to be added in case of sines and subtracted in case of cosines 
for the increased number of minutes in the angle. More- 
over, as in Table I, the numbers in the difference table are 
to be made up to five places of decimals by supplying the 
requisite number of zeroes before it. For example, using the 
table, sin 63® 23' « *80212 + *00052 - *80264 and cos 29® 42' 
- ‘86892 - *00029 « *86863. 

Table HI similarly gives natural tangents and cotangents 
of angles from O'* to 90®, obtained at intervals of l' with the 
help of the difference table. The quantities in the difference 
table, being made up into five figures, are to be added in 
case of tangents and subtracted in case of cotangents for 
increased number of minutes in the angle. 

Table IV gives logarithmic sines and logarithmic cosines 
of all angles from 0® to 90® at intervals of 1' (with the aid of 
the difference table). Logarithmic sine of angle 0, written 
as L sin S means lO+logsin G, and similarly logarithmic 
cosine of d, written as L cos 6 means 10+ log cos In 
taking Ipgaritbms of trigonometrical ratios of angles, it may 
be noted that sines and cosines of angles are numericallv 
less than unity, and tangents of angles between 0® and 45® 
as also cotangents of angles between 45* and 90® are less 
than unity. Hence logarithms of these quantities are 
negative. To avoid using negative values in the tables, 
logarithms of trigonmnetrical ratios are always tabulated 
after adding 10 to them. Thus the table gives L sin 0 and 
L cos 0 (and not log sin 0 and log cos 0). 

Table Y gives logarithmic tangents (i.e. L tan 0 « 10 + 
log tan 3) and logarithmic cotangents («.s. £ cot 3 -”10 + 
log cot 3) of all angles from 0* to 90®, obtained at intervals 
of with the aid of the difference table* 
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80. Principle of Proportional Parts. 

Suppose we find from table T the logarithms of the two 
numbers 0257 and 6258, and we want to find the logarithm 
of 0257 0 ; or that we find from table ITT, tan 63** 23^ 
and tan 53“ 2i:\ but wo want to find tan 53“ 23' 20*^ ; or 
similarly, from table IV, we get L cos 37" 42' and L cos 37®43' 
but we want to find L cos 37® 42' 48'^ ; how are we to 
proceed ? 

In order to meet such cases, the ‘Principle of Propor- 
tional Parts* may be used. The principle may be stated as 
follows : 

If ike value of a quantity depending on a variable quan- 
tity X be tabulated for different values of x at regular small 
intervals, then in most cases, for a very small change in x 
(which is called the argument) the corresponding small 
change in the tabulated quantity, (called the f unction of the 
argument) is proportional to the change in x. 

We shall assume the truth of this principle ; for a strict 
proof of it, with the proper restrictions under which it is 
true, depends on the use of Calculus. For the tables with 
which we are concerned, it is true for all practical purposes. 

The application of the principle is illustrated in the 
following examples : 

Ex. 1, Given foj; 63374- 4*8019111 and log 63375^ 
4*8019180, find ‘63*3743 and find the number whose 
logarithm is 3*8019136, 

Here log 63375-4*8019180 

and log 63374 -4*8019111 
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Hence for an increase of 1 in the number, the increment 
in the logaribhm is ‘0000069. (This is usually spoken as 
for 1 is 69’) 

Therefore by the Principle of Proportional Parts, increase 
in the logarithm for an increase of ‘3 in the number is 

*3 X 0000069* *00000207 

* 0000021, up to seven places. 

Hence log 6337 4 ‘3 * 4 8019 11 1 + *0000021 
“4*8019132. 
log 03‘3743«1‘8019132. 

Again, 4*8019136 lies between 4*8019111 nnd 4 80191 80, 
the difference from the former being 0000026. Hence 
4*8019136 is the logarithm of a number lying between 63374 
and 63375, say logarithm of 63374 + a:. 

Then diff. for 1 being 69 ( t.e., '0000069 ) and diff. for x 
being 25, ( i.e , *0000025 ), by the Priucii»le of Proportional 
Parts, we have 

69 : 25 : : 1 : a: 
or, 

Hence log r>3374'3(;-- * 4*8019136. 

The required number whose logarithm is 2’8019136, 
having the same mantissa, must be formed of the same 
digits arranged in the same order, and its cliaracteristic 
being - 2, the number must be 06337436* •• 

Ex. 2. (i) Given L sin 37^ 43' 50" - 9*7H67 1 52 
5m 37* 44' -9'78G7424, 

Ji7i(l L sin 37* 43' 56" 

(ii) Given L tan 79* 5l' 40"- 10'7476667 
L tan 79* 51' 60"- 10*7476872. 
find the angle whose L tan is 10 7476532. 

[C, U.192h] 
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In (i) diff. ( ia the valae of L sin ) for 10* (diS. in angle) 
■=272(».e.. •0000272) 
hence diff. for 6* - 1 tr 272 - 163‘2 t.«., ’00001632 
and 80 L sin 37* 43' 56" » 9 7867 152 + '0000163 
-9’7867315. 

In (ii) the angle whoso L tan Is 19'747G532 evidently 
lies between 79* 51' 40* and 79“ 51' 50". 

Ijot the angle be 79“ 51' 40* + a:". 

Now diff. (in the value of L tan) for 10" (diff. in angle ) 
- 1215 (*.«.. •0001215 ) 

and diff. for a:" = 875 

(ue.. ’0000375. being 10’7476532 - 10’7475G57 ) 

•• lO^ms "*"'’ 2 nearly. 

Thus the required angle is 79“ 51^ 47'"2. 

Ex. 3. Given cos 58’ 17' » ’5257191 and diff. for l'“ 2474, 
find cos 58“ 17' 20". 

Here diff. for l' i.e„ 60"“ 2474. 

.’ . diff. for 20" “ S 3 X 247 1 “ 825 ( nearly ). 

As for increasing angle, cosine diinluisuee, 

cos 58“ 17' 20' -’5257191 -»’0000825 
- ’625636G. 

Examples XIlKb) 

1. Given log 18’90G - 1’2765997 

and log 18’907-1’276622G, 
ffnd log 1890’635. 

2. Given log 69714 - 4’8433200 

log 69715 - 4’8433262. 

find log (‘0006971 45)^ 
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3. Given log 37602 -4 5752109 

log 37601 - •r 5751994 , 

find the number whose logarithm is 1*5752086. 

4. Given log 3 ■= '4771213 

log 74008 ■“4’8692787 
diff. for l'-59, 

find C09)^. 

6. Given cos 32“ 16' - *8455726 
and cos 32“ 17'- *8454172, 

find the value of cos 32“ 16' 24" 

and find the angle whose cosine is *8455176. 

6. Find tan 38" 2i' 37*5” having given 

tan 38“ 24' -*7025902 and tan 38" 25' -*7930640. 

7. Given L sin 44" 17' = 9*8439842 
and 1/ sin 44" iS' — 9 8141137, 

find L sin 44" 17' 33". Deduce the value of 
L coseo 41" 17' 33 

8. Given I sin 36" 24' = 9*7733614 

L sin 36" 25'- 9*773.5327, 
find the angle whoso L sin is 9*7734642. 

9. If L cot 53’ 13' - 9*8736937 

L cot 53“ 14' -9*8734302, 

find 0 where L cot 0-9*8734523. 

10. Given L tan 22" 37' - 9*6197205 
diff. for l' — 3557, 

find the valne of 

L tan 22“ 37' 22" 

and the angle whose L tan is 9*6195283. 
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11. Provo that. 0 being any acute angle, 

L sin 0 + L cosec 0 — L cos 0 + L sec 0 

■= L tan 0 + L cot 0 = 20. 

12. Given L cos 36° 40'»9'S012411, find L sec 36“ 40'. 

13. Given L cos 34“ 44'“9'9147729 

icos 34’ 45' = 9 91 16852, 
find the value of L cos 34° 44' 27”. 

14. Given L sin 36* 40' >= 9 7 760897 

Lcos 36° 40'“9'9042411, 
find L tan 36° 40'. 

15. Prove that the difference of tabular logarithms of 
any two ratios is equal to the difference of the logarithms 
of those two ratios. 

16. If sin 0 = '3, find 0 
given log 2 ■= '30 1 0300 

I/sin 53* 7'“ 9 9030 136 
L sec 30'52'- 10 0963916. 

17. Find the value of 

sin 34" 17 'xco8 77“_23' 

Ian 27“ 12' ' 

given i sin 12° 37' = 9'3393 
L cos 65“ 43'-9'7507 
' L tan 62° 48' = 10' 2891 
and log 23*94 ■=r3791. 
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PROPERTIES OF TRIANGLES 

81, Id a triangle ABCt there are six parts, the three 
sides and the three angles. It is usual to denote the angles 
of the triangle by i4, C and the corrosj^onding opposite 
sides by a, h, c. The six parts are not independent of one 
another. The various relations existing among then) are 
deduced in the following articles. 

82. In any triaiigle, prove that 

a ^ b ^ c 
sin A sin B sin C 



Let ABG bo any triangle. From A draw AD perpendi* 
oular to FC or J5C produced if necessary [ Fig. {it}. ] 

[ In Fig. (i), C is an acute angle, in Fig. (ii), C is an obtuse 
angle in Fig. (iii)i C is a right angle. ] 

From AABD, AD^AB sin ABD^c sin B. 

From AACD, AD^AC sin AOD"^b sin 0 [ Fig, (i), ] 

or, -• h sin (« - 0) [FVa.(fi)] 
f . 0 ,, ■» b sin 0, 


10 
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WO have 


sin C “ 0 sin i?, i.e., . 

sin B Bin 0 

Similarly, by drawing a perpendicular from B upon OA, 

bin A bin C 
In E’ig. (iii), C is a right angle ; 

. • A h , ^ ^ 

.. sm.4=^ ;sinZ?“» ;sinC«l. 
c c 

a ^ h ^ ^ 

bin A sin B sin C 


Hence, in all cases, 

a h e 
sin A sin B sin 0 


( 1 ) 


Thus, in any triangle, 

the sides are proportional to the sines of the opposite 
angles. 

An alternative method of proof : 



Let 0 be the centre and i? be the radius of the circle 
circumscribing the triangle ABC, 

Join BO and produce it to meet the circumference in D, 
Join CD, The fLBCD is then a right angle. 

From ABOD, sia BPC ” 
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Buk Z.BDC- A At being in the same segment. 

or, ^“272. 

sm A 

Similarly, by joining AO and producing it to meet the 
eiroumference in i?, and joining CE, BE, it can bo shown 
that 

and ^ =>2A*. 

Hin B sin 0 

••• {-2) 

8iri A sill B sill C 


Note 1. If A ])0 obtuse, A and D fall on opposite i-lde« of JiC 
and A7SC1) being rydir, sin sin (1^0'* - J )« ^,in .1, iii;d tho same 

result follows, hi v.i-e .1 1 ', a ri;;ht angle, c'vulently -"sa^-a/i'in .1, 
and wo f,ot the same result. 

Nofce 2. It follows friim the robition (Z) that 
rt« 'lit sin At h^lU sin A. c-lll !»tM 0 , 


h 

in 


sin C 


Hi 


83, hi any irianght to prove that 

K3 a2 m ||2 

a®**b* + c®-2bc cos A, or co8A« 

2bc 

b® “ c® a* - 2ca cos B, or cos B *« 5-~2— 

2ca 

c® «= a^ + b® -2ab cos C, or cos C " ^ 

2ab 

Take the figures of Art. 82. 

First, let G bo an acute angle [ E"ig, (i) J ; tlien from 
Geometry, 

AB^ « BC" + CA * - 2BC.CD. 

Now, from A A CD, CD^ AC cos C“6 cos C. 

. c* — a® + 6* “ 2ab cos C, 

Next, let the angle C be an obtuse angle [ Fig* (ii) ] ; 
then from Geometry, 

AB* - BC* + CA * 4* 2BC.CD. 
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Now, from A A CD^ CD ••AC cos A CD 

*= b COB (« - C) *■ — 6 COB C. 

. c® " a® + - 2a6 cos C, 

Lastly, let C be a right angle [ Fig. {Hi) ] ; then from 
Geometry, 

ilJ5®«7JC® + Cil®, 


i.e.t c® a® + f)® = a® + fc® - 2ab cos C. 

[ ‘ / cos C “ cos 90” “ 0. ] 
Hence, for all values of C, we have 

c® **a® + - 2a/j cos C, 

2ab 


/. cosC* 


Similarly, the other two relations can be established. 


Obfl. This thcorexn exx^ressos tho cosines o{ the angles of a triangle 
in terms of the sides. 


84. In any triangle, to prove that 

a-b cos C + c cos B. 
b-c cos A + a cos C. 
c-a cos B + b cos A. 

Take the figures of Art. 82. 

In Fig. (i), where C is an acute angle, 
DC^^BD+CD 

•^AB cos ABD + AC cos ACD, 
a “c cos I? + ft cos G. 

In Fig. (ii), wliere C is an obtuse angle, 
BO-BD-CD 

• AB cos ABD - AC cos ACD 
■* c cos “ ft cos (180” - C) 

" c cos 5 + ft cos 0. 

In Fig. (iii), where C is a right angle, 

BC^AB cos J3. 
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/. a c COS ■" c cos 71 + /) COS C. 

[ cos C-cos j 

Thus in all cases. 

a " t COB C + c cos />. 

Similarly, the other two relations can be established. 


B5. From Art. 83 and note of Art. 8*2, it follows that 

a 

. sin s4 nhc 1 

cos A c" H 4 c** “ a“ 

2hc 


Similarly, 


tan B“ 
tan C“ 


nhc 1 

B + 
aha 1 

H a"* 


86. Trigonometrical ratios of half angles of a 
triangle in terms of the sides. 


Wo have, 2 sin*^'^ « 1 - cos “ J - ' 


'‘Jhc 


^ -r’ + a® ^ a* - f^® - 2//C + r*) 

'2,hc ^2bc 

^ o® - (h - o)® ^ (a " ?> + cKa + h - 
2bc 2 he 

Let $ denote the semi’ perimeter of the triangle ; 
then 2s *» a + 6 + c. 

Now, o - + c - a + + c - 2s - 26 • 2v'< - 6), 
a + 6 - c * a + 6 + c - 2c ■■ 2s - 2c - 2(s - c). 


Hence, 


2 sin 


2's-6)2fs-c) 


2 


26c 


sm 


I A fs - *" c) 


2 


6c 


«in -1“ 

2 V be 
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The positive value of tlio square root must bo taken ; 
for A, being an angle of a triangle, is less than ISO** ; and 
hence iA < 90° and consequently, sin 4^ must always be 
positive. 


Again, 2 cos’® = 1 + cos A 

sa 1 + S3 

2I)c 

^(h c)^ — ^0)"^ c a)(h + r “ a) ^ 

2bc ‘2bc 


Now, + C“ a*= a + /; + c- 2a“ 2s- 2a“ 2(s “ a). 


2 cos 


•2 A 2s.2^s - rt) 
2bc 


t.e., cos 


A s(s - o) 


2 


be 


cos 


/a^s-a), 

V be 


Here also the positive value of the square root must be 
taken, for 4^1 being less than 90°, cos iA is always positive. 

Again, tan sin ^^-^cos ^ 


„ /is-b)is-c). /i>is-(ii 
V be \ be ' 

/is^ r)^ 

V"‘ 6-^s«a) 

7? C 

Similarly, the trigonometrical ratios of ^ ^ can b 
obtained in terms of the sides. 


Note* WiUwut assuming tli^ values of sin J.4, cos JA, the value of 
tau 4A can bo obtained by substituting the values of cos A in terms of 

the sides from Art. 83 ia the relation tan*iA«*?^ “y and then 

l + cos A 

extracting the square root after simplification. 
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Thus, we have 


cos 

cos 


h) 


. A / (8~b)(s-( ) \ 

2 “ V be 

. B /(s-cHs-a) 

«“2 ' V cli 

. C /(s-aMs-b) 

V — iib — 

A / s(s~ a) 

C 08 -=^— — 

B / sCs- 

2” V c 


ca 


8(8 ~c) 
ab 
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( 1 ) 


(3) 


87. Sine of an angle of a triangle in terma of the 
sides. 


A A 
sin A“2Bin ^ cos ^ 


/(s - bMs * c) - a)^ 

V be 


be 


[ArL 60 .] 


2 


sin A - ^ a)(8 - b)(s - c). 

2 

Similarly, sinB-— •/s(s-a)(s-b)(s-c). 
ca 
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is/fi{«-a)U-6)(& -c), being the expression for the area of the 
triangle [ See Art, SS ], is usually denoted by the Greek letter 
A. Hence, the above formula) may be written as 

sin 

be ’ ca * ab 

88. Area of a triangle. 


A 



Let A7?C be a triangle and lot A denote its area. Draw 
AD perpendicular to BG ; then from A/4CD, 

AD^AC sin C^b sin C. 

Now, A “ kDC.AD, *= iah sin C. 

Similarly, by drawing perpendicular from B and C to 
the opposite sides, it can be sljown that 

A Ihc sin A - iac sin B, 

Otherwise, A**^a^)9inC ' 

«4ac sin B h sin C-c sin 2? ] ■ 

— sin A [ *•* a sin sin A ] / 

Thus, A " jbe sin A « ^ca sin B - iab sin C • • • (i) 

“ K product of two sides) x sine of included angle, 

A A 

Again, sin A -•6c sin ^ cos ^ 

“ Vs(s-a>(s“b)(s-c). 


• « • 


(ii) 
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Substituting in the expression s « lia + fo + c), 
we get 

A ® 1 \/(a + 6 + cX^ + c- a)(c + a-“ c) 

-l{2b“c“ + 2c»a* + 2a*b*-a'‘-b‘*-c‘*}^ — (iii) 

Again, 

A “ sin A “ ^ ^ 


Note, In somo text books, S is usod to donoUj Ihts arcA nf a triangle ; 
but to avoid confusion between 5 and h iu willing, the symbol A 
is preferable, 

triangle, to prove that 

. B - C b - e . A 
tan — 5— - cot • 

2 b + c 2 

We have, in any triangle, 

h 'iin 7? 

c sin C 

^ B-hC . B-0 

. 7?-Pin C ^ 

6 + c swi B + sin C ^ , B-*- C /> - C 
3 sin -cos 


^B+G^ B-C 
* cot tan 


. A. B-G . A .B + C .,1 
tan tan [ * <2 2 J 


. G /? — (? 1 7i — <3 .A 

2 ~b + c, + 

tan^j 

Similarly, 

, C-A c-a . B. . „A-B_arb .C 

2 2 ’ ‘“““2 rfb ®®* 2 ' 

00. The three sets of formulie in Arts, 83, 83, 84 have 
been established directly frons the figures* These three sets, 
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however, are not independent, for, from any one set, the 
other two sets can be deduced. 

For exainpio, let us deduce the formulae of Art. 83 from 
those of Art. 84. 

J5y Art. 8 j , a^h cos C + o cos B 
cos ^ 4- a cos C 
c’-^a cos B-^h cos A, 

Multiplying these in succession by a, h and c, and 
subtracting the first result from the sum of the other 
two, wo have, 

= h{c cos .tl + a cos C) + c(a cos B + b cos A) 

“ a(b cos C + c cos B ) « 2bc cos A, 

. , + r " ^ 

. . cos A ** ; similarly for cos B, cos C. 

Note. For other cases, see AppcurlLv. 

91. In working out identities wliich involve both the 
sides and angles of a triangle, it is sometimes convenient 
to express the sides in terms of the angles, or the angles in 
terms of the sides. 


Also, it is sometimes found convenient to express the 
A J> C 

values of tan * tan » tan ' in a form in which the 
AAA 

denominator is constant and numerator is free from radical. 
Thus, multiplying the numerator and the denominator of 

the value of tan' by s/(s - h)(s - c) and noting that 

A 


tan 3 

* C 
tan 2 


•J s(s - o)(s - b}(s - c) — A I wo have 

(s~b)(s-c) ■ . , B (s-eXs-a). 

> ^ ; similarly, tan ^ ^ 

(s - n)(s “ b) 

'a' 
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Again, naultiplying the numerator and the denominator 
of the value of cot ^ by we have 


cot 


A s(s - a) 
2 “ A ■ 


Similarly, cot ^ ^ ; cot o ^ ‘ 


Ex. 1. Show that in any triangle 

aisin B — sin C) + l/sin C - sin A ) + c(.vm A - sin B) ■* 0. 


Loft side *= (a sin 7? - 5 sin A) + (5 sin C *” c sin 7^) 

+ (o sin A -a sin C) 


•=0 + 0 + 0 

“ 0 . 


[••• by 


Aft. 82, 




h 


Mil A hin Ji bin 


1 

nil CJ 


Ex. 2. Show that in any triangle 

a sin (7i - C) + 5 sin (C - ^1) + c sin {A - 7?) “ 0. 
a”‘2B sin *4 Ihy Art. 2R sin (//+ C), T *•' .4+JJ+C»ir I 

1st term of left side **2/;^ sin (/? + C) sin (D- C) 

•* 211 (sin*// - sin *6'), 

L by Ex. Art. 3r» ] 

Similarly, 2nd term ■“272 (8in*G- 6in®i4) 

3rd term ■■ 211 (sin* A - sin*/?). 

Now, adding together the three terms, the required 
result follows. 

Ex. 3. In any triangle, prove that 

(b - c) cot ^ + (c - a) + (a - b) cot ^ "“O* 
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Substituting the values of cot ^ » cot ^ » cot ^ » as 
given in Art. 91 wo have, the left side 

+(c-a)-- ^ +(a-6> ^ 

“ - a) + (c * a){s - h) + (a - 6)(s - c)J 


Ex. 4. 7/ costwcs of tioo of tha angles of a triangle 

are inversely proportional to the opposite sides, show that the 
triangle is either isosceles or right-angled. 


We have, by the question, 
enq A _ h sin 7? 

cos B a sin A 


[ by Art. SS. ] 


sin il cos -4«8in 7? cos B or sin 2-4 = sin 2B. 


^in 2.4 -sin 2/? = 0. 

2 cos (^4 + B) sin (-4 - 7?) = 0. 

/. either cos (/l + 7?) = 0, (.4 + ^) = 90®, 

.*• the triangle is right-angled ; 
or, sin (4 - 7?) = 0, i.c., 4 - i? = 0, i,e,, A^B. , 
the triangle is isosceles. 

Ex. 6. If the sides of a triangle are in 4.P., show that 

A B G 

cot 2 * 2 * 2 

A , B .C . i T* 

cot ^ ♦ cot » cot 2 are m A. P., 

.. . B , A 

It cot - cot “ 

A la 


.0 * jP 

cot 2 -cot. 
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sfs - b) sin — a) sis - o) sis - h) 

■' a'a'a^a’ 

t.a., if ( 5 - W^-(s-a)**(3-c)“(s- W 

*,c., if a-b^b-c, 

i.e„ if a, 6, r are in A.P. 

Ex. 6. Shoto that 

sin 2C + C® sin 2/?«*4A. 

Left aide - f>®.2 sin C cos C + c®.2 sin B cos B 
*= 26 sin Ci) cos C + 2c sin Bx cos B 

^ “ 26 sin C(6 cos C + c cos B) 

[ c sin JB*6 sin C ] 

2a6 sin C [ hy Art. S4 1 

“ 4.4a6 sin C 4 A. f by Art. ] 


Examples XlV(a) 

any triangle, prove that {Ex. 1 to 21) : — 

i . B-0 h-c A 

2 “ a ‘"“ 2 ' 

, B - G c . A 

• > 2 a 2 

3. (6 + c) cos + (c + a) cos Z? + (a + 6) cos C * a + 6 + a 

j. a + 6 . ^ + B 

a + 6 2 2 

6» a® + 6® + c* " 2(6c cos 4 + ca cos BA-ab cos C). 

j » 

6. (6 + c-o)tan ^ -(c + a-6) tan ^ ”(o + 6-c)tan 
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7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 


15. 

16. 
17. 


18. 


10 . 


20 . 


21 . 

22 . 


a sin (73-0) 5 sin (C— j 4) _ c sin (.4 - B) 

h--r/ “ a’"-?/ 

a*(sin Vi - sia* C) + G - sinM) 

+ c“(sin®4 -sin*B)*=0. 
a“(cos*7i- coa®C) + 6*(co3®C- cos’4) 

+ c‘‘(cos*4 - cos^B) “ 0. 

ffl* sin (7i - C) ,1* sin (O — yl) fi* sin (A — B) - 

t “T" l) 

sin B + sin C sin C + sin A sin A sm B 

. A . n-r.. . n . c-a 

a sin sin +^sin sin ^ 

^ . 0 . yl-B . 

+ c sin am (, =0. 


^ .f' sin 2yl + ^ Bin2B + ^' ^ sin 2C“0. 

sin (B - C) + sin (C - yl) + c® sin {A- B)- 0. 

a*' cos (B - C) cos (C - -1) + c® cos f-*l - B) =* 3ahc. 

sin fB — 0) ^ sin (C- A) sin (A - B)^^ 

Cjirii liin/? nin/? 


(/;* - c'"^) cot A + (c' “ a“) cot B + (a® - cot C 0. 

cos B + cos C cos C + cos A cos A + cos B 
{a - a tan = (5 - b) tan •=* (s - c) tan ^ • 

iS ^ 2a 

Z>-c aX,c-a 2^ 1 CL - h 2 ^ 

cos „ + , cos* + - cos- -=0. 


he cos* 2 ^ 2 *" **■ 

COS Vj + , COS .. + COS^ S • I * 

a 2 6 2 <; 2 abc 

If A be 60*, show that 6 + c “ 2a cos ^ 

A 
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23, Show that a triangle having its sides equal to 3, 5, 7 
is an obtuse-angled triangle and doterinine the obtuse angle. 

2^ Given {a + h-^ c)[b + o - a) = 3/ie, find A, 

25. If - 2(a® + “ 0, prove that 

0 = 60", or. 120^ 

26. If a* + // + “ 2r“(a* + 5®), prove that 

C“ 15^ or, 135^ 

27. The sides of a triangle are 2x + 3, + 3x + 3, + 2a: ; 

show that the greatest auglo*is 120*. 


28v If 


1 


3 


show that 6'«G0". 


y* ^'a + c b + c a + ^ + r* 

29. If a^2b and A «3/i. finvl the angles of the triangle. 


30. If the cosines of two of the angles of a triangle are 
proportional to the opposite sides, show that the triangle is 
isosceles. 

31. If cos 'A « ’ show that the triangle is isosceles. 

2 sm 0 


82. If (a'"* + h^) sin (.1 - 7J) o^) sin (.1 + />), prove 

that the triangle is either isosceles or right-angled. -u 

33. If cos .4 + 2 cos C : cos ^4 + 2 cos J3 “ sin B : sin C, 
prove that the triangle is either isosceles or right-angled. 


34. If £ 1 ®, 5®, c® bo in A.P., prove that cot A, cot B, 
cot G are also in A P. 

852 If a COS® ^ +ccos®'^ 2 ^ ’ show that the sides of 
the triangle are in A.P. 

If sin A : sin C “ sin (A - B) : sin {B - C), show that 
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87. If a, c are in A.P., show that 

cos A cot iA, COB B cot iB, cos C cot iC are in A.F 

[ cos A cot 4-4 -(I — 2 fiin’JA) cot i^A^cot 4-4 — sin A. ] 

38. Assuming A \bc sin A and using the value o 
cos A in terms of sides, show that 

A"“ Js{s-a){&-b){s-c), 

39. Find the area of the triangle whose sides are 

?/ + ^ ^ + ^ + 
z X X y y z 

40. In a triangle, if a“ 13, 14, c=“ 15, find its area. 


Provo that in any triangle : 

. I sin A sin . 

y \mU-B) 

42. 4 A (cot A + cot B + cot C) *• a® + 5® + c®. 

48. a cos A + b cos B + c cos C^4B sin A sin B sin C. 

3 A 

44. a sin sin C + 5 sin G sin -4 + c sin A sin B ■■ * 

4^ (a sin A + b sin .B + e sin C)* 

“(a® + l>® +c®)(Bin®-4 + Din®B + sin®C). 

cos B cos C , cos 0 cos A , cos A cos B 1 

4o, . + "*■ 

Oc ca ab An 

[ Use S cot B cot C^l ; ex, 2, Ex. X. ] 

»mm O C -I I ^ ^ ^ ^ f\ 

47. cos 4. + - 1 ' cos B + cos C =* 0. 

a b c 


48 . 

49 . 

50. 


COB -4 _J_ O ^ 008 B ^ h ^ COB G _J_ c _ 
a be b ca c ab 

4 A “ o* cot + 6 ® cot B + c* cot 0 . 


^ b* . c* \ . A . B . 0 
I A gin B Bin Cl 2 2 2 


“A. 
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92. Circom-radius of a triangle. 

From Art. 82, we have 

— *L b c . OR 
sin A sin B sin C 

„ a ahc abc 

®“2 8m^“2te8m^“4A’ 


- (0 
- (ii) 


93. In-radius of a triaiif;le. 


Let I be the centre and r the 
radius of the circle inscribed in 
the triangle ABC ; let D, F 
be the points of contact of the 
in*circle with the sides BC^ CA, 

AB respectively. 

Then. ID-^IE-^IF^r. 

Join I Ay IBy 70. 

A7BO + A70^ + AI^IZ? 

« \BC.ID + hCAJE + lABJF 
““ Jar + \ hr + ^rr 
“ \r{a + ^) + c) * rs. 

Thus, A-rs. 


A 




(i) 


Again, a ^ BG BD + DC 

«r cot iB + r cot iC, from A* IBD, ICD, 

[ cos iB ^ cos jOl 
sin iB sin JoJ 

[ cos Ji? sin iC + sin J7f cos JOl 
sin iB sin iC J 

sin iB sin JO sin iS sin JO 


[*.* Jil + iB+iC-OO®, .% Bin (i2?+iC)«i8m(90°-M)-co8U.] 
11 
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/. r«a sin iJB sin hC sec 

oos iA 

Since by Art. 92 (i), a« 2B sin -4 = 4E sin iA cos iA, 

.% r*4R sin sin sin ^C. (ii) 

Since, from the figure, AF’^AE, BD*^BF, CD^CE 
and since the sum of these six quantities is equal to the 
perimeter, 

-4F+ ED + CD* semi-perimeter *=s, 
i.e.t AF+BC, or. ^F + a*s. 

AF--s-a^AE. 


Similarly, BF— BD ; CE=^ s — CD, 

From AAIjF, IF^AF tun I AF. 

•% r - a) tan ^ A. 

Similarly, r**(s — b) tan JB» . ... (iji) 

and r*(8- c) tan JC. 

Note. Distances of the In-nentrr from the vertices. 


From A. 4 IF, I A = IF coscc lAF. iA=^r cosec iA 

Similarly, IB- r cosec iB and JC-r cosec iC, 

94. Ex-radii of a triangle. 


Let Ji be the centre and 
the radius of the escribed circle 
(opposite to the angle 4) of the 
A4EC ; let D, D, F be the points 
of contact of the circle with 
the sides BC, and AO and AB 
produced. 

Let rs, rs denote the radii of 
the escribed circles opposite to the 
angles B and C respectively. 
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Now, IiD^ IxE™ IiF^ fx ; join ^*1/1, Bln 01%. 

A^BO“ A/i^C" A/iZ ?0 

-•iABJxF-^iAGJxE-iBCJxD 
^Icvx + ibvi - iari 
“ 4^1 (6 + c - a) * Jr^ (^; + c + a 2 a) 

“ 4 ri( 2 s “ 2 a) 

“ri(s-a). 


Thus 


Similarly, 

and 


A “ri(s~a), 


ri 

r 2 

ra 


A 

s-a ‘ 

A 

8-b ' 

A 

8 - C , 


(i) 


Again, a^BC^BD’^CD, 

cot IiBD + r^ cot IxCD, 

from A* IxBD, /, CD 
“ Tx cot (90** - hB) + r, cot (90** - JC), 
because, L hED « 4(180** -B')^ 90" - iB, 


and A CD -= i(lB0" - 0) “ 90" - 40. 

a“"/j(tan 4B + tan 40) 

[ sin 4/^ .sin 4C1 

cos 4 B COB 4 cJ 

* [sjn ^B COB 40 + 8in JC c^B 4^ 

cos iB cos 46 J 


^ sin (4 B+JhC) 

^^cos iB cos 40 

cos id • A 1. no 

“ — 1 D x7i* a-fl Art. 93, 

cos iB cos 40 

ri "a cos 4 jB cob 40 sec id. 
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Putting a“ sin A « 47^' sin cos 

ri 4R sin cos cos 

Similarly, r® « 4R cos JA sin cos ^C, * (ii) 

and Fa *= 4R cos cos JB sin ^C. 

Again. A/'J^ AC + CE^ h + CD f / CE^CD] 
and AF^AB + nF=-c + BD { 'r BF^HD : 

But AF ; therefore, by addition, we get 

2-4 7J *= ?> + c + BD + CD « + c + a = 2s. 

-47; »s. 

Again, from /SAIxE^ IiE^ AE tan lyAE. 

m\ r-, « 8 tan ^A. \ 

Similarly, Fa ”8 tan ^B, ( ••• (iii) 

and Fa = s tan i 

Note. Distances of Ex^centres from the vertices. 

From AAJjT’, J,A -I, Fcosec 7|A7<’. 

cos<*c -iA 

^4R cos iB cos ^C. [ by foimula (%ij ] 

From A Bly. F, I, F ccsec 7. BF, 

i.B^r^seciB Z.7iBF»^0° - ] 

Similarly, sec JC. 

In tho same way, i^B^r^ cosec JR, cosec iC. 

Ex. 1. Prove that 1 + ^ + A „ A . 

Ti r* r. r 

By formula (i). Art. 94, 

8-a ■ s-f) , 8-c 

AAA 

^ 38-( a+fc + c) 3*-2s_^ s ^ 1 

A “ A A“ r ■ 


left side 
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Ex. 2. Prove that i cos id cos hB cos iC“ 

Left side =■ 4. - 

be ^ ca ^ ah 

" ate ” b)is-c) 

*= ^“-‘A formula (ii), Art. 92. 

abc abc B 

Ex. B. Show that 

^ ra - r^ri ^ ab - 
ri rs ra 

f s 

/. hc-r^*r.^ - {[ibc - 25(2s - 2a) j 

“ i [ "I he (a + & + c){b + c — a) I 
« il^hc + a" - (/; + c)M - iia* - - c)“] 

“ ii (a + Z> - c)fa ^ /; + r:)] ■* ($ — h){s “ c). 

. he - r. 2 r^ ^ (s - /;)(s “ “ a)(s — M(s " c) 

' ‘ r, ri A 

« ^ - 
s 


Similarly the other ratios are equal to the same quantity. 
Ex. 4. Prove that %n any triangle 

Tx + r 2 +r 3 -r“42?. 


Left side = J + (- - - 

\$-a s-bf \s-c si 
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Now, Numerator * - s(a + ^) + c) + a2> 

* 25* — ^.9,5 + a?/ “ ah. 

Denominator*" A*. 

Left side 

Ex. 5. If ri“r 2 + r 3 +r, prove that the triangle is 
right-anglecL 

From the given relation, we have 
r, -r-ro + ra 

or, ^ . 

5 - a 5 s-h s- c 

A.<x 

s(s-a) (s-^Xs-c) 

. 5(5 - a) “ (a - />X« ~ c). 




(a - h)(s - c) 


sis -a) 


tan 4-4 « 1. 


i4-90^ 


Note. Although wr got tnn ~ ± 1, w® reject the negative value 
because iA is an acute angle. 

Examples XlV(b) 

Provo that in any triangle (Ex. 1 to 14) : — 

' 

1, sin 4 + sin 21 + sin C“ i.* 


2. cos A + cos B'+ cos 0 ■* 1 • 

[ J7s<! cos A-^cos B-^-cos sin 44 sin sin JC. ] 

8 . 

ri r* Ta 


0 . 
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»‘2»‘3 + +rir3“s®. 

5. r-E (cos A + cos B + cos C - l). 

6. (cos B + cos G - cos A + l). 

r (Jsfl cos B + oos 0-COS /i « — 1 + 4 sin iA cos itB cos JC ] 

7. a cos B cos C + b cos C cos ^ + c cos A cos B “ 



8. a cot A'^b cot B + c cot C « 2(K + r). 

[ a cot A- ^ -cos .4 -2-R cos A. Thei use I'x. f}. I 
stn A J 


9. Jt' 


1 {r^ + r^Mr^+r-iMr-i+r^) 


4 r 2 >', +r.,ri +rjr 3 

10. A” JrrxTtirn'^r^ cot iA cot iB cot iC. 

47? _ 16/i 


\r TiiXr rzi\r r^' 


*“* r“(a + 6 + c)* 


12. fs- 

\r Ti ra Tsl rWi r*/ 

IS. rjra + r3) coscc A'^ Vt) cosoc J 5 

“r3(ri +r2) cosec C. 


! J . J. 1 


14 . ^^ + ‘^“ + "^ = 27 ? 

ti fa r* 


I a 


+ «+ « + 
0 b 


-n}. 


a o 0 c c 
15, la a trianglo a=- 13, 14, c - 15 ; find r and It, 

If a, fe, c are in A.P., show that ri, are in H.P. 

17. If in a triangle 3/2 '■4r, show that " 

4(co8 a + cos B + cos C) — 7. 

18. If the diameter of an ex-circle be equal to the peri- 
meter of the triangle, show that the triangle is right-angled. 

[ Use tan iA, ] 


ta’o 
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19. If |l - "■ “ 2, show that the triangle must 

be right-angled. 

20, If SB"* «a“ + c®, show that the triangle is 
right-angled. 


21. If S bo the area of the in-circle and Si, S2, S3 the 
areas of the escribed circlesi then 

^/S ^/Si JS2 x/Sa 


22. In any triangle, prove that the aroa of the in-circle 
is to the area of the triangle as : cot lA cot ID cot IC. 


23. If pi, P2, Pa are the perpendiculars from the angular 
points of a triangle to the opposite sides, show that 

1 + 1 4. ^ 

Pi P 2 Ps n ra r3 

24. If r, ?/, z bo the lengths of the perpendiculars from 
the circum-centre on the sides BC, GA, AB of the triangle 
ABC, prove that 

c ^ 

X y z 4 xyz 

25. If X, p, z are respectively equal to J4, IB, IC, and 
a, P, y are respectively equal to I^A, 1 2 D, I3C, show that 




-1- 


/...\ he , cot ,ab 
(ill) „a + ^*+yi - 1 . 


(ii) j + 

(iv) ax* + by^ + cz* “ abo. 


[ Us 0 NoUs of Artt. 93 and Ot. \ 
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SOLUTION OF TRIANGLES 

95. In a triangle, there are six parts, the three sides 
and the three angles. These are not independent, but are 
connected by the relations between tho sides and angles of 
the triangle, which have been established in Chapter XIV. 
In fact, if three of the parts are given, the remaining three 
can, in general, be determined, and the corresponding 
triangle completely known. Tiio cases that can arise are 
the following : 

(1) three sides may bo given 

(2) three angles may be given 

(3) two sides and the included angle may be given 

(4) two angles and one side may bo given 

(5) two sides and an opposite angle may bo given. 

We shall discuss these cases one by one, 

96. Three sides given. 

Let the three sides a, 6, o of a triangle ABC be given. 
Now, provided the sum of any two of these given sides is 
greater than the third, the triangle ABC with the three 
given sides can be geometrically constructed and the triangle 
is unique ; in other words, its angles are definite. To deter- 
mine any angle A say, we may use the rigorous formula, 

h* +c*-a® 

" ’ 26c ’ 


oos A 
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iind thereby determine oos A, and then from the cosine-table 
find out the angle with this cosine. It is clear that the 
anglei being an angle of a triangle, lies between 0 and n and 
within this range an angle with a given cosine has got only 
one value. Thus the angle is definitely known. 

Here we want to make one point clear. Though the 
formula used is rigorous, the cosine-table, by means of 
which wo determine the angle with a given cosine, gives 
only approximate values. Now it is a principle proved 
in books on higher mathematics (with the aid of calculus), 
that when an angle is determined by using an approximate 
table, the best result is obtained by using the Logarithmic 
tangent-table, and an angle determined from its L tan, using 
a four-figure table is more accurate than that determined 
by using even a seven-figure sine-table or cosine-table. If 
a suitable tangent formula is avaiable therefore, we should 
make use of it. 

Hence, for practical purposes, in this case, to determine 
A, we tise the formula 

where s “ 4(a + i!? + c), which is known. 

Taking logarithm, and adding 10, we get the value of 
L tan \k and therefore A is known. 

Similarly B and 0 are determined. 

In case tan \A happens to be equal to the tangent of 
a standard angle, is at once known and the use of 
logarithm is not wanted. 
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Ex. The sides of a triangle are 2, 3, 4. Find the greatest 
angle, having given 


Iog2-’30103, log 3 = '47712]3 
L tan 55' 14'- 101108395, L tan 52° 15'- 10111 1004. 

2+3+4 9 

2 “ 2 


Here 


The greatest side 4 being denoted by 'a\ the greatest 
angle A (which is opposite to the greatest side) is given by 

ton4><- /{?-2K.?-3)^ /5;3_ /lO. 

tan .4 ^ {|(S-4I V 9.1 ^2.3 


L tan ii il — 10 + Klog 10 - log 2 - log 3) 
- 10 + 4(1 - '30103 - '4771213) 
-lO'l 109244. 


Now L tan4>l lies between L tan 52°14' and L tan 52“15'. 

Hence, 44 lies between 52' 14' and 52° 15'. 

Let 44-52*1 4' x'. 

Then diff. for x" is 0000849. 

and difif. for l' i.e. 60" is '0002609. 

_ X 849 60 x 849 , 

Hence, - 2609. ® “ 2609 “ ^ ^ ® 

Hence, 44 - 52° 14' 19'''5, 

or, A “ 104" 28' 39" nearly. 


97. Three angles given. 

In this case the triangle cannot be solved, for there are 
innumerable triangles with the same three angles* All 
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these triangles, being equiangular, are similar, and the ratio 
of their sides can be determined from the formula, 

a h c 
sin A sin B sin C 

or, a : 6 : c “ sin -4 : sin B ; sin C. 

Ex. The angles of a triangle are in the ratio 2:3:7. 
Prove that the sides are in the ratio of J2 : 2 : {s/3 + 1). 

The angles being in the ratio of 2 : 3 : 7, and their sum 
being 180®, the angles are evidently 30®, 45® and 105® 
respectively. Hence the ratio of the sides will be 
sin 30° : sin 45” : sin 105® 

1 1 ^/3 + 1 

'2‘ s/2' 2^/2 

or, s/2 : 2 : ( s/3 + 1). 

Examples XV(a) 

1. The sides of a triangle are 24, 22, 14 ; find the least 
awglsi given L tan 17* 33^ = 9*500042, diff. for l' = 439. 

2. The sides of a triangle are 50, 36 and 28 ; find the 
greatest angle, having given 

log 19 “ 1 *2787536, log 29 - 1*4623980 

Ltan 61® 0'« 10*0916308, L tan 51® l'- 10*0918891. 

3. The sides of a triangle are 9, 10 and 11 ; find the 
angle opposite to the side 10, given 

L tan 29® 30' “ 9*7526420, L tan 29* 29^ « 9*7523472 
log 2 -‘30103. [ 0, U. 194,3.1 

4. The sides of a triangle are 2, 3, 4. Find all the 
angles correctly to degrees and minutes by the help of 
mathematical tables. 
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5. (i) The sides of a triangle are 15, 19, 24 ; find the 
greatest angle of the triangle. 

Given log 57 - 75587, L cos 88° 59' - 8*24903 

diff. for l'«718. [ C. U. 19HG. ] 

(ii) Find the greatest angle in degrees, minutes and 
seconds in a triangle whoso sides are 5, G, 7, having given 
log 6*7781513 

L cos 39° 14' « 9*8890644, diff. for GO"- ‘0001032. 

6. (i) The sides of a triangle are 7, 8, 9 ; solve the 

triangle. 1 6\ U. 1938. ] 

(ii) If a* 32, /;*40, c*66, determine the greatest 
angle. [ C. U. 1045. ] 

[ TJsc Maihemaiical Tables ] 

7. Given a — J6, 5*2, c*is/3-l ; solve the triangle. 

8. Given a *2, 5* x/2, o* ; solve the triangle. 

9. If a * 7, 5 “ 5, c « 8, solve the triangle. 

Given cos 38° 11'* ii. 

10. If a-3-»' JS, c* x/3, solve the triangle. 

11. The angles of a triangle are 105°, 60° and 15° ; find 
the ratio of the sides. 

12. If .4 - 45°, B * 60°, show that c : a - s/3 + 1 ; 2. 

18. The angles of a triangle are as 1 : 2 ; 7 ; find the 
ratio of the greatest side to the least side. 

14. If cos 4 -t, cos find a : b : c. 

15. If the angles adjacent to the base of a triangle are 
22i° and 112i°, show that the altitude is half the base. 

16. If the sides of a triangle are 4, 5, 6, show that the 
greatest angle is double the least. 
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98. 


Two sides and the Included angle given. 


Lot the two sides b, c and the included angle of a 
triangle ABC be given. It is easy to construct the triangle 
geometrically, and there will be only one definite triangle 
with the given parts. To find the other angles B and 0, we 
notice that 


i e., 


2 2 


Again, 


tan 


B-C 

2 


/j — c 
b + c 



L tan 


B-G 

2 




b, c and A being given, the right-hand side is known and 

B^ G B ^ 0 

til us L tan ^ is known, whence ^ o ~ known. 

2 2 

B G B ““ C 

Now 2 and ^ being both known, by addition 
and subtraction, wo get B and G respectively. 


The reason of using tangent lormula to determine 
B^ C 

2 is already explained in Art. 96. 

When B and C are known, the third side a is easily 
obtained from 

a b c 

BS ^ QJ. b: — — . 

sin A sin ’ sin 0 

Ex, In a trianale, b 2'25, c “ 1'75, “ 64“, find B and 

C, having given 

log •301030, L tan 63* - 10'292«<34 
L tan 13* 47' - 9 389724, L tan 13* 48' - 9*390270 

[ 0. U. 1931. ] 



SOLUTION OP TRIANGLES 


175 


Here, 

^^-90“-^ -90"- 27' -63’. ••• (i) 

Again, 

C h- c A *5 o 

tan ^ “ i . cot “ ; cot 27 

2 + c 2 4 

•* I tan 63^ 

L tan® - L tan 63' - 3 log 2 


- 10‘ 292834 - 903090 
- 9'389744. 

Now L tan 1 3° 47'- 9*389724 
and L tan 13° 48' = 9*390270. 


Hence, being 13' 47' a:" 

A 

we get, difiF. for *000020 
and diff, for l' t.e., 60" =» *000540. 

. a; ^ 20 _20xG0 

■ * 60 546 ' ® “ 546 

Hence. ® “ "“13' 47' 2" 2 nearly. 


2’2 nearly. 


Combining with (i). B = 76* 47' 2"*2 and C - 49’ 12' 57'''8. 

99. Two angles and a side given. 

Let any side a of a triangle ABO, and any two of its 
angles be given. The sum of the three angles being 180”, 
the third angle is also known. To find the other two sides 
b and e, we use the formula 

a ^ _ h c _ 

sin A sin B sin C 


Ex. In at riangle ABO, A ■■ 38* 20^, B • 45® and b ■■ 64/^. 
Find c, having given log 2 -* '30103, L sin 83* 20^- 9*99705 
and log •089896-2*96374. 
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Here, 

0»180"-U + J3) 

-180" -83® 20'. 

Now, 

c ^ h 
Bin G sin B 

c G4 G4 /- 

sin (180” - 83” 20') “ sin '45* “ 1/ ^2 “ 

c“2'^" sin 83” 20'. 
log c = -V" log 2 + 1/ sin 83* 20'- 10 

- VC30103) + 9-99705 - 10 = 1'95374. 

Thus log c, has the same mantissa as log '089896, but 
has its cliaracteristic 1. Hence, c“ 89*896 feet. 

Examples XV(b) 

1. Two sides of a triangle are 3 and 5 feet and the 
included angle is 120° ; find the other angles, having given 

log 4-8 “-6812412 

L tan 8” 12' -9' 1586706, diff. for 60" “8940. 

[ C. U. 1049. ] 

2. If h “ 1300, c “ 1400 and A - 60”, find B and C. 

Given log 3 “*4771213, 

L tan 3” 40' - 8*8067422, diff. for 10" -3306. 

3. If a - 21, 5 = 11, C- 34” 42' 30', find A and B. 

Given log 2 — *30103, 
and L tan 72” 38' 45"“10-o06l6. 

4. If the sides a and h are in the ratio 7 ; 3 and the 
included angle G is 60”, find A and B, given 

log 2 - *3010300 log 3 - -4771213 

L tan 34” 42'- 9*8403776, diff. for l'-2699. 
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5. Two sides of a plane triangle are and 11 and the 
included angle is 60^ Find the remaining angles, having 
given L tan 11* 44'« 9 3174299, L tan 11* 45' « 9*3180640, 

[ 6\ U. 1922. ] 

6. (i) Two sides of a triangle are 80 and 100 ft. and the 
included angle is 60*. Find the other angles. 

[ C. U. 1946. ] 

(ii) If a “5, 6 « 3, C“70* 30', find the remaining angles. 

(iii) If a** 39 9. 0«38* 14", solve the triangle. 

[ Vse Mathematical Tables j 

7. (i) Id a plane trianelei 0 “= 540i c “ 420 and A “ 52” 6^ ; 
find B and C, having given 

L tan 26“ 3'“y6891430. 

L tan 14“ 20' = 9’4074189. L tan 14” 2l' -9’4079463. 

[ C. U. J'J34. ] 

(ii) Given a =70, 5'35. 0 = 30“ 52' 12". log3- 

0’4771213, i cot 18* 26'6"=10’4771213. Calculate the 
other two angles A and B. 1 C. U. 1935, ’37. ] 

8. If a » 2 J&, c - 6 - 2 J3, B= 75*. solve the triangle. 

9. Two sides of a triangle are «/3 + l and — l and 
the included angle is 60“ ; solve the triangle. 

10. (i) If o - 2, 6 - 1 + C = 60*. solve the triangle. 

(ii) If a =2, 6 — 4, 0 = 60*, find A and B. 

11. If a - 19, B - 62” 28' and C - 93* 40', find b, having 
given log 27038 - 4 4319746 ; log 19 - 1’2787636 ; 

log 27037 -4-4319686; 

L sin 82*28' - 9*8992727, L sin 38* 62' - 9'7460896, 
13 
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12. O-IO* and a -200 ft., find ft, having 

given log 2 - *30103, L sin 55* - 9*9133645 

log 1726*4 - 3*2371414, log 1726*5 - 3*2371666. 

[ C. U. 1947. ] 

18. If 4 - 41* 13' 22", B- 71" 19' 5", and a - 65. find 6. 
given log 65 - 17403627, log 79063 - 4*8979775 
L sin 41* 13' 22'- 9*8188779 
Bsin7ri9' 5" - 9*9764927. 

14. (i) If 5-70" 20', C-78" 10'. a - 102, solve the 
triangle. 

(ii) If a -39. 4 -81* 35', 5 -27* 55', solve the triangle. 
(Hi) If 4-37* 15'. 5-72" 5'. a -75*2. find h and c. 

[ Mathematical tables should he used ] 

15. If 4 — 76*, 5 — 30*, 5— JQ, solve the triangle. 

16. If 4 - 30*. 5 - 45“, 6-2, solve the triangle. 

17. In a triangle in which each base angle is doable of 
the third angle, the base is 2 ; solve the triangle. 

18. Given a - ^/57, 4 - 60*, A - 2 ^3, find b and c. 

100. Two sides and an opposite angle given. 

Let the two sides b and c in a triangle 45C, and the 
angle 5 opposite to the side b be given. 

In this ease, we get the angle G from the formula, 
sin C7 sin 5 . » c sin 5 

cb b , 

Now three oases may arise, namely, 

(i) 0 sin 5 > b. In this case sin 0 is greater thAh 
and so 0 cannot be obtained. In fact in this 
case no triangle is possible. 
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(ii) c sin J? - h. ITere sin C h<^comes 1 and therefore 

0 * 90*. Thus A * 90* - jB. We thus |?et a right- 
angled triangle with right angle at 0, and the 
side a will bo obtained from 

c®“a* + 6*, or, a** 

(iii) ^ sin < b. In this case sin C is less than 1, 

and hence G can bo determined. Now sines of 
supplementary angles are known to be equal, and 
an angle of a triangle may be acute or obtuse. 
We therefore get two supplementary values of 
C having the same value for sin C. Three sub- 
cases now arise : 

Sub-case A, If of the two given sides, h > c, then 
B > C. and therefore the obtuse value of C becomes in- 
admissible, for otherwise B is also obtuse and two angles B 
a.nd C of the triangle become both obtuse. Thus the only 
admissible solution is the acute value of 0 Now B and 0 
being both known, A is obtained from A-i- B + C 180", 
The side a will be known from 

ah c 

• or* ' • n 

sm A sin B sm U 

Thus the triangle is uniquely solved. 

Sub-case B. If b^c, then and here also the 

obtuse value of C is inadmissible ; with the acute value of 0 
the triangle is uniquely solved exactly as in the above case. 

Sub-case 0. ltb< c, then B < 0, so that 0 may be 
either acute or obtuse. Both the supplementary values of 
G being admissible now, there will be two possible triangles 
with the three given parts 6, c, B. Corresponding to eaoh 
value of 0, the value of ilia determined from il + JB + 0 *■ 
180*, and then a is obtained from the formula, 

a_ 

siujl^sinS sin 0 

As there are two solutions of the triangle in this case, 
each equally admissible, this sub-ease in the solutioa of a 
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triangle in which h, c, B are given and b > c sin B but < c, 
is referred to as the Ambiguous Case in the solution of 
triangles. 

We may sum up the result as follows : 

When in a triangle, h, c, B are given, 

(i) if 6 < c sin i?, no triangle is possible ; 

(ii) if sin J5, we get a definite right-angled triangle 

as solution ; 

(iii) if 6 > c and therefore necessarily > c sin we get 

one definite solution having G acute ; 

(iv) if and therefore necessarily > c sin JB, we 

get one definite solution having 0 acute. 

(v) il b'> c sin B but < c, there are two solutions, 

and this case is the ambigtioti^a case. 

101. Geometrical treatment of the Ambiguous Case. 

To make the ideas clear, we proceed to construct geo- 
metrically the triangle in which two sides and an opposite 
angle, vis., b, c and B are given. 



Fig. (iii) 


Fig. (iv) 
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Let ABX be the given angle and along one arm of it. 
take BA^c. Let AN be the perpendicular from A on BX. 

Then ^^“sin By so that AN^ AB sin B-c sin B. 

With centre A and radius h draw a circle. 

Case (t). If 6 < 0 sin B, i.e.y < AN^ the circle does not 
meet the side BX at all and no triangle is therefore 
obtained. See fig. (i). 

Case in). If 6 = c sin B, i.e., = ANy the circle touches the 
side BX at C coincident with Ny as in fig (ii). Hence a 
right-angled triangle is formed, in which the sides ilB, ilC 
and the angle B have the given values c. h, B. Thus ABC 
is the required triangle. 

Case (iti). If 6 > c, i.c., > A B, the circle cuts BX at 
two points C and C' on opposite sides of B as in fig. (iii). 
The triangle ABC\ though it has the sides ABy AC equal 
to the given quantities c and by has the angle B not equal 
to the given angle, but equal to its supplement. Hence it 
is not the solution required. In this case the triangle ABO 
is the only solution. 

Case (tv). If b^Cy i,e,y^ABy the point 0^ of the above 
case coincides with B, and only one triangle ABC is 
obtained as the required solution. 

Case (i;). If 6 > c sin B, i.e., > AN but leas than c 
(or AB)y the circle cuts BX at two points Ox and C 2 on the 
same side of B as in fig. (iv). Both the triangles ABOi and 
ABO 2 have the same three given parts and both are 
possible solutions. This is therefore the Ambiguous case. 

Note. By considering the equation 
6* « c* +a* - 2ca oos B 
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in which h, c, B are given, we may first of all determine n, instead of 
trying to determine 0. 

Considering the equation as a quadratic in n, viz,, 
a® — 2c cos B. a+c* — 

and by solving it, we get 

a«c cos B± — Bin*B. 

(i) If 6 < c sin B, 6* — c* Bin*B is negative and thus the two 
values of a are imaginary. ( No solution ) 

(ii) If ?j«csinB, 6® -c® sin®J5*0 and thus the two values of n 
are real and coincident. 

( one solution ; one triangle right-angled at C, since h^c sin B ) 

(ii ) If 6 > c sin B, sm®B is positive, so two values of a 

are real and distinct, but they are not always admissible. 

(u) When b > c, { i.e„ > c* (8in®J5+coB®B) >, b*-c* sin’B > 
c® cos®B, i.e., s/t® - c® sin®B > c cos B and hence one value of a is 
positive and the other negative. ( one solution ) 

(b) When 5 = c. 6®-c® sin®B=c®-c® sin®B-c® cos®B and hence one 
value of a is zero. ( one solution ) 

(c) When 6 < c, b» < c® (sm®B+coB*B), 6»-c® Bin*B < 

c® cor®B, i.e., ^/6® — ^in®B < c cos B. 

So both the values of a are real and positive. ( two solutions ) 

This is known as the algebraical discussion of the ambiguous case. 

An example illustrating the algebraic method is added below. 

Ex. 1. In a triangle^ Z? 15 ft., c ■= 10 ft., 2? “ 60 . Find 
a and A having given sin 84*^ 44''* *99678. 

We have 5.® « c® + a* - 2ca cos B, giving here 
225 - 100 + a® ^ 20a cos 60® ; 
or, a* - 10a - 126 ® 0 whence 

a*6±6 n/6. 
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RejeotiT)g the negative value for a as inadmisBible, the 
only possible value of a*6(x/6 + l) ft. There is thus one 
solution and there is no ambiguity. lu fact this is case (iii) 
of the previous article. 


Again, 


sin 


JsinB 


6^76 + 1) k/3 3^/2 + _^/3 
15 ' ■ 2 ” 6"' 


6 

80 A-W 

Ex. 2, In a triangle, 0 “ 73‘4, fe™ 64‘9 and B”* 48*13*26" ; 
find A having given 

log 734 - 2 8656961. log 649 - 2*8122447 
L sin 48* 13' 25* - 9 8725936 
L sin 67* 30' - 9*9260292 ( diff. /or l' - 804 ) 

Is the ease anibigmtis ? 


Here 


. anmB 734 . .,o»io'ok» 
-.nSm48 13 25. 

0 649 

L Bin 4 - log 734 - log 649 + L sin 48* 13' 26" 


- 28656961 - 2*8122447 + 9*8725936 
-9*9260450. 


No^ diff, of this from L sin 67* 30'- 168 (*.«., *0000168) 
and diflf. for l' (or 60*) — 804 (t.e., *0000804). 
Hence, A — 67* 30' sc* where 

” Idt » - 11*8 nearly. 

Thus il-67* 30' 11*8" or its enpplement 122* 29' 48*2* 
which has also the same sine, and so the same 
L sine. 


Now in this case a> h and so H and thns both 
Talnes of .i are admissible. The case, is therefore, the 
ambif/uous asse and will have two solutions. 
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Examples XV(c) 

1. Given (i) 4-30®. a -6. 5-4. 

(ii) 4-60®, a-7. 5-8. 

(iii) 4 — 46®, a — 2, 5 — 8. 

(iv) 4 = 30®, a = 3, 5-6. 

Find in which case the solution is ambiguous, in which 
case there is one solution, and in which case there is no 
solution. 

2 . (i) If 5-2, c— iv/3 + 1 and B — 45®. solve the triangle, 
(ii) If a - 3. 5 = 3 n/ 3. 4 - 30®, find B. 

8. If a - 2, 5= ^/6, 5-60®, solve the triangle. 

4. If a = 2, 5 « 5, 4 = 30®, solve the triangle. 

5. If 5, c, B are given and if 5 < c, show that 

(«! - + («! + ^2)* tan*5 = 45® 

ax and a2 being the two possible values of TT. 

6. In the ambiguous case, given a, 5 and 4, prove that 
the difference between the two values of c is 

2 Va2-5^ smM. 

7. If a, 5, 4 are given and if Oi, are the values of the 
third side in the ambiguous case, prove that if Cx 

(i) Cl - C2 — 2a cos B, [ B. H. U, J. 1928. ] 

(ii) Oi® +C3® - 2 ciC 2 cos 24 — 4a® cos® 4, 

[ 5. H. U. L 1935 ; Pat. 1. 1936. ] 

(iii) cos [ A. 1. 1941. 3 

2 a 

8. If ft -16, c-25 and jB- 33’15', find the other 
angles ; given 

H sin 33“ 15' -9-7390129. log 2- '30103. 

;c uf . L sin 68’ 57' - 9-9828376 L sin 58“ 56' - 9'9327616. 
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9. If a — 5, 6 “4, i4-"45®, find B and C ; given 
log 2 -*30103, L sin 34® 27' -9 75257. 

10. If a — 30, b — 300, find A in order that B may be a 
right angle, having given that 

L sin 5" 44' -8*9995595. diff. for l'- 12665. 

11. If a— 16, c~25 and C — 60®, find the other angles. 
Given 

log 2 = *30103, log 3 - *4771213 

L sin 33“ 39'- 9*7436024, diff. (or l'- lH97. 

12. If ft — 165, c — 25B, and B — 36®10', find the angles 
A and G. 

Given log 1*65 - *21749, log 2*58 - *41 162 

L sin 35“ 10' -9*76039, L sin 64** 14'- 9 95452. 

, IS. If 2ft -3a and tan® .4—1, prove that there are two 
values of the third side, one of which is double the other. 


14. If Axt Bi and A^^ B 2 are the angles of the two 
triangles in the ambiguous case, then 


sin Ay ^ sin A ^ 
sin Bj sin B 2 


2 COB G. 


15. Show that in the case that admits of two solutions 


the two values of G satisfy the equation 
(a 4- ft)® ^ -a 

I + cosC l-oosd sin®^ 


[B,E,U,L1942.] 


16. If log ft + 10 - log c + L sin B, can the triangle be 
ambiguous ? 



Miscellaneous Examples II 


In any triangle ABC, prove that {Ex, 1 to 8 ) : — 


^ COB 4+1 cos JB + ^ COB C > 
a b c 


a~ + +c® 


2. (/;® + c® - a*) tan 4 — (c® + a* — &®) tan B 
= (a® + h® - c®) tan C. 

8. h® + c* - 26c COB (4 + 60") « c® + fl® - 2ca cob (B + 60®) 

“ a® + 6® - 2a6 cos(C + 60"). 

4. (cot i4 - tan - tan iC)^ 

+ (cot iJB - tan iC - tan ^4)^ + (cot 40 — tan 44 - tan 4B)^ 

■“ (cot 44 + cot 4B + cot 40)^. 

5. a sin (B - 0) cos (B + O — 4) + 6 sin (0 - 4) 

^ cos (0 + 4 “ B) + c sin (4 - B) cos (4 + B - 0) ■* 0» 

A ® + g sin 0 ^ Bf 2.i2. 2\ 

a cos 4 + 6 cos B + c cos G abc ^ ^ 

7. (6 + c— '2a) sin 44 sin 4(B-0) 

+ (c + a - 26) sin 4B sin .4(0 - 4) 

+ (a + 6 - 2c) sin 40 sin 4(4 - B) 0. 

8. a cos 4 cos 24 + 6 cos B cos 2B + c cos 0 cos 20 

+ 4 cos 4 cos B cos 0. (a cos 4 + 6 cos B + c cos 0) *• 0. 

9. If in a triangle, a®, 6®, c® are in A.P., show that . 

tan 4, tan B, tan O are in H. P. 


10« If in a triangle, sin 4, sin B, sin 0 are in H, P., 
show that 1 - cos 4,1- cos B, 1 - cos 0 are in H.P. 

11* Determine the triangle whose sides are three conse- 
cutive terms in the series of natural numbers and whose 
largest angle is doable the least. 
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12. If in a triangle, cos 34 + cos 3J5 + cob SO — 1, show 
that one angle must be 120^ 

18. If in a triangle, sin 4, sin B, sin ,0 he in A. P., 
show that tan ^4 tan iC - i, 

14. Ifa — 5, f> — 7 and 4 — 30®, find B in degrees and 
minutes, having given 

Bin 44‘- 0*6947, sin 45® - 0*7071. 

15. In the ambiguous casot the area of one of the triangles 
is n times that of the other ; show that if b be the greater 

b w + 1 

of the given sides and c the less, is loss than 

c » — 1 

16. In the ambiguous case, show that the cifcum-circles 
of the two triangles are equal. 

17. Provo that 

(i) tan-^ (r -‘^”4 J - tan- 

11-03 Sin v/ \ cos <p / 


(ii) tan’ 


l ~ ^2 
1 + 


+ tan’ 


L 


2*8 




18. If the sum of four angles be 180*, prove that the 
sum of the products of their cosines taken twt^ and two 
together is equal to the sum of the products of their sines 
taken similarly. 

19. Prove that cos®4 + cob*|4+ ~J + oob®|4- 

[ 0. U. 1088, ] 

20. In a triangle ABC, if tan ^ * tan ^ ’ tan be in , 

Arithmetical progression, then cos 4, cos B, cos 0 are also 
in Arithmetical progression. 
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21. Give in general terms the solutions of the following 
equation : 

tan (x + 6) tan (« 4* c) + tan (x + c) tan {x + a) 

+ tan {x + a) tan (a; + 6) “ 1. 

22. If 4 + J5 + C = 180*, prove that 

|l + tan ~|(l + tan |j(l + tan 

= 2(1 + tan ^ tan I tan^)- 

23. Prove that 

sin*® + sm^y + sin® 2 ? + 8in*(a; + !/ + «) 

“2-2 cos (x + y) cos {y + z) cos {z + x), 

24. Solve the following equation : 

tan X + tan ^ | + tan|« + “ 3. 

[ Left side reduces to 3 tan Sob, ] 

25. Prove that in a triangle ABC, 

. (a + h + cV 

^ B ^ ^C\ 

4lcot ;y + cot + cot - 1 

26. Prove that 

log sin Sa; “ 3 log 2 + log sin x + log cos x 
^ + log cos 2aj + log cos 4». 

27. Show that in any triangle ABC, 

log tan ^ “ i[log {s-h) + log (s - c) - log $ - log (s - a)]. 

28. Prove that (i) ^ 

(ii) V-l0ff;8 y yloga-loga: X 

29. In any right-angled triangle ABC, C being the 
right-angle, show that B + r- + 

80. Show how to solve a triangle having given the three 
perpendiculars from the vertices on the opposite sides. 



CHAPTER XVI 

GRAPHS OF TRIGONOMETRICAL FUNCTIONS 

102. Changes in the Trigonometrical ratios ot an 
angle as the angle increases from (f to 360^ 



Suppose an angle traced out by a revolving line starting 
from OX, changes gradually from 0® to 360*". 

Take a circle with centre 0 of any radius. It is clear 
that in determining the trigonometrical ratios of an angle 
XOPi in its different positions, we can keep the hypotenuse 
OPi always the same, equal to the radius of the circle. 

(i) Changes in sine. 

When the angle NxOP% ( — d say) is zero, its sine is zero. 
As the angle increases from O'* to 90"’, the hypotenuse OPx 
remaining the same, the opposite side PxN^ is positive and 
gradually increases, as is evident by compaiing the triangles 
NxOPx and N^OP^. 
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P N 

Henoe, sin 6 - gradually inoreases, until when 

UJri 

d■■90^ and OP® both coincide with OY and sin 0 

attains its greatest value 1. 

As 0 still further increases, from 90“ to 180“, the hypote- 
nuse OPs retains the same value, but remaining 

positive, now gradually diminishes from OF to zero, and so 
sin 0 diminishes from 1 to 0. In the third quadrant, as B 
inoreases from 180“ to 270“, is negative and numeri- 

cally increases from zero to OY\ the hypotenuse remaining 
always positive and unaltered. Sin d is therefore negative 
and numerically increases from 0 to 1 ; in other words, it 
diminishes gradually from 0 to -1. In the fourth quad- 
rant, as B increases from 270“ to 360“, PaNs remaining 
negative numerically diminishes from OY^ to 0, and sin B 
therefore remaining negative numerically diminishes from 
1 to 0 ; in other words, it increases from - 1 to 0. The 
results are therefore as follows : 

In the first quadrant, as B increases from 0“ to 90“, 

sin B increases from 0 1. 

In the second quadrant, as B increases from 90“ to 180“, 

sin B diminishes from 1 to 0. 

In the third quadrant, as B increases from 180“ to 270“, 

sin B diminishes from 0 for 1. 

In the fourth quadrant, as B increases from 270“ to 360^ 

sin B increases from - 1 to 0. 


(ii) Changes in cosine. 

In the first quadrant as the angle XOPx increases, ONx‘ 
diminishes, from the value of OX at 0 ** 0* to the value 0 
at 0«"90“, and is always positive. 

In the second quadrant, as B goes on increasing from 90“ 
to 180“, ONb increases numerioaily from 0 to OX! but la 



GRAPHS 


191 


negative. In the third quadrant, 0^4 remains negative, 
but diminishes numerically from OX^ to 0. In the fourth 
quadrant, ON^ is positive and increases from 0 to OX again. 

The hypotenuse remains always positive and is equal to 
OX or OX' in magnitude. 

We thus come to the conclusions : 

As 0 increases /ro7» 0" to 90'', 

cos 0 dimtntshes from 1 to 0. 

As 0 increases /row 90° to 180*, 

cos 0 diminishes from 0 ^o - 1. 
As 0 increases from 180° to 270°, 

cos 0 increases from - 1 0, 

As 0 increases from 270° to 360*, 

cos 0 increases from 0 fo 1. 

(iii) Changes in tangent. 

As 0 goes on increasing from 0° to 90* in the first quad- 
rant, PiiVi increases from 0 to OY and simultaneously ON^ 
decreases from OX to 0, both remaining positive ; hence 

tan 0 - increases from the value - 0 to - « . 

In the second quadrant, Ps-N’s diminishes from OY to 0 
while 0 ^ 3 , becoming negative, numerically increases from 

P N , 

0 to 0X\ Hence, tan 0 - is negative but numerically 

diminishes from to 0, t.e. increases from - » to 0. 

Immediately before 90°, tan 0 ie positive and very large, 
while immediately after 90*, tan 0 is negative and numeri- 
cally veiy large. In fact, here, as 0 passes through the 
value 90° from the first to the second quadrant, there is a 
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sudden break or discontinuity in the value of tan B, which 
suddenly passes from a very large positive value to a very 
large negative value, i.e. from the positive to the negative 
side in passing through inBnity. 

In the third quadrant, both and ON^ are negative 

and P 4 JV 4 increases numerically from 0 to OY' while ON^ 

decreases numerically from OX' to 0. Hence, tan 0 »= 

is positive, and increases from 0 to <» . 

In the fourth quadrant, PuNn is negative and numeri- 
cally diminifahes from OY' to 0 while ON^ is positive and 

P N 

increases from 0 to OX, Hence, tan 0 “ is negative 

and numerically diminishes from » to 0 «.e., increases from 
- <» to 0 . 

In passing through 270**, there is another discontinuity, 
tan 0 suddenly passing from the positive to the negative 
side through inhnity. 


The results are therefore as follows : 

As 0 increases from 0* to 90®, tan 6 increases from 0 fo «» 
As 0 x)aBseB through 90®, tan 0 suddenly changes from 

+ 00 to *“ 00 

As 0 increases from 90* to 180®, tan B increases from 

- « <0 0 

As B increases /row 180* to 270®, tan B increases from 

0 to 

As B passes through 270®, tan B suddenly changes from 

+ 00 to “ 00 

As B increases from 270® to 360*« tan B increases from 

- 00 io 0 . 
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(Iv) Changes in cotangent. 

From the ohaDges in the value of the tangent, the 

changes in cot ® — are traced as follows : 
tan 0 

0 increasing from 0* to 90*, cot 0 diminishes from 

oo <0 0 

0 increasing /row 90* to 180*, cot 0 diminishes from 

0 to - oo 

As 0 passes through 180*, there is a sudden change in 

cot 0 from — oo to + o® 
0 increasing from 180® to 270^ cot 0 diminishes from 

<» f 0 + 0 

0 increasing /row 270* to 360®, cot 0 diminishes from 

0 fo - 0® 

As 0 passes through 360*, cot 0 again suddenly changes 

from - o® to + o® . 

(v) i Changes in secant. 

For sec 0 “ — * the results are as follows : 

008 0 

From 0* to 90* for 0, sec 0 increases from 1 io », 

Here there is a sudden change from + <» to ®® . 
Then from 90® to 180®, sec 0 increases from - o® io - 1. 
From 180* to 270®, sec 0 diminishes from - 1 fo - ®®. 
Here again there is a sudden change from - ®® ^o + e® . 
Then /row 270* to 360®, sec 0 diminishes from o® <o 1. 

(vi) Changes in cosecant. 

For cosec the results are as follows : 

Bin 0 

From 0* to 90*, cosec 0 diminishes from » to 1. 

From 90® to 180", cosec 0 increases from 1 to «. 

Here cosec 0 suddenly changes from + ®® to 
IS 
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Then froTn 180* to 270*, cosec B increases from 

“ oo <0 “ 1. 

From 270* to 360*, cosec 6 diminishes from - 1 
As B passes through 360*, cosec B again suddenly 

changes from - <» to + «» . 

Note. Ab $ inoreftses by complete multiples of 2r (i.e., 360®) we 
know that all the Trigonometrical ratios remain unaltered. Hence 
after 360®, as 0 goes on increasing, the same series of values for the 
ratios are repeated over and over again for each complete revolution 
of the revolving line. The trigonometrical ratios are therefore all of 
them periodic functions having the same period 2ir,* after each of 
which, the same cycle of values is repeated. 

The changes traced out above, of the trigonometrical 
ratios, may be much more clearly demonstrated to the eye 
from a study of their graphs. 

103. Graphs of Trigonometrical Functions. 

Just like algebraic functions, trigonometrical functions 

(i.o., sin X, cos x, sin^2a; + tan§ ’ etc.) may be conveniently 

represented by means of graphs, showing their changes with 
the change in the values of the angles. 

The method is the same as for graphs in Algebra. Two 
straight lines XOX' and YOY\ intersecting at right angles 
are taken as axes of co-ordinates. Along the as-axis, the 
angles are represented on a suitably chosen scale, positive 
angles along OX, and negative angles along 0X\ Along the 
y-axis, the values of the trigonometrical functions corres- 
ponding to the angles are represented on a suitably chosen 
scale, positive values being measured upwards (along OY), 
and negative values downwards (along OY% Thus the 
abscissa and ordinate of a point stand respectively for an 
angle and its trigonometrical function. 


*tan S and oot 0 have a period v, 
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Plotting a number of points in this way and joining 
them free-hand, we get the required graph of a given 
trigonometrical function. 

104. Graph of sin x or stnc-graph. 

Let y - sin 

Using the table of natural sines, the oorresponding values 
of X and y are tabulated corresponding to the values of x 
differing by 10* (the values of y being correct up to two 
places of decimals) as follows : — 


* 1 

-90® 

1 

-80® - 

1 

o 

o 

1 

s 

0 

1 

•50® 

1 

0 

9 

1 

30®, 

1 

o 

o 

-10* 

o* 

y or 1 
sm X 


- 08 1 

-•94 

1-87 • 

- 77 

- 64 |-•50| 

-•31 

I-xtI 

1 

0 

X 

1 

10® 1 

i 

20® 'so® 

40® 

1 50” 00“ 

70® 1 

80® W® 

100® 

1 1 

,110®! 

I 

]20”l 

1 

etc 

If or 

1 

•17 

1 

•34 50 

i 

•64 

■77 87 

•oJ 

•9S 1 

1 

08 

1 

1-94 

I *87 j 

etc. 


Now let the scale be so chosen that 1 small division 
along OX represents 10^ and 10 small divisions along OY 
represent unity,* 

The points corresponding to the tabulated values are 
plotted on the graph paper according to the scale chosen 
and joined free-hand. 

The graph is as shown on the next page (drawn here 
between the range ® — - 180* to «— + 360"). 

^According to the graph paper supplied and the range within which 
the graph is to be drawn, the scale should be suitably chosen in each 
individual case separately. 
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Not© 1. In the table of natural Bines, sines of angles from 0® to SO* 
only are available. With the help of the formal® sin (—®)* —sin <1, 
sin {ie0®-d)-8in 6, sin (180® + ^)- -sin 6 etc. of Chapter IV, how- 
ever, the tabulation for sin $ shown above, outside the range of 0® to 
90®, is effected. 

Similar is the case of tabulation for other graphs in the following 
pages. 

Note 2. Peculiarities of the sine-graph. 

From the figure, the following features will bo apparent (i) The 
graph is continuous, and wavy in form ; (ii) The maximum value 
of sin 0 is + 1 and the minimum value is — 1, those values being 
attained for values of x which are odd multiples of 90® ; (li) sin x 
is 0 at the origin and at points for which x is an even multiple of 

90® i.s,, any multiple of 180®; (iii) that sin ^--x^^sin 

sin (v-x)-*Bin x, sin (— x)« - sin x, sin (ir+x)=» — sin x etc. ; (v) since 
sin (2rr+x)-sin x, the portion between 0 to 2 v is repeated over and 
over again on either side. 

106. Graph of cos x or cosine- graph. 

Let y - cos a?. 

Using the table of natural cosines (see Note 1 of the 
previous Article), the corresponding values of x and y are 
tabulated at intervals of 10** for x as follows : — 


X 

-90* 

( 

-80° 1 

-70° 

-60° 

-50® 

-40* 

-30* 

-20* 

-10* 

yot { 
COS X 1 

0 

•17 1 

1 

•34 

•60 

•64 

•77 

*87 

•94 



i -98 

! 


X 

0* 

10* 

20* 

30* 

40® 

60* 

60° 

70° 

80* 

90“ 

100* 

110* 

etc. 

y or 
cos X 


•98 

•94 

*87 

•77 

\ 

, -eA] 

1 

•60 

•34 

i-17i 

B 

|-*17 

-•84 

etc. 
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Cosine-graph 
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Now choosing the scale such that 1 small division along 
OX represents 10*^, and 10 small divisions along OY repre- 
sent unity, the points corresponding to the above tabulated 
values are plotted and joined free-hand. 

We then get the required graph, which is shown on the 
annexed page (shown here between the range - to +2n 
of 

Note. It IS apparent from the figure, that the cosine-gra^h is 
exactly tJie same as the sine- graph only shifted wholesale bachwards 
{to the left) through a space o/90^. 

This is due to the fact that sin (90* + a?) = cos x, or sin cos (x- 90®) 
BO that the ordinate in the sine-graph corresponding to any value of 
x«the ordinate of the cosine-graph corresponding to a value of x 
which is 90® loss than before. 

106. Graph of tan x or tangent-graph. 

Let y “ tan x. 


Using the table of natural tangents, the corresponding 
values of x and y are tabulated at intervals of 10** of x as 
follows : — 


-20* 

i 

-10*l0' 

1 i > 

10'’j20®,30'’j40» 

1 1 ' 

S. I 

60* 

70* 

1 

80' 1 90* 

100* jetc. 

y" |-•36 

tan X I 

' ! ! ’ i i 

-•18‘0:*18| -36 -68 -84 ri9 

! ■ ! ! 1 1 

1*73 

i ; 

:2’76i6'67. oo 

-6*67ietc. 


Now choosing the scale such that 1 6mall division along 
OX represents 10*, and 3 smaU divisions along OY represent 
unity, the points corresponding to the above tabulated 
values are plotted and joined free-hand. 

The graph is as shown on the next page (shown here 
between the range to 4-2^ for x\ 
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Tangent-Qraph 
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Note. Peculiafiti$s of the tangent-graph. 

From the figure, the following points will be apparent : (i) Thai 
the curve is not continuous, but consists of separate branches or 
portions, the points of discontinuities being the va,]ues of x corres- 
ponding to the odd multiples of ^ • (ii) As x passes through these 

points from the left to the right, the value of tan x suddenly changes 
from very large positive values on the left to very large negative 
values on the right, (iii) The lines parallel to y-&x\e corresponding 

to the odd multiple of ^ are continuously approached by the graph 

on either side, but never actually met. Such lines are called asfpi^totes 
to the curve, (iv) Since tan (nv+x)atan x, each branch, is simply 

w w 

a repetition of the branch from 2 2 * 

107. Graph of cot x or cotangent-graph, 

Ab before the values of x and (■■ cot x) are tabulated, 
and with the same scale as in the tangent-graph the points 
are plotted and joined free-hand. 

The graph is shown on the next page (between x** 
to a?* +2?*). 

This graph also, like the tangent-graph, is discontinuous^ 
the points of discontinuity being a?~0 anday-wn. The 
portion between a: — 0 and a; • 71 is repeated over and over 
again on either side, as is consequent from the formula 
cot (n7i + aj)«cot a;. 


108. Graph of cosec x or cosecant-graph. 

The corresponding values of a; and y are tabulated at 
intervals of lO"* of x as follows : — 


X 

-so* 


0" 

10® 

20® 

SO* 

etc. 

80* 

90* 

0 

8 

110* 

etc. 

yor 1 
cosee:^ 

-2*92^ 

-5-76 

00 

6-76 

2*92 

2 

etc. 

|l-03 

1 

1 

1-02 

voe 

etc. 





202 


INTBBMBDIAIB TBIOONOMETBT ' 



Ootangent-Graph 
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[ If the table of natural ooseoants be not available, the 
table of natural sines may be used and the values of ooseo x 

■" natty be calculated for different values of x, ] 

sin X 

The scale is so choosen that 1 small division along OX 
represents 10^, and 3 small divisions along OY represent 
unity. 

The tabulated points are now plotted and joined free- • 
hand. 

The graph is shown on the previous page (between the 
range ® to a * 27t), 

Kote. This graph also consists of detached hranchest the points of 
discontinuity being a:« 0 and x*^nr. The value of y never lies between 
±1, being always greater than 1 or less thau-1. The lines x^nw are 
asymptotes. The portion between to 9s«2ir is repeated on either 
side, over and over again. 

109. Graph of sec x or secant-graph. 

The corresponding values of x and ^ ("■ sec x) are tabu- 
lated as in the caso of oooocant graph, by making use of the 
table of cosines, if a table of secants be not available. 

With the same scale as in the cosecant-graph, the 
tabulated points have been plotted and joined free-hand. 

The graph is shown in the adjoining page (between the 
range to 

Note. It is apparent from the figure that the seeant*graph is exa^ly 
the same as the cosecant-graph, only shifted backwards {to the left) 
throng^ a spaoe of 90**. 

A This is doe to the fact that cosdc (90^ 4- rr)*" see x. [ See 
ihbte below Art. lOS. ] 
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110. Graphs of other Trigonometrical Expressions. 

Graphs of other Trigonometrical functions may be 
obtained in a similar manner. 

We illustrate this by an example. 

Ex- Draw the graph of sin x + cos x between the 
range a? * 0 a; " and find from the graph the values x 
for which (i) 1/ * 0, («) y is maximumt (Hi) y is minimum^ 

[ 0. 17. ] 

From the table of natural sines and cosines, correspond- 
ing to each value of a;, the values of sin x and cos x may be 
separately obtained and then added to give y ; or else we 
may write y « sin a? + cos x^ (sin x cos \n + cos x sin i?*) 
• ^2 sin (a?4 i;i), and corresponding to any value of a;, 
sin(a;4-}7;) may be deduced from the sine- table, and this 
multiplied by \/2 (— 1 ' 414 ) will give y. 


The corresponding values of x and y are tabulated at 
intervals of 10*^ of u;, between the interval a; ■» 0 to a: “ 2« as 
follows : — 


SB 

0* 

10® 

20“ 

30" 

40” 

60" 

60" 

o 

o 

80" 

90” 

100* 

y 

1 

1*15 

1 1-27 

1 

1-37 j 

L ! 

j 

1-41 ! 1-41 

' 

1-37 

1-27 

1*15 

1 1 

1 

1 

•81 


X 

110* 

120® 

1 130" 

140" 

150” 

160® 

170” 

180" 

i 

1 190" 

1 

§ 

O 

y 

•69 

*37 

j *13 ■ 

-•IS 

-•37 

-•59 

1 

CD 

-1 

1 

j-l*16 

-r27 
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Graph of tiia x + cos x 
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X 

210* 

220® 

230“ 

240' 

260' 

260' 

270' 

280* 

y 

- 1*67 

-1*41 

i 

-1*411 -1-37 

-1*27 

-ri5 

-1 

-•81 


X 

290* 

300* 

310' 

320* 

330* 

840' 

350* 

860' 

y 

-•69 

-•37 

-•13 

•13 

1 

•37 ! 

•59 

•81 

1 





1 

I 







The scale is chosen so that 1 small division along OX 
represents 10°, and 10 small divisions along OY represent 
unity. 

The tabulated points are now plotted and joined. The 
graph is as shown on the previous page. 

From the graph we find that (i) y*®0 when a? “136® and 
(ii) y is maximum when a **45®, (iii) y is minimum 
when 05 “225^. 

111. Graphical Solution of Equations. 

Trigonometrical equations, just like algebraic equations, 
may be solved graphically. In fact in many practical cases 
particularly where the solutions are not obtained in terms of 
the standard angles, the graphical method of solution is the 
only one which is found convenient and is actually adopted. 
The method is illustrated by the following examples. 

Ex. 1. Solve graphically the equation 2 ein^x >■ cos 2x, 
giving only those solutions of x which lie between - ^ and 

[ C. U, 1938, *46, *48. ] 

We draw two graphs, namely 

1 / - 2 sin*a? (“ 1 - cos 2a;) 
andv'”cos2x 

by tabulating the corresponding values of x and y for the 
two cases separately, making use of the table of natural 
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coBines. for the range ^ ^“'2 * intervals of 

10** or 15^ of X. 

With the same scale, namely, 1 small division along OX 
representing 10**, and 10 small divisions along OY represent- 
ing unity, we plot the tabulated values for the two cases 
in the same graph paper, and joining them, we get the two 
graphs, as shown in the adjoining page. 

We find that the two graphs intersect, and thus have 
the same abscissaa and ordinates at the points for which 

n 7t bn In 
a; , f " — • 

6 6 6 6 


Thus 2 sin^jr*"cos 2ir is satisfied for the values of x 
given by 

n n 5n . 7n 
X- -g. g. g- and - 

which are the required solutions within the range 

n , 3n 

- 2 to -2-. 


Ex. 2. Solve graphically the equation tan x = 2x between 
aj — O and ^" 2 * ^ U. 1939,1 

Here, x is supposed to he measured in radians. 

First of all we draw separately the two graphs, namely 

y'“2a: (i) 

and If — tan® (ii) 
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The corresponding values of x and y within the range 
0 and ^ ^ tabulated in case (i) as follows : 


(in radians) | 

y (i.e. 2x) 
(numorical value) 


j s ! 3 


0 i 1-05 I ‘2*10 i 3*15 


and in case (ii) as follows 


(in radians) 



*■ 1 2ir ! 3t 

4ir 

5ir 

' 6r 1 7ir 

1 8ir 

*■ 

u 

15 i IB 1 15 

I8 

I8 

1 15 I IB I 

1 

s 

1 

! 1 

*18 1 *36 *57 

*84 

1-19 

1-78 ; 2'75 

5*67 

oo 

11 

- 


1 


. . 

— 


Now choosing the same scale, namely 5 small divisions 

along OX to represent ^ radians, and 10 small divisions 

along OT to represent unity, we plot the tabulated points 
for the two cases in the same graph paper and joining them 

we get the two graphs within the range iB»0 and 

shown in the adjoining page. 

We find that the two graphs intersect at the point 
given by jB'-O and also at the point corresponding to 33'5 
small divisions along OX, which, from our chosen scale, re- 
33'fi 

presents a? " x -- radians -* 1'17 radians (approximately). 

Hence the given equation tan x^2x ia satisfied between 

and a;-* I by the values of x, namely x^O and 

jB«*l"17 (approximately), which are the required solutions 
in radians. 
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Examples XVI 

1. Draw the graphs of 

(i) sin 3aJ between a? 0® to a: « 180®. 

(ii) tan between a; “ to 

(iii) sin 0 cos 0 between 0“-*«to0'“+;r. 

(iv) — - between 0«-^to + ^' 

cos 0- sin 0 2 2 

( v) cos (n sin x) between a? =* 0 to a; “ iiTi. 

(vi) sin 0 - >/3 cos 0 between 0 « 0 to 0 *= ;r. 

(vii) i cosec between a? "* 0 to a; “ 2i7i. 

2. (i) Trace the changes in the sign of cos 0 - sin 0 
as 0 changes from 0“ to 360®. Verify your conclusions by 
a graph. 

(ii) Trace the changes in sign and magnitude of 

[ B, B, U. 1931. ] 


2 sin 0 - sin 20 


2 sin 0 + sin 20 

S. Draw the graph of y = sin (x + between the limits 
a: “ ^ and ai = + :nr. 


4. Draw the graphs of sin 0 and cos 0 between 0 -■ 0 
and 0 ”” Find the points where the graphs intersect. 

[ C. U. 1936, '46. ] 

5. Construct the graphs of tan x and cos x between 0 
and in for x, making a tabulation of the values of y dividing 
the interval into 9 equal parts. 

If tan X cos x, find approximately the value of x from 
the above two graphs. [ 0, U. 1943. ] 

6. Obtain graphically a solution of the equation 

tan ® — I, between a?** 0 and x^in. C 0. U. 1937. ] 

[ Draw the graphs ofy^tan x and ] 
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7. Draw the graph of cos x - sin 2a for values of x 
lying between 0^ and 90^ and hence obtain the least value 
of COB X ~ sin 2x in this range. 

8. Solve graphically the equations : 

(i) X - tan as «= 0, between sc = 0 and x 

[ 0. U. 1945. ] 

(ii) 6 sin + 2 cos 0 “ 5, between 0 = 0" to 0 ■=* 270"*, 

[ Draw the graphs of y== 5 sin d+2 cos B and 2 / *5 and find the 

common points. ] [ 0, U. 1947,] 

(iii) cot 0 “ tan 0 = 2, between 0 = 0 to 0 = ti. 

[ C. U. 1949. ] 

(iv) cosec X ^ cot x + JZy between a? = 0 to a: 

(v) cos X = sin 2a; + between a? = - f n to a; = + ^n. 

(vi) 5 - tan x => 2a;, between 0 and 2n. 

(vii) 2 sin a; + a; - 3 = 0, 

(viii) x^ = cos X. 

(ix) a; = cos*a?, 

[ Draw the graphs of cos 2x and y ■* 2® — 1. ] 

9. Bepresent by a graph the displacement given by ' 

5 = 2 sin j + sin 3^. 

10. Show graphically that the equation 2 sin a; + cos 2a; 
**^07 has only three real roots. 

11. Sketch the graphs of ; 

y-aj, y=8in a?, j^-tan a; in J«). Prom the 

nc^^e of graphs near the origin, can you suggest any 
v^lation among them at the origin ? [O.U. 1952, ] 



CHAPTEB XVII 

MISCELLANEOUS THEOREMS AND EXAMPLES 
Sec. A 

HABDBB PBOBLBMS OB HBIGHTS AND DIBIAN0B8 
112. Some simple practical applications of Trigono- 
metry, dealing with easy problems on determination of 
heights and distances, have already been discussed in 
Chapter V. The problems in the present section are of 
a more general character, requiring for their solutions, the 
general relations between the sides and angles of a triangle, 
as also some geometrical skill. 

118. To find the height and the distance of an inacces- 
sible object standing on a horizontal plane. 

c c 



B 



Kg. (i) Pig. (ii) 

Let CD be the object, which is observed from a point A 
on a horizontal ground, a being the^ observed elevation 
of its top 0. Let h be the required height CD and d the 
required distance AD of the object from A, 

Case I. If possible, measure off any suitable distance 
AB{’-e) from A directly towards the object, and from B let 
the observed elevation of C be 0. 
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Then from fig. (i), 

c - AD - BD ■■ A cot a - fc cofc ^ 

, j /oos g _ ooa p\ ^ h sin 
^xbIq a sin sin a sin P 

/ . A “ c sin a sin p cosec {P - a). 

Also d “ AD “ A cot a “ c cos a sin p cosec (jS - a). 

Note. Each of the above expresBlons for h and d is in a suitable 
form for logarithmic computation. 

Case IL If however it is not convenient to measure 
the length AB directly towards the object, we may proceed 
as follows : 


Measure off the length AB ( « c) in any suitable direction 
from A, From A let the observed elevation of C be a as 
before. The angles CAB and GBA are also observed from 
A and B respectively. Let these be 0 and 4^. 


We get from fig. (ii) in this case, 


in AADC, 


,ao^^ab_ 

sin 4> sin C 


* “ Bia tlbd’ - 0 - 0) ' Sn (0 + 4 >) ‘ 

A 0*=c sin <(> cosec (0 + ^). 

A ■■ AC sin a *= c sin a sin cosec (0 + 
and AD*» AC cos a*“c cos o sin ^ cosec (0 + ^), 
Note. Here also, the expressions for h and d are suitable for 
calculation by logarithm. 


114. To find' the distance between two visible but 
inaocessible oi^'eets. 

Let P and Q be the objects whose distance apart is 
required. 
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Take two saitable points A and B for observation, the 
distance between which is measured, say c. 



At A, measure the angles FAQ, FAB, and QAB (the 
second observation being unnecessary if all the four points 
P, A, B, Q are in the same plane, for in that case, /LFAB 
* AFAQ+ A. QAB), Let these be 0, a and p respectively. 


At B measure the angles FBA and QBA, and let them 
be Y and S, 


Prom APAB, 
whence. 


^ c ^ o ^ 

sin y sin (180’* - a — y) sin (a + y) 
FA “ c sin y cosec (a + y). 


Similarly, from A QAB, 

QA c sin d cosec (fi + S). 


Lastly, from APAQt 

FQ^»FA^ + QA^- 2FA.QA, cos 6, 

Thus FQ is determined. ^ 

115. Some more illustrative examples of harder pro- 
blems on heights and distances are worked out below. 


Ex. 1. A flagstaff is flaed on the top of a tower stcmA- 
ing on a horizontal plane. An observer walking directly 
towards the foot of the towers observes the angle\subtended 
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by the flagstaff from two positions on his path to be the same 
namely 0, The distance between these two positions is d, and 
the angle subtended by the tower at his first position is a. 
FindHhe height of the tower t and the length of the flagstaff • 



Let OD be the tower, PC the flagstaff, whose heights 
required are h and I respectively* A and B are the points 
of observation. 

fiPAO"^ the points P, 4, P, C are 

concyclic. 

. \ Z CBD - Z APC - 90* - Z PAD « 90" - (e + a). 

Now d^^ AD^ BD — h cot a- h cot {CBD) 

" h {cot a “ tan (0 + a)} 

« 1 , „ 1 , cos (6 + 2a) ^ 

^ Isin a cos (0 + a)/ ^ sin a cos (0 + a) 

sin a cos (0 + a) sec (0 + 2a). 

Again, from AZPC, 

I ^ AO ^ h d 

sin 6 sin APC sin a cos (0 + o) cos (© + 2a) 

/. Z - d sin 0 sec (0 + 8a). 
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Ex. 2. A man walking towards a building, on which a 
flagstaff is fixed, observes the angle subtended by the flagstaff 
to be greatest, when he is at a distance d from the building. 
If B be the observed greatest angle, find the Ipigth of the 
flagstaff, and the height of the building. 



Let QB be the building, and PQ the flagstaff. It is 
easily seen from Geometry that the point of contact of a 
circle through P and Q touching the path of the observer 
on the ground, is the point at which the angle subtended by 
PQ is greatest. 

Thus L QAB = fLAPQ - a say. 

Then, Z.PAB + A. APB - 90", 

or, 0•f2a■-9O^ (i) 

Now, P(3“PP-0S“d tan (0 + a)-d tan a 
« j fsin (6 + g) _ sin a| 

Icos (B + a) COB a) 

^ ^ sin B ^ 2d sin B 

COS (B + a) COB a cos (B + 2a) ^ cos B 

2d tan B. [ /rom (ij ] 

Also, tan tan| j - -IJ* 
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Ex. 8. The angle of elevation of a light at the top of 
a distant tower from a point 12 ft, above a lake is 24f 65' t 
and the angle of depression of its reflection in the lake is 
36"* 6\ Find the height of the tower correct to two decimal 
places^ having given 

log 2 « ‘30103, log 3 -‘47712 
log 588 - 2‘76938, log 689 « 277012 
Lsin 10" 10'-9‘24677. 



Let L be the light at the top of the tower LM^ LBO the 
ray from Zr, which reflected in the lake at 2?, reaches the 
observer 0, so that OB is the direction in which the 
reflexion is seen, and thus, from the laws of reflexion, 
jLOBA — ALBM—<t» (say) which is evidently equal to the 
angle of depression of the reflexion, e.a., 35^ 5'. 

Let 9 denote the angle of elevation of L from ' 0, 
i,e„ 24" 66'. 

Now from the figure, in AOBL, 


BL 


OB 


12 


sin (9 + 4>) sin {4> - B) sin + sin (</>r 9) 


ft. 


• j ^ftSm(9+<f>) SlU 60 

h = Lilf — BL Bin V • 12 12 — TTKiTo'i 

Bin (^-9) sm (10 10; 

2 . 8 ^ 

“sin (10* 10) Bin (JO* 10')* 
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Hencei log /i- log (2.3^) --log sin (10* 10') 

- log 2 + 1 log 3 + 10 - L Bin (10® lOO 
« ‘30103 + |(‘47712) + 10- 9 24677 . 
-r76994. 

From the given data, it is seen that 

log h lies between log 58‘8 and log 58‘9. 

Hence, if /i- 68*8 + a;, dill, for •1-1*77012- 1*76938 

- 00074. 

and diff . for x - 1*76994 - 1*76938 - ‘00056. 

/. by the theory of proportional parts, 

*1 " 74 " ** approximately. 

Thus, /i- 68*88 ft. 


Examples XVll (a) 

1. The angles of elevation of the top of a palm tree 
standing on horizontal ground, observed from two points 
A and B, distant 40 and 30 feet from the foot, and in the 
same straight line with it are found to be complementary. 
Prove that the height of the tree is nearly 35 feet, and that 
the angle subtended at the top of the tree by the line AB is 

2. The angles of elevation of an aeroplane from two 
places one mile apart and from a point half way between 
them are found to 60®, 30® and 45** respectively. Show that 
the height of the aeroplane is 440 VS yards. 

8. A building with ten storeys, each of equal height 
X ft., stands on one side of a wide street, and from a point 
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on the other side of the street directly opposite the building, 
it is observed that the three uppermost storeys together and 
the two lowest storeys together subtend equal angles. Show 
that the width of the street is xJliO ft. 


4. A two storeyed building has the heighrof its lower 
storey 12 ft. and that of the upper storey 13 ft. Find at 
what distance the two storeys subtend equal angles to an 
observer's eye at a height 5 feet from the ground. 

5. A vertical rod is erected in a horizontal rectangular 
field ABOD. The angular elevation of its top from At B, 
0, D are a, S. Show that 

cot®a ~ cot® ■* cot®d - cot® y. 

6. The angles of elevation of a bird fiying in a hori- 
zontal straight line, from a fixed point at four successive 
observations are a, y, d, the observations being taken at 
equal intervals of time. Assuming that the speed of the 
bird is uniform, show that 

cot® a - cot®d = 3(cot®/5 - cot® y). 


7. A man on a hill observes that three towers on a 
horizontal plane subtend equal angles at his eye and that 
the angles of depression of their bases are a, p, y. If a, b, c 
are the heights of the towers, prove that 

sin ( p - y) ^ sin (y r 4. ( a - p ) ^ ^ 
a sin a f?sin p 0 sin 7 

8. A gun is fired from a fort .F at a distance d from a 
station 0, and from two stations A and in a straight line 
with 0 and distant a and b respectively from 0, the inter- 
vals between seeing the flash and bearing the report are 
t and Show that the velocity of sound is 



at'* - hi* 


9. A person observes the elevation of the top of a 
telegraph post which is E. S, E. of him to be 45*, and at 
nooUf the extremity of its shadow is to the N. E. of him ; 
if the length of the sh adow be x, shew that theiheigbt 
of the. post iBX J 2- ^/2* 
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10. A straight tree on the horizontal ground leans 
towards the North ; at two points due South and distant 
a, h respectively from the foot, the angular elevations of the 
top of the tree are a and p. Show that the inclination of 
the tree to the horizon is 

, -i/ az^ \ 

\a cot p^b cot a) 

11. An observer on a carriage moving with a speed V 
along a straight road observes in one position that two 
distant trees are in the same line with him which is inclined 
at an angle 0 to the road. After a time t, he observes 
that the trees subtend their greatest angle (p ; show that the 
distance between the trees is 

2Vt sin 0 sin ^/(cos d + cos 4), 

12. A train travelling on one of two straight intersecting 
railways subtends at a certain station on the other line, 
angles a and /?, when the front of the first carriage and the 
end of the last carriage reach the junction respectively. 
Show that the angle of intersection of the two lines is 

, .i2 sin a sin p 

sin (a-^)"r* 

13. Two vessels are sailing in parallel directions, and at 
one instant the bearing of one from the other is a N. of E. 
After an hour s sailing the bearing of the first from the 
second is N. of E., and after another hour the bearing 
is N. of E. Show that the vessels are sailing in a 
direction 6” N. of E., where 

sin (a - 6) sin (y - jJ) - sin {p - a) sin {y - 0), 

14. A rod of given length can turn in a vertical plane 
passing through the sun, one end being fixed on the ground ; 
if the longest shadow it can oast is Si times the length of 
the rod, calculate the altitude of the sun, having given 

log 3 -•47712, L 008 72* 32' 30*-9’47712. 

15. A ship sailing N. E. is, at a particular momsnt, in a 
line with two light-houses, one of which is sitnated 5 miles 
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due N. of the other. In 3 minutes and also in 21 minutes 
the light-hoases are found to subtend a right angle at the 
ship. Prove that the ship is sailing at the rate of 10 miles 
an hour, and that the light-houses subtend their greatest 
angle at the ship at the end of 3 ^/7 minutes. 

16. A parachute was observed in the N. E. at the eleva- 
tion 45'' ; ten minutes afterwards it was found to be due N. 
at an elevation 22F. The parachute was descending at the 
rate of 6 miles per hour, and was all along drifted uniformly 
towards the west by the wind. Show that wind blows at 
the rate of 6 miles per hour. 

17. A person wishing to determine the height of a 
distant temple observes the elevation of its top from a 
point on the horizontal ground through its base to be SO**. 
On walking a distance 80 s/3 ft. in a certain direction, he 
finds the elevation of the top to be the same as before, and 
then on walking a distance 80 ft. at right angles to the 
former direction, the elevation is found to be 45°. Show 
that the height of the temple is 80 ft. 

18. The shadow of a telegraph post is observed to be 
half the known height of the post, and sometime afterwards 
it is equal to the known height ; how much will the sun 
have gone down in the interval, given 

log 2 -‘30103* L tan 63’’ 26'- 10* 3009994 
and diff. for l' - 3169 ? 

19. The side of a hill faces due S, and is inclined to the 
horizon at an angle a. A straight railway upon it is 
inclined at an angle P to the horizon ; show that the bearing 
of the railway is 

cos"^ (cot a tan p) E. of N. 

20. A spherical time-ball of diameter d at the top of a 
tower subtends an angle 2a at a point on the ground from 
which the elevation of its centre is 0 ; prove that the height 
of the centre of the ball above the ground is sin ^ cosec a. 
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Sec. B — Summation of Finitb Sbbibs 
116. Method of Difference. 

When the rth term of a trigonometrical series can be 
e:spressed as the difference of two quantities, one of which 
is the same function of r as the other is of (r+ 1), the sum 
of the series may be readily found as illustrated in the 
Examples 1 and 2 below. 


Ex. 1. Find the sum of the series. 

(i) cosec 0 + cosec 2d + cosec 2®d + • • • + cosec 2”“ 


sin X 


stn X 


stn X 


^ ^ sin 2x sin sin Bx sin ix sin 4a? sin 5x 


+ to n terms. 


(i) We have cosoc 0 


t 


_ JL ^ sin Jd 

sin d sin ^d sin d 

sin (d-id) 
sin ^d sin d 

sin d cos |d - cos d sin id 
sin id sin d 

cot id — cot d. 


Thus, cosec d cot id - cot d. 

Similarly, cosec 2d ■■ cot d — cot 2d, 
cosec 2*d ■■ cot 2d — cot 2*d 


Gosec 2^“^d'*cot 2*^"*d — cot 2**“^d. 
by addition, the required sum 

-cot id- cot 2’*“*^d, 


15 
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(ii) Here, rth term 

_ sin flJ_ 

sin (r + 1)® Bin (r + 2)« 

.. ain {(r + 2)-(r + l)} ® 
sin (r + 1)® sin (r + 2)x 

» si p (r + 2)® cos (r + 1 )® - c os (r + 2)® sin (r + 1)® 
sin (r + i)® sin (r + 2)® 

“ cot (r + 1)® - cot (r + 2)®. 

Putting r"*!, 2, 3,...n and adding, the sum of the 
required series would be found to be 
cot 2® - cot (n + 2)®. 


Ex. 2. Find the sum of the series 


tan" 


L ® i , — X ® , 

1 + 1 + 2 . 3 ®“'^ 


1 + v{n + l)x 


Here, rth term^tan"^ 
“tan 


l + rCr+l)®"* 

1 + l)a? ~ r® 

l+(r + l)®.r® 

- tan"^(r + 1)®- tan’^r®. 

putting r«l, 2, 3, n, we have 


tan 


•1 : 


tan" 


X 


1 + 2.3® 


— tan" ^2® - tan"^® 
a ■•tan"^3®- tan"^2® 


^ 1)»- twi-‘n«. 

by addition, the required sum 
■■ tan"Mn **•!)«“" tan"^®* 
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117. Sometimes the rth term of a serieSf when multi- 
plied hy a fcwtor, can be expressed as the difference of two 
quantities one of which is the same function oi r as the 
other is of (r+1). It is iUustrated in the following two 
cases. 

(D Sum of sines of n angles in A. P. 

Let the angles in A.P. be a, a + a + 2j5,...{a + (n - 1)^}, 
the first term being a, and the common difference! P. 

Let S denote the sum of the seriesi 

sin a + sin (a + P) + sin (a + 2i5) + ••• + sin {a + (n - !)/?}• 

Multiplying each term of the above series by 
2 sin (hal/ difference), i.e., by 2 sin we have, 

2 sin a sin ip =■ cos (a - ip) - cos (a + iP) 

2 sin (a + p) sin iP « cos (a + ip) - cos (o + 1/5) 

2 sin (a + 2p) sin ip •• cos (a + Sj5) - cos (a + f/J) 


2 sin {a + (n - l)p] sin ip 

“COB ^ a + ® ^ 

Adding vertically, we have 
2 sin %j3.S“C09 ja-g j - cos |a+ 

“ 2 sin |a + sin ~|- 


•taf ' * ' 


Cor. Putting ^ - a, we get 

sin a + sin 2a + sin 3a + ••* + sin na 



n+1 
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(il) Sum ot cosines of n angles in A,P. 

Ab before, let S denote the sum of the series 

cos a + cos (a + j5) + cos (a + 2p) + + cos {a + (n - 

Multiplying each term of the above series by 
2 sin {half difference\ we have, 

2 cos a.sin ■* sin (a + ifi) - sin (a - i(i) 

2 COB (a + ^).sin iP « sin (a + fjS) - sin (a + ip) 

2 cos (a + 2/l).sin iP “ sin (a + IjS) - sin (a + ip) 


2 cos {a + (n - l)p], sin ip 


“ sin + - -pj - sin pj^ 

Adding vertically, we have 
2 sin sin |a + (“ “ | ) 

“2 008 (o + "— V) sin -• 


S- 3"Cos 

ain C 




Cor, Putting *■ a, we get 

. na 

2 a+1 

cos a + cos 2o + cos 3a + ••• + cos na « — • cos 

a 2 

Bin 2 

Note. The sum of the coaine aeries may be deduced from that of 
the sine series by writing a+~ for a. 
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As an aid to memory, the two formulaa of this article 

may be expressed! a language as follows : 

n-1 a + a + (»-l)j3 
since, a + P “2 ’ 

Sum of sines of n angles in A.P. 

nMff. 


sin ' 


sin 


2 . first angle + last angle 

diff. **“ “ ' ■ 2 


Sum ot cosines of n angles in A.P. 

. n.diff. 

le.-M. -- 


Sin 


2 first angle + last angle 
. diff. "2 


Sin 


Note. From the above formulro, it is clear that if sin - «0, thea 

the sum of the sine series as also tho sum of the cosine serios is zero. 

Now, if sin *0, then or where h is an integer. 

A J* n 

Thus, the sum of the sines and the sum of the cosines of n angles vn 
A, P. are each equal to zero when the common difference of the angles 

is an even multiple of • 


Ex. 1. Find the sum of n terms of the series 
sin sin (a + j5) + 5m (a + 2/3)- •••••• 

Since, sin (» + 0)— - sin 9 ; sin (2« + 0)-'sin 0 etc, 

/• the series is equal to 

sin a + sin (:i + a + i3) + sin (2;* + a + 2/3) + ••••*• 

i,e,t equal to a series in which the common difference of 
the angles is p + n and the last angle is a + (n - l)(/3 + n). 
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Ex. 2. Find the sum of the series 

sin^d + sin^2S + sin^SO + ••• +sin^nB, 

Since, sin*e = ^(1 “* cos 20) ; sm®20»“ Kl " cos 40) ; &c. 

.*• the given series 

"4(1 "COS 20) + 4(1 "COS 40) + '‘' +4(1“C0B 2w0) 
n 1 

“o'" o 20 + COB 40 + *-- + cob 2w0) 

Z A 

“ Q “ 'o (n+ l)e. [ hy Art. 117] 

A A Sin 0 

Ex. 8. Sum the series 

cos a + 2 cos (a + j5) + 3 cos (a + 2p) + 

* ••• + w cos {a + (n - l)p\. 

Let Ur denote the rfch term and S denote the sum of 
the given series. 

Now, 2 cos p.Ur”*2 cos p,r cos {a + (r- l)j3} 

" r [cos (a + rp) + cos {a + (r - 2)/3}]. 

/- putting r “ 1 , 9., and adding together, 

we get 2 cos p,S, 

Now, subtract 2 cos p,S from 2S ; then 
2S(1 - cos j3) " (« + 1) cos {a + (n - l)j3} 

- cos (a - i?) - « cos (a + np\ 

Then, dividing by 2(1 - cos P), 5, the sum of the required 
series would be obtained. 

Note. Similarly the sum of the series 

sin «+2 sin (a+|9)+3 sin (a+2|5)+*-+« sin fa+fa— 1)/5> 
would be obtained. 
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Examples XVII(b) 

Sum the followiug series to n terms : 

1. sin a + sin |a - - j + sin |a - + 

2. cos a + cos |a + ^ j + cos |o + “j + 

3. sin a “ sin 2a + sin 3a ••• 

4. cos®0 + cos **28 + cos^30 •¥ 

6. sin®a + sin®3a + Bin®5a +. 

6. sin®8 - sin®28 + sin^SO — sin“48 + 

7. sin^a + sin*2a + sin*3a + 

8. cos 8 - sin 28 - cos 38 + sin 48 + cos 58 - sin 68 - 

9. sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a 4* 

10. cos a cos 3a + cos 3a cos 6a + cos 6a cos 7a + •••• 


Find the sum of the following series : 

44 ^ • Bn . . 17r. 

11. cos + cos jg + cos CO® 29 ’ 

12. sin 5® + sin 77* + sin 149* + -’' + sin 293*. 

4 0 , 2ji . . 4» . . 6?i , ^ , 2nn 

18. sin — + sin - + sm — + ••• + sin • 

n n n n 

14, sin na + sin (w — l)a + sin (n — 2)a + • •• to 2n terms. 

15, Prove that 

/.X sin 8 + sin 38 + sin 68 + ••• to n terms . * 

li; TT “q'T!. — r — "I “* tan n8. 

cos 8 + cos 38 + cos 68 + ’•• to « terms 

(ii) sin*a + sin* (a + “) + ain*|a + ^j + *** tonterms 
-in. 
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Sum to n terms : 

16. 860 a sec 2a + see 2a boo 3a + sec 3a sec 4a + -•- 

1 ^ \ ^ ^1 

sin 6 sin 20 sin 20 sin 30 sin 30 sin 40 

jg 1. + 1 + 1_ 

cos a + cos 3a cosa + oos 5a cos a + cos 7a 

19. cot 0 cot 20 + cot 20 cot 30 + cot 30 cot 40 + ••• 

20. tan a + 2 tan 2a 4* 4 tan 4a + 8 tan 8a + 

[ tan a = cot a — 2 co^ 2a ] 

21. Sin 20 Bin + sm 30 sin — + sin 40 sin — + • 

sin X , sin 3x . sin 3*2; . 

22. ^ + - -zTif- + ^3“ + 

cos 32; cos 3 2 ; cos 3 2 ; 

C 1st term ^i(tan 3x—tan x) ] 


28. tan-" r+ 1 + 1» + fT^T“ 

+ + 

24. tan-" tan'" ^-^ 3 ^+ tan'" + 

26. oot“^ (2.1*) + cot“^ (2.2*) + cob"^ (2.3*) + ••• 

26. tan ® + | tan | ® “** 2 ^ tan^ar + 

27e cos X cos 22 ; cos 32 ; + cos 22 ; cos 32; cos 42; + - 
28« cos 0 + 2 cos 20 + 3 cos 30 + ••• + w cos nO. 

29. Find the sums of the series 

(i) sin a + sin 2a +sin 3a + ••• to n terms 
and (ii) sin a + siu 3a + sin 6a + «-- to n terms 
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and hence deduce respectively the sums of the series 

(a) 1 + 2 + 3 + ••• to n terms 
and (6) 1 + 3 + 4 + ••• to n terms. 

80. Sum the series 

tan X tan 2x + tan 2x tan 3a; + + tan nx tan (n + i)x 

and hence deduce the sum of the series 
1.2 + 2.3 + — + n(n+l). 

81. If ^ he the extedor angle of a regular polygon of 
n sides, show that 

(i) sin a + sin (a + j5) + sin (a + 2)3) + • •* to n terms — 0. 

(ii) cos a + cos (a + )5) + cos (a + 2^) + • •• to n terms “ 0. 

82. A regular polygon of n sides is inscribed in a circle 
of radius a ; prove that 

(i) the sum of the lengths of the perpendiculars drawn 
from the angular points upon any diameter is zero ; 

(ii) the sum of the lengths of the lines joining any one 
vertex to each of the other vertices is 2a cot * 


Sec. C — Elimination 

118. The elimination of trigonometrical functions from 
given equations is a very important and common mathemati- 
cal problem. There are no set rules to effect the elimination. 
The form of the equations will often suggest special methods, 
and in addition to the usual algebraical artifices, we shall 
always have at our disposal the identical relations subsist- 
ing among the trigonometrical functions. 

The following examples will illustrate some useful 
methods of elimination. 
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Ex. 1. Eliminate B between the equations 
a cos 0+6 sin 0 + c * 0 
a cos 0 + 6^ sin 0 + •* 0. 


From the given equations, we have, by cross-multi- 
plioation, 


cos 0^ s in 0 1 

be ~ b'c ca^ - c^a ab' - a'b 


cos 6 


he - b 'c ^ 
ab' “ 


and sin 0 


ca - ca^ 
ab' “ a'b 


Squaring and adding, we get 

{be - 6'c)® + {ca - c'a)® - (ah' - a'6)® 


as the required eliminant. 


Ex. 2. Eliminate 0 from the equations 

X sin 0 + cos Q — 2a sin 20 
xcos B-y sin a cos 20. 

Solving as simultaneous equations in x and y, we have 
a?-a(cos 20 cos 0 + 2 sin 20 sin 0) 

“ a[cos (20 - O) + sin 20 sin 0] 

■*a(co8 0 + 2 sin*0 cos 0), 
y « a(2 sin 20 cos 0 - cos 20 sin O) 

" aCsin 0 + sin 20 cos O) • aCsin 0 + 2 sin 0 cos*0). 

/. a? + j/ — a(sin 0 + cos OXl + 2 sin 0 cos 0) 

“ a(sin 0 + cos oKsin 0 + cos 0)* “ a(cos 0 + sin O)*; 

Similarly, 

aj-i^-a(co8 0- sin OXl- 2 sin 0 cos 0) 

■»a(oa8 O-sin 0)*. 
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a^(co8 0 + sin 0)-»(a; + y)^ •" (i) 

a^(cos 0 - flin 0) = (a; - p)^. , . . (ii) 

Hence, squaring and adding (i) and (ii), we have, 

(® + p)^ + (a; - p)^ « 2a^ 
as the required eliminant. 


,Ex. 3. Eliminate x and p from the equations 
a sin^x + b cos^x "^c, b sin^p + a cos^p " d, 
a tan x — b tan p. 


From the first equation, we have 

a sin*® + b cos*® c (sin*® + cos*®), 
(a-c) 8in*®«(c -&) cos*®. 


tan*® 


a-c 


From the second equation, we have similarly 
6’pin*y + a co8*y-d (sm*i/ + cob*i/). 


tan*y 


d- g 
b-d 


From the third equation, 

g* tan*® — 6* tan*y, 

. aHc-b) ^ bHd-a) 
a-c b-d 

This, when simplified, reduces to 


- + ~ ~ • the required eliminant. 

abed 
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Examples XVII(c) 

Eliminate B from the following pair of equations 

1. cot 0 (l + sin 0) — 4a. 

• cot 0(1 — sin 0) — 46. 

2. ir a cos 0 + 6 cos 20 
y^a sin 0 + 6 sin 20. 

3. ® “ tan 0 + tan 20 
y ■“ cot 0 + cot 20. 

4. a sin 0 + 6 cos 0 “ 1. 

a cosec 0—6 sec 0—1. 

6. a; — sin 0 + cos 0 sin 20 
y ■= cos 0 + sin 0 sin 20. 

6. a; + a “ a (2 cos 0 -- cos 20) 
y — a (2 sin 0 — sin 20). 

7. a: — 3 sin 0 — sin 30 
y — cos 30 + 3 cos 0. 

8. a? — cot 0 + tan 0 
y — sec 0 — cos 0. 

9. X sin 0 — y cos 0 “ + y® 

coB®0 sin*0 1 

a- ^ P "a;-+y-* 

10 . ” — cos 0 + cos 20 

a 

I* sin 0 + 8in 20. 
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11 . 


12 . 


13 


ax 


hy 


COB 6 sin 0 
ax Bin 0 by cob 0 


cos“0 


sin’^O 


0 . 


® ^ V • ^ 

cos 0 - - sin 0 * cos 
a b 


“ sin 0 + ^ cos 0 *= 2 sin 
a 0 


X « cosec 0 “ sin 0 
y * sec 0 - cos 0. 

14. sin 0 + cos 0 * a 
sin*0 + co8®0 = 6. 

15. “ cos 0 + ^ sin 0 « 1 

a 0 

a? sin 0-y cos 0 = (a*sin*0 + fc*co8*0}^ 

Eliminate 0 and ^ from the folld(jj 2 iag equations 
{Ex. 16-19) 

16. sin 0 + sin cos 0 + cos 0 a. 

17. tan 0 + tan * a, cot 0 + cot <#> ■■ 6, 0 + ^ — a, 

18. a sin®0 + 6 cos®0«a coa®<^ + 6 sin**<f»»l, 

a tan O^b tan 


19. sin 0 + sin cos 0 + co8 sin 20 + sin 2^»2c. 

20. If (a + 6) tan (0 -<(>)- (a - 6) tan (0 + 4) and 
a cos 2<^ + & oos 20 ""c, show that 

a* - &* + c* - 2ao cos 2^. 
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1. To prone that 

Bin 6 < 6 < tan 6 

it 4ti4i circular measure of any positive acute angle. 





Let AOP. be a positive acute angle whose radian measure 
is 0i aiid lei. QOA be an equal angle on the other side 
OA.- With centre 0 and any radius, a circle is drawn 
cutting OP, OA, OQ at P, A, Q respectively. PQ is joined 
cutting OA at N. The triangles OPN and OQN are easily 
seen to be congruent, so that PN-QN and PNQ is 
perpendicular to OA. The tangent PT to the circle at P 
cutting OA at T, /LOPT is a right angle. TQ being 
joined, the triangles OPT and OQT are easily proved to be 
congrnenti so that PP — TQ. 

The figure is thus symmetrical about OA. 


Then, from the figure, 

. . PN IPQ 
OP 2 OP 

. arc PA arc PAQ 
OP 2 OP 


tan 0 


PT 1 PT+QT 

op" 2' OP 
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Now we may take it as axiomatic that the straight line 
PQ is less than the curved arc PAQ^ and that the curved 
arc FAQ which always bends the same way, being within 
the triangle PTQ, is less than Pr+ TQ. 

Hence, since PQ < arc PAQ < PT+ QT, 

we have, on dividing throughout by 20P 
sin 0 < 0 < tan 0. 

Alternative method : 

Let ABG be a circle whose centre is 0 and radius r. 



Let AOB^O radians. 

Draw BT the tangent at B to meet OA produced at T ; 
then BT^r tan 0. 

We know that if the angle of a sector of a circle of 
radius r is 0 radians, its area — 

Now from the figure it is obvious that 
AOAB < sector 0^45 < AOBT 
/. ir®Bin 0 < < irr tan 0, 

i.e., sin 0 < 0 < tan 0. 

Cor. If now 0 becomes infinitely small, we can prove 
* ^ sin (9 . 
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Lt cos 6 — 1, 
e-*o 

and Lt 

0 -»o 6 

For, since, sin 6 < 0 < tan 0, 
we get, by dividing by sin 6, 

3 < 

Sin 0 cos 0 

This is true, however small d may be, provided it is 
positive. When 0 becomes infinitely small, OP and ON 
practically come into coincidence, so that 

cos 0 « ultimately becomes 1. 

Hence, Lt cos 0 “ 1. 


1 s 

In that case — ^ also tends to the value 1. But — 
cos 6 sin 9 


always lies between 1 and which ultimately come into 


coincidence, and so — - also ultimately coincides with 1. 
sin Cl 

Thus 1 in the limit. 

Again, from 

sin 6 < 6 < tan 0, 

We get by dividing by tan 9, 


COB 9 < 


tan 9 


< 1 


Q 

and as 9 0, cos 9 1 and r — - always lying between 

tan V 


008 9 sod 1 which come into coincidence, 

limit, and so Zt — l, 

• e*o 9 


tan 9 


■ 1 in the 


Hence, the results. 
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2. Formula for sin (A + B) and cosCA+B) where A 
and B are of any magnitude, {Oeneralization of Art, 33,) 



In Article 33, formulae for sin (A + B) and cos (-4 + B) 
were deduced geometrically with a figure in which A and B 
were acute and (A + B) less than 90®, We now prove them 
in a more general case. 

Let a revolving line, starting from OX, trace out an angle 
XOZ* A and further trace out an angle ZOP”*B, so that 
the total angle traced out is (A + B), From any point P on 
the final position of the revolving line, FN and FT are 
drawn perpendiculars to OX and OZ (produced if necessary, 
as in the above figure), and from T perpendiculars TM and 
TB are drawn on OX and PN (produced if necessary), 

In the figure above, Z. POP— P- 180®, and since PN 
and PT are perpendiculars to OX and OZ respectively, 
LTPB^LTON--l%(f- LXOZ i,e., 180®-4. 

In considering sin (A + B) and cos (A + B) from the 
triangle NOP, it is to be noted that PN is negative and ON 
and OP are positive. 

If we consider only the positive magnitudes of the sides 
of the acute-angled triangle OTM, PTB and OPT, then 
PN with its proper sign may be written as- (TM- PJ?), 
and ON with its proper sign may be written as OM+TS* 


Now, from the figure. 


sin (A + B) 


PN_ 

OP 


TM-PB 

OP 


16 



242 


IMTBBMBDUTB TBIQONOMBTBY 


TMOT.PBFT 
OT OP FT OP 

- - Bin TOM COB POT + cos TPB sin POT 
“ - sin (180® ■“ A) cos (P - 180’) 

+ cos (180® - A) sin {B - 180®) 
-■ - sin A{ ~ COB P) + ( - cos il)( - sin P) 

• sin il cos P + cos A sin P. 


Again, 
cos (A + P) 


ON OM-^BT 
OP “ " OP 


OMOT BTPT 
"OTOP PTOP 

■cos TOM cos POP+sin TPB sin POT 

■ cos (180’ - A) cos (P - 180®) 

+ sin (180® - il) sin (P - 180®) 

■ ( - cos ilX “• cos P) + sin A( - sin P) 

> cos A cos P * sin A sin P. 


3. Formula for sin (A - B) and cos (A - B) in a more 
general case, ( Generalization of Art, 34 , ) 



Here measured counter-clockwise is AandZOP 
neasuted clockwise has magnitude P so that XOP measured 


m. 
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clockwise is ^4 - jB. From P, PN and PT are drawn per- 
pendiculars OQ OX and OX (produced in this figure), and 
from P, TM and TE are drawn perpendiculars on OX 
and PN. 

In the present figure, magnitudes of the acute angles 
TOM and POT are 180® - A and B - 180® respectively, and 
noting that PNOT is a cyclic quadrilateral (Z.*N and T 
being right angles), Z-PPP* Z. TOM ■■ 180® - ^4 in magnitude. 

Now, we see that in considering sin {4 - P) and oosiA - B) 
from the triangle NOP, PN and ON are of negative sign. 

Hence, 

, f. PN 
sm U-B)^ 

JlfP+PB 
“ "" " OP ’ 

where the magnitudes of MT, PB, etc. only are considered, 
MTOT PBPT 
“ ^OT'bP^PTOP 

- - sin TOM cos POP - cos BPP sin POP 

- - sin (180®- i4) cos (B- 180*) 

- cos (180® - A) sin (B - 180®) 

- - sin A[ - cos Bf) - ( - cos A){ - sin B) 

■■ sin A cos B - cos A sin B, 

Similarly, 

ON 

cos (-4 - B) » q 'p C where ON is taken with proper sign ] 

V _ B P" OM [ where magnitadea only of 

~ OP BT, OM etc. are considered ] 

BTPT OMQT 

“ "prop dr OP 

- - sin SPT sin POT+ oos TOM eok POT 

- - sin (180* - A) sin (JB - 180^ 

+ 008 (180*- COB (B- 180*) 
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- -Bin i (-sin J5) + (-oob i4)(-ooB J5) 

» COB ii COB B + sin A sin B. 

4. A few particular eases of sin (A±B), cos (A±Bh 

CaseL In the case A and B are both acute and 
(i + B)> 90". 

Construction same as in Art. 33. Here Q, the foot of 
the perpendicular will fall on XO produced. 

ZrPB-90"-ZTBP-ZTBO-Z:BOS“i. 
sin (A + B) sin XOP 

PQ QT-^TP 

'"op’" op 

ES+PT BS PT 
OP "op OP 

ns on PT PR 
"or op prop 

“ sin A cos B + cos TPB sin B. 

- sin A COB B + cos A sin B. 



8Q-80 OS sg OS TB 
OP ’‘op''op'^op~dp 
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OS OB m PB 
'"OBOP'^PBOP 
• cos A cos B - sin TPB sin B 
•• cos A cos B- sin -4 sin B. 


Case JL In the case A is obtuse and B is acute, but 
U + B) < 180°. 


CoDstiraction same as in Art. 33. 


Hero Z TPE - 180° - ABPQ - /LBOQ - 180* - A. 


. sin TPB 
sin ( A + B) ' 


' sin Z ; oos TPB " ~ cos A , . 

. PQ QT-PT BS-PT 

■smXOP~^p- OP “ OP" 

RS PT BSOB PTPB 

■ OP " OP “ ob'op ~ pb'op 


"■ sin A COB B - cos TPB sin B 
"• sin A cos B + cos A sin B. 



cos (Z + B) •* cos XOP “ 


OQ 

OP 


[ Magnitude of OQ being 
considered ] 


OS+SQ OS _SQ 
OP “ ~ OP OP 
08 OB TBPB 

'"~6bop'pb OP 

«■ 008 Z COB B -* sin TPB sin B 
~eo 8 A COB B-bui A sin B. 
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Oase III. In the ease A emi B are both obtuse and 
(A-B) is aeute. 

Ooustraotion same as in Art. 34. 

Here Z . TPB - Z.BOS - 180* - A. 



sin {A - sin POQ 

PQ PT-BS 

"'6p~ op 

^PT BS PTPB BSOR 
~dP~6P^PB 6 p~ OBOP 

“ cos TPB sin FOB - sin BOS cos POB 
- cos (180* - A) sin (ISO* - S) 

— sin (180" - A) cos (180* ~ B) 

“ — cos A sin B — sin A ( — cos B) 

" sin A cos B— cos A sin B. 

cos (A—B )^ cos POQ 

09 0 S-i-SQ _OS^BT^O8.BT 
^op~ OP op' ~ OP ~6p 

OSQB ^PB 
^OBOP PB OP 

cos BOS. cos POB + sin TPB. sin aPOJB 
-oos (l«0"-A)ooa(180"-B) 

tsin (180"-4) sin (180"- B) 
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"(-cos B) + siD A sin B 

■■ cos A cos B + Bin A sin B, 

Note. Other particular cases of the above four formulas can easily 
be proved exactly in the same way by drawing the corresponding 
figures in each case and making the same constructions as in Arts, 83 
and 34 for (^4 + JB) and {A~~D) respectively. 

5. An alternative method of proof for sin (A ± B)* 
cog(A±B). [See Arts. 33, 3^,1 




Let Z.XOY~A ; LYOZ-B\ in Pig. (i), LXOZ 
~A + S(< 90V: in Pig. (ii). Z.XOZ~A-B (A> B) 
[ A and B being positive and acute ]. 

Throngh any point P on OY, the common arm of two 
angles, draw a straight line MN perpendicular to OY, 
meeting OX in M and OZ in N. 

Then AM02/- AMOJP ± ANOP 

i0M.0N8iBU±B)’^i0M.0P nnA±^ON.OPunB 

t Art. SSiti ] 

.'. sin (A±J5)-8in A.^^±^sj,nP 

* sin A cos B ± cos A sin B 

COB U±S)-oofl C Art. 83 ] 

(OP* + PM*) + (OP* + PN*) - (MP ± Pl^^ 
WM.ON 
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O P^^MPPN 
“■ OM ON 
OPOP^MPPN 
” OMON Oil ON 
— COB A 008 B + sin A sin B. 


6. Geometrical proof of the expansion of tan (A+B). 

The figure and the construction are the same os in Art. 33, 
4. fA^-D\ PQ RS + PT 

RS.PT RS PT 
O.S OS OS OS 


1 - 


TR 

OS 


1 - 


TR TP 
TP'bS 


pc 

Now, “ tan A and “ tan TPB “ tan A. 

The triangles BOS, TPB are similar. 

. TP PB . p 

1 — tan A tan B 

Note. Similarly the expansion o{ tan {A — B) can be proved geo- 


metrically from the figure and construction of Art. 84. 

7. Geometrical proof of the formulm tor 2A. 



X C N ’ 

Let XPT be a semi-oirole, XY the diameter and 0 the 
centra. 

Draw PN perpendtcolar to XY. 
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/LPXY-A ; then Z.P0Y’~2A. 
LNPY~9(Y-APYN- z.pxy^a. 


sin 2A 


PN 2PN 2PN „PN:^ 
""CP"20P“ Ky'‘‘^XPXY 
“ 2 sin PXN. cos PXY “ 3 sin A oos A. 


. CN 2GN 2^ CN+CN 

008 JA-jjp- 2^p- Yy“ XY 

(XN- XG) + {GY- YN) XN-YN 
“ XY ~ XY~ 

XNXP YNPY 
° XP‘XY~'PYXY 
■> 008 A. 008 A — sin A. sin A 
■“ 008 * 4 - 810 * 4 . 

. oA 2PAr 2PN 

tan 2 . 1 » - 2 q_j^ - _ Yj^ 


‘'XN _ 

yn"^ 

~XN 
2 tan 4 


XN 

YN PN 
PNXN 

2 tan 4 


1 - tan 4. tan 4 1 - tan*4 


8. Trigoaometrieal Ratios of Generalised angle 
defined by Projections. 


171 
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Let XOX* and YOY* be a pair of rectangular axes inter- 
aectiog at the point O and let an angle of any magnitude 
(positive or negative) be generated by the revolution of OP 
from its initial position OX to its present position. Then 
the trigonometrioal ratios of the generalised angle S are 
defined as follows 

-fi- ^ _ projection of OP on v-ftxis 

ain ~~ 


cos 

Ian 

cosee 

sec 

cot 


^ projection of O P on a;*axiB 

~”OP‘ 

^ * projecti on of OP on y-axis 
projection of OP on re- axis 

^ OP^ 

projection of OP on i^-axis 



projection of OP on rr-axis 

projection of OP on y-axis 


In the above definitions, projection means algebraic 
projection ; that is, we should consider not only the 
magnitude but also the sign of the projection ; and with the 
usual convention the projection would be considered positive 
if they are along OX and OY and considered negative if 
they are along OX' and OY', By convention, OP is always 
considered positive. From these definitions, the signs of the 
trigonometrioal ratios can be easily determined according 
to the position of OP in one or other of the four quadrants. 
In the above figures, the positions of OP in two quadrants 
only (let and 3rd) are shown. 

Note 1. From the above definitions, it Is clear that if OX be. a 
fixed line, and if,* I be the length of any straight line OP Inclined 
at an angle d to OX, then the prq^jioa of OP along OX is Z cot d, 
whatever be the magnitude of the angle d. 

Ketefi. The Addition and duMraefion TlMoremi for generalised 
angles can also be proved by the metiiod of projection. 
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9. Two important Trigonomotrioal relations. 



If D be any point in the base BC of a triangle ABO^ and 
if AD divides BO into two parts m and n (BD'^m, OD^^n) 
and the angle A inbo two parts a and p{/LBAD""at 
A_OAD""p ), and if the angle ADB be d, then 

(i) (m+n) cot 6*>n cot cot a 

(ii) (m+n) cot cot C -- n cot B. 


Wo have 


m 

n 


BD ^ BD AD ^ sin jB4D sin ACD 
DO AD DC sin ABD sin DAG 


, «in ( d ~ p) 

sin (d + a) sin 





sin g fain d oo^ d - ops d sin P) 
sin p Uin d cos a + oos d sin a) 


Dividing the numerator and the denominator by 
sin a sin fi sin d, we have 

« cot d - cot d 
n cot a + oot d 

/♦ (w + n^) cot d—» cot cot a. 


AgaiOi 

m^ sin BAD nin ACD 
n sin ASD sin DAG 
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Sin (0 + J5) Bin C f *.• 
sm B sin (B-C) I 
« sin 0 (sin 6 cos B + cos S si n B) ^ 
sin B (sin 0 oos C - oos 6 sin 0) 

Dividing the numerator and the denominator by 
sin B sin 0 sin 0, we have 
m cot B + co^O^ 
n cot 0 — cot 6 

/ • (m + n) cot d “ m cot 0 - n cot B. 

10. Note of Art. 90. 

Let us denote the formulas of Arts. 82, 83» 84 by (I), (II)i 
(ill). We have seen in Art. 90, that (II) can be deduced 
from (III). We shall now show how any one of these can 
be deduced from any other of the rest. 

To deduce (I) from (III), 

Substituting value of h from the second relation of 
Art. 84 in the first, 

a — (c cos A + a cos C) cos C + c oos B. 

. a(l - 008 * C) “ c(co8 A cos C + cos B) 

■■ c{co8 A cos C - cos {A + 0)} 

[••• A + B+O-r] 

a sin*C-c sin A sin C, a/sin A^^clsin C. 
Similarly substituting the value of c in the first relation, 
we get 

a/sin A^blsin B. Hence etc. 

To deduce (II) and (III) from (I) 

(i) Putting each of the ratios of Art. 82 equal to h 
we get 

a * fc.sin A \h^ ksin B ; c -• ^.sin 0, 

• fc* (sii^*B + sin *0 - sin* A) 

2te fc*.2 sin B sin 0 

^ sin ^B-^sin (O^A) sin (O- A) 

^ 2 sin B Bin 0 


. « 
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am JSf sip B + Bin (0 
2 sin B am C 

[*.' sin (C + A)«Bin B ] 

sin Bjai n ( 0 + 4^ sin (C - 48 
2 sin B sin 0 


2 sin B sin 0 cos A ^ 
*** u ** cos 

2 81 D B am 0 

(ii) b oos C + c cos B~k (sin B ooa C+aia C cos B) 
■■ ft sin (B + C) & sin A 


r 4+jB+C«ir] 

To deduce (I) and (HI) from (II) 

(i) siii*ul” 1 - 008*^1 

/ft" + c» - a“\* _ 4blcl-j6* + c* - a»)* 

26c 4pg» 

(2fe + 6*_+c* - a*K26c - 6* ^» + o“) 

" - - - - - -- — 

(aj+ 6 + c)f6 + c - a)(c + o - 6)fa + 6 - c) 

'46 V 


-46V“y- 

sinM _ _ 

a* ■ “ 4 o* 6 V = 

, , 8in*B , 8in*0 
laily, -ji - and -^5— 

smM ^ sm*B ^ sW 


u JST 
,, each-. 5 i“ 


(ii) Adding 2nd and 3rd relatiobs of the formnlte of 
Art. 83, we get 

6*+c*“6* + c* + 2a*~2ca ooa B - 2ab eoa C, 

Now transposing and dividing by 2a, we get 
a- 6 oos C+e oos B ; etc. 



Miftcellaneous ExampleB III 


1. The angles of a triangle are as 4:5:6. Express 
then) in circular measure. 

2. The angles of a triangle are in A. P. and the greatest 
is double the least ; express the angles in degrees, and in 
radians. 

8. The number of degrees in one of the acute angles 
of a right-angled triangle is three-tenths of the number of 
grades in the other ; determine the angles in degrees. 

4. Oompare the areas of two circles in which the 
circumference of one is equal to an arc of 60'’ of the other. 

6. A railway train is travelling on a curve of half-a-mile 
radius at the rate of 20 miles an hour ; through what angle 
has it turned in 10 seconds ? 


6. An arc of a circle whose radius is 7 inches, subtends 
an angle of 39' 7 *^ ; what angle will an arc of the same 
length subtend in a circle whose radius is 2 inches ? 

Prove the following identities {Ex, 7 to 32 ) : — 

7. sin*d tand + coB^0cotd+2 8in 6 cos ^"'tand + oot?* 

8. Bin*d(l + cot*a) + cos*a(l + tto*d) - 2. 

9. (tan d + sec d)* ■» —5!— . [ 0. U. 1984. ] 

1 “ sin V 

10. 2(9m*6 + 008*9) -3(Bin*9+oo»‘#) + l“0. 


11 . 

1 *. 


tan a- cot v 
tan y - oot a 


tan X oot y. 


(sin IE 008 y -I* 008 d sin y)* 

t(oo 8 as COB y-sin x sin y)*" 




15. 
14. 

16. 
16. 

17. 

18. 

19. 

20 . 
21 . 

22 . 

28. 

24. 

25. 

26. 

27. 

28. 
29. 


BUSOEXiXiANBOirS BZAllPZiBS 

sin^a; + oo8*«"" 1 ~ 2 gin^a! oos'c. 

8in®a! - oo8*a!“ (gia'a! - oos’asXl - 2 gin*a! oog’as). 


^ i + sin B 


' sec 0 — tan 6. 


(l + 8ec B + tan 6)(l - seo 6 + tan 9) — 2 tan B. 

cos fl , sin 9 . „ . a 

1 - tan B 1 - cot 9 

(ain a + cos + (sin x - cos ®)* “ 2. 

x«_8eca! — 1 . B sin as— 1 

cot a?', +860 a;-v- -0. 

1 + sin a; 1 + sec x 

(sin X + cos a;)(tan x + cot a;) *■ sec x + cosec x. 

(sin 9 + seo 9)* + (cos 9 + coseo 9)* — (1 + seo 9 coseo 9)* . 

1 “_8jn 9 co s 9 .sin’ ? “ nos*® _ . ^ 

cos 9 (sec 9 — coseo 6) sin*® + cos’® 

If a cos’s + b sin’s •• c, show that tan s ± ^ fr 

If coseo A + coseo B + coseo 0, show that 

(B sin A)* “£ sin* A 

If s •“ o oos 9 + 6 sin 9 and y " o sin B-b cos 9, 
shovr that s’ + y’ — a’ + h’. 

Express in terms of t, 

OOB X Bin X 
where t stands for tan x. 

It Bin A^i and tan B ^3, find the valoe of 
sin A oos B + oos A sin B. 

If 008 9 “t, 6nd the Toloe of 

It 6 tan B"»4, find the vnlne of 
6 sin 9 -S oos 9 


sin 9 + 2 008 9 
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80. H J2, ®- V3, 

Sin y tan y ^ 

find X and y (given x and y acute angles). 

81. Which of the statements is possible and which 
impossible, x, y and z being unequal real quantities ? 


/.V _ + /,.v . 

(i) cosec B . (ii) sec B • 

Axy 




/...V . . ® +?/ +5?® 

(ill) sin 0 “ ^ “ 

yz-^zx-txy 

32. Eliminate 0 from the equations 

(i) sin 0 + cos 0 ■= a, sin 0 - cos 0 “ 

(ii) ^ cos 0 + y sin 0 “ 1, - sin 0 - ? cos 0 “ 1. 

do do 

Jiii) fiB-a oos®0, 8in®0. 

If k tan 0 <" tan A:0, prove that 

8in^ fc0 ^ k^ 

8in*0 i + (&** - i)Bin*0 

84. If sec X sec y + tan x tan y * sec z^ 

then, sec x tan y + tan a; sec ^ ± tan 0 . 


85. Show that 


/ H-oot 60°\* 1 + 0 08 30** 

U- cot 607 ""l- cos 30® 


-r* sin 0 - cos 0 . , . 

36. If tan 7,* prove that 

Bin 0 + 008 0 

sin * J2 ® “ COB 0 ). 

87, Show that; the prodnct of sin x (1 + sin x) + 
eos x(l + 008 x) and sin a^l “ sin x) + cos x(l ~ oos x) is e^nal 
to 2 sin X 008 x. 


88. Find the height of a obimney when it is foond that 
on walking towards it 250 feet, in a horisontal line throngh 
its base, the angular elevation changes from 4A* to 76*. 
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89. The length of a kite string is 260 yards, and the 
angle of elevation of the kite is 30^ Find the height of 
the kite. 

40. The angle of elevation of the top of a temple at a 
distance 300 feet is SO** ; find its height. 

41. Find the angle of elevation of the sun when the 
shadow of a pole 60 feet high, is 20 >/3 yards long. 

42. The angles of elevation of a tower at two places 
due east of it and 200 feet apart are 45** and 30"^ ; find the 
height of the tower. 

43. An aeroplane leaves the earth at the point X and 
rises at a uniform speed. At the end of 15 seconds, an 
observer stationed at a distance of 660 feet from X, finds 
the angular elevation of the aeroplane to be 45^ ; at what 
rate in miles per hour is the aeroplane rising ? 

44. A ladder 45 feet long just reaches the top of a wall. 
The ladder makes an angle of 60^ with the wall. Find the 
height of the wall and the distance of the foot of the ladder 
from the wall. 

45. If cos cos I, find the values of 

sin (A + B) and cos (A — B). 

46. If tan A “ A and tan B - iiy, find the values of 

sin {A - B) and cos (A - J5). 

47. If tan 4 and tan B - find tan (4 - B). 

48. If tan + and tan find tan y. 

40. If COB find sin 20, tan 29, cos ^ * 

50. If 008 a; - $. cos v- f (<b and y being positive acote 
angles), find the value of cos 
17 
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61. 

62. 


If sia A “ sin S’* find the valne of 

tan 4(4 + S) cot 4(4 “ jB). 

^f BOO *“V-i 00800 find 800 (®+y). 


68. Provo that 

2 C08 + 1 _ ^2 g _ j^j(2 008 26 - 1)(2 oos 40 - 1). 

2 008 6 + 1 

64. Show that o oo8 6 + 6 8in 6 - Ja’‘+b'‘ oob (6 - a), 
whoro tan a b/a. 

66. If sin*® + 008*®”!. prove that ® ia zero or a 
multiple of 

66. If V2 008 4 - 008 B + cob®B, 

and sin 4 - sin B - sin'B, 

thnn sin (4 - B) “ ± i. 

67. Prove that oo8*(a -fi)- Bin*(a + jJ) - oos 2o oos 2fi. 
58. Show that sin 18" + oos 18' “ ij2 oos 27'. 

69. Show that whatever be the value of 6, 

Mn*(6 + o) + Bin “(6 + fi )-2 oos (a + fi) sin (0 + a) sin (0 + d> 
is independent of 0 . 

60. Show that 

... sin a . «P fi 

gin (a “ fi) sin (a •" y) sin (d “ y) sin (^ “ a) 

, sin y ^ 

Bin(y-o)8inCyrW 

(a) tan ( d + y *• 2o> + ttm (y + o - 2^) + tan (o + - 9y) 

• tan (<» + y ” 2») tan (y + o - 2/») tan (a + p - 9^. 


o - 
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If tan and tan * 2 tan a, 

show* that 0 + <<>-2a. 

(i) If tan*a7 — 2 tan®2/ + l, then cos 2a:+-flin*y'»0. 

(ii) If 003 A ** tan JB, ooa B tan C, oos 0 "* tan A, 

prove that sin -4 •sin B — sin C. 

Show that tan 20’ tan 40’ tan 80’ — tan 60’. 

. If a + i3 + y - 0, prove that 

cos a + cos p + cos y • 4 oos “ oos ~ oos ^ - 1. 

If in any triangle, tan cot 40, prove that 

» 0 

c->(a + 6) sin IG sec 

0 4 > 

. , tan tan „ 

^ a COB 0^0 ,, 2 2 

, If cos B “ — T i’ then ■■ ^ 7^^* • 

a-ooosv >Ja-¥b sja^b 

, If a + P + y • 4 ji, prove that 

8in*a + 8in*/3 + Bin*y + 2 sin a sin /5 sin y • 1. 

, If 008*4 + cos^B + cos*0 + 2 oos 4 cos B cos 0 • 1, 
' that one of the quantities 4 ± B ± 0 is an odd multiple 


Show that sec 

V2+ V2+2cob4® 

If a sia (ff + a) • 6 sin (a '¥ /?), prove that 
, * a oos a - ^ cos P 

JS tan 

1*” IS Bin a 

tan (o - - n) tan a. 
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In any triangle, prove that(£a;. T2 to ^7) : 


72. 


cos A 




oos B 


0 cos B + b cos 0 a cos C + c cos A 

c os C + 5* 

b cos A + a cos B 


tan 


B 


tan 


78. 

74. 

75. 

76. 

77. 

78. 


2 '"*“2 2 
(a - b)(a - c) ^ (6 - c)ib- a) (c - a)(c - fcj 

sin 3 A sin (J5 - 0) + sin 3B sin (C - A) 

+ sin 30 sin (il - JS) - 0. 

. « , cos 0 . « , cos B 

cotJ5 + '~.- T-j 7 -cot 0+ . V, 

sin B cos A sin 0 cos A 


2dbc 

1 

"a’ 


c - (a - fe) sec 0, where tan $ - : ' , sin 


j M 2 js/a6 

a--b 


a (cos B cos 0 + oos A) — 6(co8 0 cos + cos B) 
— c(cos il cos B + cos 0). 

J5 C 

If in a triangle, c(a + b) cos ^ " b(a + e) cos ^ • 


show that the triangle is isosceles. 

79. If in a triangle, a, 6, c be in A. P. and the greatest 
angle exceeds the least by 90°, prove that 

a:b:c" ^/7-l: n/ 7 ; >/7 + l. 


80. In the solution of triangles there can be no 
ambiguity except when an angle is determined by the sine 
or cosecant, and in no case whatever, when the triangle 
has one right angle ; prove this. [ Cambridge, ] 

SU li sin (a cos d)-cos (n sin 8), prove that 

82. If sin (« cot 8) -cos (a tan 8), prove that either 
ooseo 28 or cot 28 is equal to n -f* i, n being an integer. 
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83. If a and be the different values of d which satisfy 
the equation a cos 6 b sin 6 o, prove that 

sin + + 

84. Find all the values of 0 which satisfy the equation 

sin 0 + sin 20 + sin 30 ■■ 1 + cos 0 + cos 20. 

85. Prove that in any trianglei 

1 + 1 + 1 = .1.. 
be ca ab 2Er 

86. ^ If r : : ri « 2 : 5 : 12, show that the triangle is 

right-angled. 

87. If the angle of elevation of a cloud observed from 
a point at a height h above the surface of a lake be and 
the angle of depression of its image in the lake be 0, prove 

that the height of the cloud above the lake is fc *!” 

Bin 

assuming that the image is vertically as much below the 
surface as the cloud is above it. 

[ A, U. 1942 ; B. U. U. L 193L ] 

88. The elevation of a tower due north of a station at 
is a and at a station B due west of A is p. Prove that 

its altitude is ^ ^ 1934. ] 

89. A man walks along a straight road and observes that 
the greatest angle subtended by two objects is a ; from 
the point where this greatest angle is subtended, he walks 
a distance c along the road and finds that the two objects 
are now in a straight line which makes an angle p with 
the road. Prove that the distance between the objects is 

c sin a sin p sec - ec ~ [ B. II, U. L 1936, ] 

90. Oq the bank of a river is a column 200 ft. high 

supporting a statue 30 ft. high. To an observer on the 
opposite bank with his eye on the level of the ground the 
statue subtends an angle equal to that subtended by a man 
6 ft. high standing at the base of the column : determhae 
the breadth of the river. [ B. E. U. 1. 1941 . } 



ANSWERS 


Examples I. [ Pages 11-14 ] 


1. (i) first quadrant ; 

(iii) second quadrant ; 

2. (i) 01" 84' 44" -4 ; 

8 . (i)‘25Bn6T-, 

4. 82° 30' : 91» 66' 6" ‘6 ; U*-. 


(ii) third quadrant ; 
(iv) fourth quadrant, 
(ii) 176° 49' 1"'776. 
(ii) A"®'. 

5. a:fi-5s-:34. 




». -/iVa nearly. 10. 20° and 30°. 12. 20», 40', 80». 

18. 27°, 9°, 18°. 14. (i) At 28,<r min. and 48 min. past 7 ; 

(ii) At 7-10. 16. 20°, 60°. 100°. 16. y. y i 
17. 46°, 60°, 120°, 136°. 18. 9. 


18. f»® and where®'*— 20. J. 
wn(lQp-92) 

21. S and 6. 22. 51*41 miles per hour (nearly). 

23. 66444 miles per hour (nearly) ; 431445 miles (nearly). 

24. 76*8 ft. (nearly). 25. 3959 miles (nearly). 26. 33 ft. 27. 360* yds. 

Examples 11. [ Pages 24<26 ] 

25. (sin 6-cos 6)». 26. f^** 


88. ; ±.iA±09!!f. 84. i*. 86. 87. lor i 

“ seoe “ oot6 


8a6 «*-6» 

(iU) (6c'-6'o)*-»-(ea'-c'«)* 

(iy) 6'c)(a6*“6^)«(s«i'—«')*, 
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Examples ni. [ pages 85>86] 

7. 8. (i) 60® ; (ii) 46® ; (Hi) 30® (There is another 

angle which is not one of the standard angles). 

(iv) 46° : (v) 30® : (vi) 80® ; (vii) 80°. 

8. «-62j®, «-7J®. 10. 0-60°, 8-10°. 

11. A-22i°, B-67i°, 0-46®. 12. (i) -V- : (H) 1- 


Examples IV. [ Pages 49-51 ] 


*• 2 = - 


1 . 2 . ‘1 , 
"k( 2’ “^/3’ 


8. 0. 

4. -f • 

5. (i) 1 : (ii) ±2, 

±-A* 10. tan*« ; 

1. 

12. (i) 2. 

(ii) 1. 

(iii) sin a; or 0 according as n is odd or even. 


18. M. 


14. 15. (i) pot 26® ; (ii) oos 26® ; (iii) coseo 39® ; (iv) cos-^ • 


16. (i) 300° ; (il) 480°. 17. (i) 60® ; (ii) 120®, 240® ; 

(iii) 80°, 160°, 210®, 880° ; (iv) 80°, 160° ; (v) 80°, 186°, 160°, 316°. 


1. 100 ft. 2. 

4. 20 ^/3 ft. ; 20 ft. . 

7. iOs/Sit. 8. 

10, 94'64 ft. nearly. 

18. 60iy/6ft. 

IS. i( «/3-i-l) miUs. 

17. 941-6... ft. ; 91-6.,. ft. 

19. S67'38 ft. 

82. 2 milea 


20is/3ft. ;130ft. 
6. 400( n/8-H) yds. 

9. 22'8 miles nearly. 
12. 60 miles per hour, 
14. 40 .yo ft. ; 40 ^/2( ^/7 + 1) ft. 

10. 5 is/I3 miles.. 

18. 5'25... miles pet hoar. 

20. i^/6(^/6-^-l), 

28. 18-66 ft. 


Examples V. [Pages 66-69] 
2*89... miles ; 2} miles. 8, 
5. 30*,/2ft. 
i(3± 1^/8) miles. 

11. 47' 82 ft. nearly. 


Examples VI. [ Pages 68-70 ] 

81, sin. A oos Boos C— sin B cos C cos A -f 010-0 cos A cos B 

-fsin A sin B sin 0 ; 

tan A— tan B— tan C— tan A tan B tan 0 ^ 

1-f tan A tan B-htan A tan 0— tan B tan C 
M cot A cot B cot O— opt A— co t B-c ot C 
cot B oot 0-(-eot O cot A-l-oot A eot'!&— 1* 

Examples vm. [ Pages 79-81 ] 

S7s a. 
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Examples IX. [Pages 86-87] 

16. W Sain Ji- j,yr+Bin^-f- isAl^sin A ; 

(ii) No ; 2 siu Jfl=» + e + iJi-Bm 0. 

Examples XL [ Pages iio-iii ] 

1. nr± ^ • i.e, (2k+l) ^ • 2. (i) ?ir± ^ *» (ii) nr± ^ • 

,8. 2nj±^> (27i+l)jr. 4. ”%(-!)«'. 

5. nT+^i or, nir+(-l)*' 6, ^-i or, 


7. 8- (2n-Hl)|.or, (2n+l){. or,(2n.H)|-. 

9. nir-|» or, ( - 1 )" “ » where sin a« ^8* 

11. nir4-^» 12. 18. 2na' + ^ 2 » or, 2nir-~* 

14. (2«+l)^jor, nw±^* 15. 2nar+^i or, 2njr-/3, where piB 

a positive acute angle whose sine is |« 16. inv. 17. nr+^v. 

18. (4n+l)^^* 19. 2»r-f-i‘'sr, or 2 nr+T> 5 T, 20. - Jr, Jir, 

J(nir+o), where tan a = 2. 22. 2nr. 23. 2nir, i(4M-l-l)ir. 

i.* ,90°, 450®, 810”. 25. J^. (i) Jw+iir t 2n»+Sir. 

(iO 0 i ±-^' ± ^ • (iii) ^ : w^ttan-* (iv)an»-tt,^-”™»+a. 

(v) 2n., or, 2n»-Jir, (vi) (2n+l)^> 

(▼ii) n»+ * ; (2»+l) ^ - g- • 28. nir+(-l)" 21® 48'-68° 12'. 

2». (i) ; or, a-Jr, jj<= -J». 

(ii) tt-Jr, I'jT ; or, o = ii»’i §“1^ i 
or, •■=* Jv, ; or, a— ^air, |3« — Jr, 


Examples XII. [ Pages ii9-iai ] 

(ii) 00 ; (Hi) £±1. 38. 


22 . a) 1 ; 

H- (*-»)(l+8*)-(l/-*Xl+a®)« 


* i*-ex‘+*« 

25. (i)i,or, -8; m 
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(iii) (iv) ± > M i, or, ; (vi) ±V<n/2T; 

6 

(vii) 0, or, i ; (viii) 0, ± J : (ii) 2- ^/3 ; (st) - g - • 

Miscellaneous Examples I. [ Pages 122'128 ] 

2 . 19, a»+6*««2(l+e). 

Examples XlIKa). [ Pages 135-1S7 ] 


1. (i) 6; (ii) -3. 2. 

-2. 

5. 9. (i) 1 : (ii) li. 

10. ril73942, •3861209. 

13. 2-4-26805. 14. 

•41809. 

15. (i) 1-8969092 ; (ii) •898665. 

16. 

39*879. 

17. (i) 13 ; (ii) 6 ; (iii) 25. 


18. (i) 24 -. (ii) 4 ; 

(iii) 79. 

19. (i) -63 : 


<")'‘+log3*‘-‘®‘’^- 

' 6 log 5— log 7-2 log 3 ' 

1 U. *108... 




f . 25(2a--ft) - 

^6+3oc-26® — 2>c 

2aft 

Sab+Sdc- ab’ - be’ 


whore log 2, ft* 

log 3, 

c*log 7. 


20. (i) log log 2 /*' 

o 

a-2ft 

6 



Examples XIlKb). 

[ Pages 142-144 3 


1, 3-2766077. 2. I-368664C, 

8. 37-6018. 4, 

*7400827. 

5. ‘8455104 : 32® 16' 21". 


6. -7928863. 


7. 9-9440664, 10 1559446. 


8. 86® 24' 36". 


9. 53® 13' 55", 


10. 9-6198509 ; 22® .36' 28". 


12. 10‘095TS8g. 18. 9'91473S4. 14. 9'8718186. 

18. S-eO® 7'48''nearly. 17. *2394. 

Examples XlV(a). [ Pages 157-160 ] 

28. 120®. 24. il-60®. 29. j 1-90®, jB-30®, C-60®, 

89. ^1'+*+®. 40. 84. 

"V M a> y 

Examples XIV(b). [ Pages 166-168 ] 

15. r»4 ; RivSie 
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Examples XV(a). [ Pages 17S-17S ] 

1. 35° 6' 49". 2. 102° 1' 28". 8. 68° 69' 88". 

4. 104° 80' ; 46° 86' ; 28° 64*. 6. (i) 88° 6^ 40-9". 

(ii) 78° 27' 46-86". 6. (i) 48° 11' 28" ; 68° 24' 48" ; 78° 23' 64". 

(ii) 132° 34' 24". 7. A- 120°, B«45°, 0=15°. 

8. il-46°,B-30°, 0-105°. 9. A=60°, B=38° 11', 0=81“ 49'. 

10, A-106°, B-46°, 0-80°. 11. ( ^/3+l) : n/6 : ( n/3-1). 

18. V6+1: s/5-1, 14. 8:4:5. 

Examples XV(b). [ Pages 176-178 ] 

1. B- 88° 12' 48", O = 21° 47' 12". 

2. B-66° 19' 46-8", 0-68° 40' 13-7". 

8. A- 117° 38' 46", B - 27° 88' 46". 

4. A - 94° 42' 64", B = 25° 17' 6". 

5. B-71° 44' 29-5'', 0-48° 16' 30-6". 

6. (i) 70° 53' 36" ; 49° 6' 14". (ii) 74° 13' 60", 36° 16' 10". 

(iii) A-64° 21', B-77° 26', c-27-39. 

7. (i) B-78° 17' 39-6", 0-49° 36' 20*4". 

(ii) 116° 33' 64" ; 26° 83' 54". 

8. A-B-76°, 0-30°, 6=2 s/6. 9. s/6, 16°, 106°. 

10. (i) A-45°, B-76°, e= s/6. (ii) 4-80°, B-90°. 

11. 27-0876. 12. 172-6436 ft. 18. 79-068. 

14. (i) 4-81° 20', 5-186, c-192. 

(ii) 6-18-46, e-87-16. 0-70° SO*. (iH) 6-118-9, c-117-2. 

16. C-76°,o-c-2s/8-h3. 16. 0-106°, a- «/2, c- s/8-H. 

17. 72°, 72°, 36° : each side- s/6-l-l. 18. 8,1. , 

Examples XV(e). [ Pages 184-185 ] 

1. (i) One sointion ; (ii) Ambiguous ; two solutions ; ■ 

(Ui) Ko solution ; (iv) One solution (right-angled triangle). 

8. (i) 0-76°, 4-60°, a- s/6 \ (ii) 60°, or, 120°. 
or 0-105°, 4-80°, a- s/9 J 

8. 4— 46°, 0— 76°, 0 — s/3-fl. (no ambignity). 4. Impossible. 

8. 0-68° 66' 66-8" 1 0-121°. 8' 3-7" 1 

4-87° 48' 8-7" J 4-26° 41' 66-8''J 

9. B-84®27',C-100“83'. 

10, 4-8° 44' 21". 11. 4-S3°S0'S4", B-86°30'S6". 

12. 4-80* 86', 0-64“ 14' ; pr, 4-29° 4', 0-116“ 46'. 
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MiaeellaneouB Examples II. C 186-188 ] 

11. 4,5.6. U. B-44*»26'39",or, 136* 34'4^ 

21. J{wir+jT-(fl+6+c)}. 24. 

Examples XVI. [ Pages 2X3-214 ] 

4. 5. a - 38° 10* nearly. 6. Jr. 7. - *37 nearly. 

8. 0) aj«*0 ; (ii) 46° 25' (nearly) and 90® ; (iii) 221° aod 1121* ; 

(iv) ; (v) 14* nearly ; (vi) 1'19, 2'72, 4*92. 

(vii) 1‘16, 3*28. 4*95. (viii) ±‘82. (ix) -64. 


4. 

1 . 

8 . 

4. 

6 . 

7. 

8 . 
0 . 

10 . 

18. 

17. 

19. 

21 . 

X 8 . 


Examples XVlI(a). Pages 221-224] 

^/2T55 ft. 14. 17® 27' 30". 18. 18° 26' 5*8" nearly. 

Examples XVII(b). [ Pages 231-233 ] 

-oos(.+^)/8in.^^. 8. 0. 

sin (a + Kw— l)(a+ y )y si n Infa+r) 
sin i(a-*-'ir) “ 


2 2 sin 


oos(n-M)». 5. 

4 \ Sin a Bin 3a / 


/ ii**-! sin fi6 ain (w-M)8 
2 cos 3 


3 ^ 1 sinna / . ^ \ . 1 »in 2ne . 

^ cos (?* + l)a 4* -jr — r— cos 2(»4-l)o. 

o Bin aa 


8 

008 


2 sin a 


-r^|(n+l) sin 2a -sin 2(w+1)a j* 


11 . i. 12 . 0 . 


4 sin 

fi A , cos 2(n+l)a sin 2nA 

008 2a H s 

2 2 sm 2a 

0. 14. sinna. 10. cosec a{tan (n+l)a-»tan a). 

ooseo 6 {cot 0 - cot (n+ 1)4). 18. i oosep « {tan (n+ l)a- tan e}, 

cot 0 {cot 6-006 (n-H)6>-n, 20. cot o-2* oot 2"a. 

5 


i(tan 8”a;-tan x). 


28. ten*"*;r— • 
2+n 


84. 


fl 

»+l* 


86. jPiooijfe-Scotaa. 


86 . t*n-* 
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27. \ ®®* J(»+3)a{l+2 oos oos 1(«+8)*J' 

28. 2».(«)i»(»+l): (!.)«•. 

80. oot X tan (n+l)a — («+l) ; |n(»+l)(w+2). 

Examples XVII (c). C Pages 236-237 ] 


1. 

(a*-2,«)»«a6 


2. a 

*{{X- 

b6)*+ff*} = (ir*+»*-6’)*. 

3. 

ix+Sy}*^xy‘ 




4. <,*+Ji*-l+b*-5^ 

5. 

(x+y)^ + {x’- 

3/)®- 2. 

6. 


+ y* + 20®)* - 4a*(a* +»•). 

7, 

4» 

8. ®M-! 



*• 6*+o* 

10. 

2fl5 fx* 



11. 

(oir)5+ (*!,)*= (o*-i*)*. 

12. 




13. 


14. 

Sa-26-a*. 


=»a+5. 

16. 

a?* + y* - 2 cos 0 * 2 . 

17. 

ah^{b~-a) tan a, 18. a+b 

s2a6. 

19. 

(ttb-c)(a* + b»)s2fl6. 


Miscellaneous Examples 111. [ 

Pages 250-260 ] 

1. 

tV» •6«-- 

2. 40°, 60<>, 80“ “ir, 

Jir.^ir. 8. 90",22J“,67J“. 

4. 

1 : 36. 

5. 6i*t dogrees. 


6. 54® 46' 54*5". 

26. 

f-- 

27, 1. 


28 

. 29. 

80. 


81. (i) Possible ; (ii) 

Impossible ; (iii) Impossible. 

82. (i) a* + h^m2 ; 

(») 


; 


38. 

341*5 ft. approximately. 

39. 

125 

yds. 40. 173*2 ft. 

41. 

80«. 

42. 273-2 ft 



48. 80 miles per boar. 

44. 

height- Sa-6 : 

ft., distances 38*97 ft. 


45. l,|t. 

46. 

■ffs, 4H. 

9wi« 

48. 

-H- ». 5t. -V. 1 e/6. 

50. 

ft e/2. 

51. 

5+ 2 s/6. 

52, -M. 

84. 

(2n+l)|.ot, 

,(2n+l)r ±^* 

or, «r+(- 

1)"|' 9*. 107-2 ft. 



CALCUTTA UNIVERSITY QUESTIONS 


(а) Show that cot + tan A cosec 2A» [ Sea Ex, 3, Art, 38, ] 

^ (6) If tt+j3 + 7“ir, prove that 

co8*a+cos*|3+cos*7+2 cos a cos |8 cos 7»1. 

. [ Sea Ex, 8, Art. 56, ] 

2, {a) Bin + 'f^^«“2tan 'x, 

show that Ex. 7. Art, 71. ] 

1-ao 

(б) Solve sin 0+ ^/3 cos ^ = is/2, [ Sea Ex, i5, Examples XI, ] 


3. (a) In a plane triangle, establish geometrically 
“ ' 260 ' 


CCS A* 


discuBsing separately the cases (i) when A is acute and (ii) when A is 
obtuse. [ See Art, 83. ] 

(6) If C“10* and a = 200 ft., find 6, having given that 

log 2 « -30103, L Bin 55* -9*9133646 
log 1726-4 = 3*2371414, log 1726’ 5 -3*2371666. 

[ See Ex. 13, Examples XV(h). ] 
4 . Solve graphically the equation 5 sin 9+2 cos 9-5 between 
to 9 - 270". [ See Ex. 8(ii), Examples XVL ] 


1. (a) Prove geometrically that 

cos (ii + £) - cos ii cos P ~ sin sin B. [ See Art, 33, ] 
^(6) If 4+B+C-s‘, prove that 

oos* 2+008* ^+cos®-^-2 ^l+sin ^ sin ^ 

2, (a) Show that tan"‘(i tan 2i)+tan“*(oot .4)+tan“*(cot*i)-0, 

(6) Solve tan s;+tan 2a!+ tan x tan 2«-l« [ See Ex, 18, p, 110, ] 

8. (a) In a plane triangle, prove that 

(6) The sidee of a triangle are 7, 8, 9 ; determine the greatest 
angle^ ( See Ex, €(i), Examples XV(a}, } 
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4* Solve graphically the equation 2 sin*«acos 2a; bettreen 

f and y* ' [ Sm Ex. i, Art. 111. ] 

1. (a) Prove geometrically that 

sin (-4-;-B)«'sin A cos B— cos A sin B, 
when A and B are positive and acute and A> B. [ See Art, 34, ] 

(b) If A+B+C*ir, prove that 

cos A ^ cos 0 ^ 2 

sin B sin C sin C sin A sin A sin B** 

[ See Ex. 11, p. 96. ] 

^2. (a) Show that tan"^ rTi.+tan~* »tan"‘ - • 

0+0 o + 00+1 a 

[ See Ex, 4fiiJt P* 119, ] 

(b) Solve tan ^ j + + tan t P' ^ 3 

8. (o) In a plane triangle, prove that 

tan ?-rJ ' « cot I • [ See Art, 89. ] 

(5) Two sides of a triangle are 8 and 5 feet, and the included 
angle is 120*’ ; find the other angles. [ See Ex. i, p. 176. ] 

4. Solve graphically the equation cot 0 — tan 8 >-2 between 8 »0 
to 8«<ir. [ See Ex. 8(iii), p. 214. ] 


1 . Prove geometrirally nos — B) • cos 4 cos B+ sin A sin B, 

where the angles A, B, A-B are all positive and lie in the first 
quadrant. [ See Art. 34. ] 

A +8 ^+8 

Show that cos ^ sin 8 sin - cos $ cos • 

Find sin 18**. [ See Art. 63. ] 

2. For a triangle ABO, establish the formula 

sin A»^{«(s-o)(«-b)(«-c)}^» 

where a is the semi-perimeter of the triangle* [ See Art. 87. ] 

Corresponding to the inequality o+d > e oonoeming the sides of a 
triangle, can you prove sin A+sin B > sin 0 ? 

8. A person walks one mile bearing an angle with a fi?ud 
llreetlon, and then another mile bearing 4, with the same dlreotimi* 
e*hid (a) final distance km the starting point and (b) final bearing* 
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v<8how tbat 

ton~**+tan“*s+tan~‘*«tan”* , [ Ste Art. 70. ] 

eX'“‘Xy 

4* Solve 4 sin 0 006 0 n 1 — 2 sin d -f 2 coa 0 in the interval 
0<e <w. 

Draw the graph of 3 sin a; -I- 4 cos What is its maximum value 7 


1. Establish geometrically the formula 

sin (4 — B)«sin A oos B—cos sin B, 

where A, A— B are positive and lie in the first quadrant. 

[ See Art, 34 ] 

PQB is a triangle and 8 is the projection of P on QR produced. If 
Z.PQS-30% AiPBS-45®, and QH^2 ft. find BS, 

2. G^n 4+B+O®'*’, show that 
tan i + tan B+tan C">tan tan B tan C ; 

[ See Art, 56 Ex, 5 ] 

if 4—tan"'^ 2, B*tan”* 3, then 
8. In any triangle ABC, prove that 

tan cot -- • ( Art, 89 ] 

If 6* <s/3, c»l and A «80^, solve the triangle. 

4. (i) What is meant by saying that the trigonometrical ratios are 
periodic functiom ? What values of a; would indicate the end of the 
period b^inning from a; «0 of sin a; and sin wx ? 

[ See Art. 20$ Note ] 

Sketch a period of the tangent-graph, tan a;, including x^t^ 
and discuss the behaviour of the graph near x^"wl2, 

[ See Art, 206 and Note ] 

(ii) Solve the equation sin 49 a cos 89 + sin 29 in 0 < 9 < ir. 



1. (u) Define a radian. What is the length of an arc of a circle of 
radius r which subtends an angle of 9 radians at the centre 7 In a 
diagram with acute angle 9 justify that 9 > sin 9. 

[ See Art, 5 emd Appendix Art, $1 ] 

(h) If A, B are positive andA+B is acute, establish geometri- 
cally 

cos (A4-B)«eos A oos JS-sin A sin B. [ 8t» Art. 83 } 

t. (a) If A-l-B-f 0-180*. show that 

ABO 

l->-4sitt^sin -oos A+oosB-l-oos 0. 

[BssArAMJfo. S] 
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(6) Prove that 

tan"^ I 4- tan"* g + tan"* ~ + tan”* g f ’ 

lSB6Ex.4!of Examples XII ] 

3. (a) Assuming the formula of the type 

c*»a*+6*-2a6 cos C, 

deduce that the area of the triangle ABC is given by 
{s(s-a)(s-b){s-c)}^, 

(b) From an aeroplane vertically over a straight horizontal road, 
the angles of depression of two consecutive milestones on opposite sides 
of the aeroplane are observed to be a and |3. Show that the height in 
miles of the aeroplane above the road is given by 
tan a tan 3 
tan a+ tan /3 

4. (a) Sketch the graphs of 37 = sin® and 3y«tan® in the 

range between — ir/2 and +ir/2 with reference to the same axes in x and 
y. From the nature of the graphs near the origin can you suggest 
any relation among them at the origin ? 

(6) Solve cos fl-fiin O^^lj ij2 in — ir < 0 < +ir. 


1. (a) Find the relation beoween a degree and a radian, 

(b) Assuming A and B to be positive and A+B to be acute, 

Prove that sin (A-t-B)=sin A cos J5+cos A sin J9. 

[ See Art 33 ] 

2. (a) Show that cos A + cos (120° + A) + cos (120° - A) • 0. 

[ See Ex, 83{iJ of Examples Till ] 
(b) If A+B+C*a«180°, show that 

sin 2A+6in 2P+6in 2C">4 sin A sin B sin C. 

[ See Art, 36 Ex. 1 ] 


8. (a) Prove that, in a triangle, 

sin A sin B sin C 

— cgb — sas — • 

a 0 c 


[ See Art, 82 ] 


(b) A spherical balloon whose radius is r ft. subtends at an 
observer’s eye an angle a, when the angular elevation of its centre is, 
Determine the height of the centre of the balloon. 


4 . (a) Draw the graphs of p<"008 ® and yassc ®, from ®»0 to®a>2«’, 

[See Art. m and 209] 


(b) Solve the equation sin 29 » cos 0. 
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1. (fl) Obtain tan {A+B+O) in terms of tan A, tan B, and tan C. 

{h) Show that if an angle a be divided into two parts, such 

that the ratio of the tangents of the parts is X, then the difTeronce at 
between the parts is given by 
X-1 . 

sm “• 

2. (a) If 4 + J54-C*=180°, prove that 

sin* +sin* +sm* *1—2 sin ^ sin sm ^ • 

(6) Show that cos 7° 30'* J(-l+ s/2+ s/3). ^54+ n/2. 

3. (a) Prove that 

/cos .4 + cos /sin ^ + sin TJX* .,,^4 — 1/ 

when n is even, and is zero when n is odd. 

{b) Draw the graph of f/*8ec x from 0 to 2ir. 

4. Provo that in a triangle, 

“•"-Vr’- 

Find the greatest angle in a triangle whose sides are 5, 6, 7 ft. 
respectively, having given 

log 6 **7781513 

L cos 39® U'*9'8890644, diff. for 6C/'- -0001032. 

5. A railway curve in the shape of a quadrant of a circle, has 
n telegraph posts at its ends and at equal distances along the curve. 
A man stationed at a point P on one of the extreme ' radii produced 
sees the pth and qth posts from the end nearest him in a straight line. 
Show that the radius of the curve is 

“ cos (p+g)^.cosec p^.ooseo 


where 0 


4{n-l)' 


and a is the distance of P from the nearest end o! 


the ourva 
18 
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1. (a) Find sin 3 A in terms, of sin A. 

(h) Show that the equation possible 

when a; ■* 2 /. 

2. (a) If A + B = 90°, find the greatest value of cos A cos B, 

(6) Provo that 

. IT , 4 8ir . 4 Sir , . 7v 3 

cos* g + 008 * Q- + OOS«~ + 008 * g - g-. 

8. (6) If X+ B+C- 180°, prove that 

sin 2^+sin 2B+aia 2C»i sin A sin B ain C. 

ABC 

(6) In a triangle ABC^ if tan — i tan — i tan ^ bo in A.P., then 
show that cos A, cos B, cos 0 are also in A.P. 

4. (a) **If b, c and B be given, then solution of the triangle may 
be ambiguous/* Discuss this statement in detail. 

(b) Draw the graph of y«tan x between — ir and v. 

5. The elevation of a tower due North at a station A is a, and at a 
station B due West of A is 

Prove that the altitude is 
AB. sin a sin 
v/sin’a — sin*^ 


1. (a) The angles of a triangle are in A.P., and the number of 
degrees in the least is to the number of radians in the greatest as 60 
to r ; find the^angles in degrees. 

{b) Trace the graph of sin x from sr « - t to v. 

2. (a) Prove that oob*A. cob SA + sin'A. sin 8A"*cos*2A. 

(b) If a and j3 are two distinct angles satisfying the equation 

a 008 0 + 6 sin 0*c, show that sin 

8. (a) Prove that in any triangle, 2bc cos 
(b) In a triangle, prove that 

o* cos (B-C)+b* cos (C- A)+c* oos (A-B)-3abc. 

4 , If the angles of a triangle be in A.P. and tibe Hengtha of the 
greatest and least sides be 24 and 16 feet respectively, find the length 
of the third side and the angles, given log 2* ‘S0103, log 8 •> *4771213 
and Zt ten lO** 6' -^2*5824287, difi. lor r-4064. 
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5. (a) If a+^+y — ir^ prove that 

tan ^ tau 7+ tan 7 tan a+tan a tan jS*!. 

(d) A tower stands In a Held whose shape is that of an cqni* 
lateral triangle and whose side is 80 feet. It subtends angles at the 
three corners whose tangents are respectively is/d + l, js/2, 1^8. Find 
its height. 


1. (a) Prove that sin (i+B)«sin A cos B + oos A sin B, when A 
and A + B are both obtuse. 

(&) Provethat sin*X + sin*(120‘* + A) + sin®(240*^ + .(i)»» - J sinSA. 

2. (a) If A+B + C«180*\ prove that 

. A , . B, . C . ir — A. T--B . r — C 

sin +sin . =1 + 4 sm - sin - - - sin 

2 2 2 4 4 4 

(6) Prove that in a triangle, tan ^ * 

3. (a) Solve sin 7a; — sin a; — sin 3a!. 

(b) The angles of a polygon (which has no re-entrant angle) are 
3ir 

in A.P. The least angle is radians and the common diHerence is 
5^. Find the number of sides. 

4. (a) If a, b, A are given and if C|, c, are the two values of 
the third side in the ambiguous case, prove that if Ci > c,, 
Cl - Ca « 2a cos B. 

(6) Draw the graph of 2/ = co3 ® between -ir and 

5. Two towers stand on a horizontal plane and their distance 
apart is 120 ft. A person standing successively at the bases observes 
that the angular elevation of one is double that of the other, bat when 
half way between them, their elevations appear to bo complementary. 
Show that the heights are 90 ft. and 40 ft. respectively. 


1. (a) Find the value of sin 18°. 

(6) II tan I -(i^)^tan -J. ptore that eoa 

a. PtoTB that in a teiangle ASO. 
and deduce that a sin^^+B J - (6+c) sin j • 
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8. (a) If A + 23+C«ir, prove that 

8in*A-sin*2J+6iin*C«2 sin A cos Bsin C, 

(6) Trace the graph ot cos x betweoii and a;n360^, and 

find from the graph the valuo of cos 160” approximately. 

4. At each end of a horizontal liaho of length 2a it is found that 
the angular height of a certain peak is 6 and that at the middle point 
it is 0. Prove that the vertical height of the peak is 

a sill bin 0 
/v/bin (0 + (^) bin (0 — ®) 

5. (a) Prove that log,, n-loga nxlog* a. 

(b) In a triangle AJiC, a : h^7 : S, and C — GO® ; find A and B, 
having given log 2- -.'JOlOyOO, log 3- -4771213 ; L tan 31® 42' = 
0-840377G, difference for l' = 2C‘J9. 


1. (a) Provo that cob (/I — J5) = cos A cos 71+ sin A bin II, whore 
A is obtuse and A -17 is acute. 

(h) If tan 2a, prove that sin 

2. In any triangle ABCt prove that (i) tan <^ot 

(ii) sin (73+2C) + mu (C + 2A)+bin (A + 2B) 

= 4 sin J(17-C) bin J(O-A) sin HA—B), 

8. (a) Express the cosaie of an angle of a triangle in terms of its 
sides. 

(6) In a triangle ABC, prove that 

(6+c-a)^cot ^ +cot ^ J = 2a cot ^ • 

4. (a) Trace the graph of sin a; between jc=0 and a;>»2r and find 
from the graph the angles whose sine is *7. 

16) In a triangle ABC, if B“45®, O«10®*aiid a«»200 ft., find 
6, having given log 2 ■■•30103, L bin 65® ■■9*9133645, log 172*64 « 
2-2371414, log 172-65-2*2371066. 

6. An object is observed from three points A, B, C, lying in a 
horizontal straight lino which passes directly underneath the object ; 
the angular elevation at B is twice that at A, and at 0 is three times 
that at A ; if AB— a, BC-6, Hhow that the height of the object is 
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1. (a) Draw the graph of y^^cosx for values of x varying from 
to w, 

ih) If A + B + C « 180° , show that 

. A. . B . . O ^ . v-A . ir-B . r-U 

sm „ + sin + am • - 1 « 4 am . sm . sm . • 

2 2 2 4 4a 

2 . (a) If tan — ^ show that tan (a— — n) tan a. 

(^) Find a value of B satisfying the equation 
cos 3 ^ + 003 25 + cos 5“0, 

3. (a) In any triangle, prove that tan ^ ^ ^’“a+'b ^ * 

( 6 ) If in any triangle a cos* ^ +c cos* ^ show that the 

sides of the triangle are in Arithmetical Progression* 

4* The sides h and c of a triangle and the angle B are given* If 
b> cun B but < c, discuss the solution of the triangle. 

If and a« are the values of the third side in the two solutions, 
prove that 

n,* +«,* — cos 2B=46* cos*B. 

5. The angles of elevation of a bird flying in a horizontal straight 
line from a flxed point at four successive obser^’ations are a, Pt 7 * 3, 
the observations being taken at equal intervals of time. Assuming 
the speed of the bird to be uniform, show that 

cot*a — cot *3 « 3(cot * /3 — cot * 7 ). 


1. (a) Draw the graph of 2 / — tan x from - « to 5 • 

i£ A 


a* — li* 

( 6 ) Is it possible to find a value of 5 if sec x 

being two real and unequal numbers ? Justify your answer. 


and y 


2. (a) Find the value of sin 18®. 



X, prove that tan A tan B-tan*C. 


3. In any triangle, prove that 
(!) c»«a»+b*- 2 abcos 0 . 

(ii) a sin {B-C)4*h sin (C-A)+c sin (A-B)-0. 
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4 , In a triangle^ 6*=2'26, c=»r76, Find B and C, having 

given log 2 « *301030, L tan 63® * 10*292834, L tan 18® 47'« 9-889724 
and L tan 13® 48' - 9*390270. 

5. A man walking towards a building on which a flagstai! is 
fixed, observes the angle subtended by the tlagstafi to be greatest when 
he is at a distance d from the building. If 6 be the observed greatest 
angle, find the length of the fiagstaf! and the height of the building. 


1. (a) Given sec 0 + tan express tan B in terms of u. 

(6) Find all the values of 6 lying between 0® and 360® which 
satisfy the equation 

B B 

sec® tan^ • 

2. (a) Draw the graph of 2/ “tan x from — *• to tt. 

(6) li A+B+C = IT, prove that 

A . B C ir+A ir+B C 

cos +COS “COS “4 COS — ; - COS -- --- COS — 

2 2 2 4 4 4 

8. (a) Prove that the value of x U the 

same for all values of A, 

(b) Show that sin 20® sin 40® sin CO® sin 80® 

4 . (a) Discuss the ambiguous case in the solution of triangles, 

(6) If a triangle is such that 26=»a+c, prove that 

2 cot ~ *= cot ^ -l-cot ^ • 

5. Two points A and B of a straight horizontal road are at a 
distance of 400 feet apart. A vortical pole 100 feet high is at equal 
distances from A and R, and the angle subtended by AB at the 'foot 
of the polo (which is in the same horizontal plane as the road) is 60®. 
Find (a) the distance from the road to the foot of the polo, and (b) the 
cosine of the angle subtended by AB at the top of the pole. 


1. (n) If and a lies between 180® and 270®, find the 

values of sin j and 'cos^ • 

(b) cos prove that one value QttaJi| is, 

a 

taajootg- 
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2. (a) Find the values of tf lying between 0® and 380® satisfying 
the equation tan’(? + cot*® “ 2. 

(h) If + 180®, prove that 

sin* ^ 4 sin* ^ +8in* ^ «=l-2 sin sin ^ sin ^ • 

3. A person walking along a straight road observes that the 
greatest angle which two objects subtends is a. From the spot whero 
this is the case he walks a distance c and the objects now appear as 
one, their direction making an angle /3 with the road. Shew that the 

distance between the objects is 

cos a + cos p 

A 

4. (a) Find the value of tan ^ in terms of the sides of the triangle, 
adopting the usual notation. 

(6) In any triangle, prove that 

(6~c) cos sin ^ * 

5. Pick out, gmng reasons, the ambiguous case out of the 
following and solve it. 

(i) A«30®, c-260 ft., a = 125 ft. 

(ii) A-30®, c-260 ft., o-200 ft., 

given log 2- -30103, log 6 03893- -7809601. 

L sin 38® 41' = 9’7958800 and L sin 8® 41' = 9*1789001, 


1. (a) Show that cos*.4 cos 3A+sin*A sin 3A = cos*2A, 

(6) If ar sin*® + |y cos*®=fiin ® cos ®, and a; sin cos ®»0, 
show that a:® + 1 /* “ 1. 

2. (a) Establish the fonnula 

cos B — cos A «■ 2 sin -- , — sin - ---- • 

A 

(b) Prove that cos ® A + cos® B+ cos® (7 — 2 cos A cos B cos C=l, 
if A+B-C. 

8. {a) Prove that in a triangle, cos 

(h) ( B-0) 5®si n (C— A) c®8in (A- B) * 

' sin B+sTn 0"*’8in~C+8in jt"*'8in A + sin S’* ’ 

4. (a) Draw the graph of sin a;4*coB xb,%x ranges from 0 to 
(b) Prove that oot A+oot B+oot C * cot A cot B cot Ct if 
A+B+ C=iir* 
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5. (a) Prove that logt n«loga nxlog*, a, 

(t) To determine the breadth AB of a canal an observer places 
himself at C in the straight line AB produced through B, and then 
walks 100 yards at right angles to this line. He then finds that AB 
and BC subtend angles 16" and 25" at his eves. Find the breadth 
of the canal, given I. cos 26" » 9*9572757 ; 1/ cos 40" » 9*8842540 ; 
L cos 75"»9*4129962 ; log 37279 « 4*5714643 ; log 3728 = 3*5714759. 


1 . (a) Evaluate sin 18". 

(6) If sec (4> + a) + 8ec (0 — a) = 2 sec 0, prove that 
cos 4*^ COS^j* 

2. (n) If A+J5 +C«-t, prove that 

^ C ^ r-A r-C 

cos,, +COfl +COS , =4 cos — COB -^ COS 

2 2 2 4 4 4 

(6) Draw the graph of 2/=tan x from a; = 0 to a:=2ir, 

8. In a triangle ABC, prove that , 

(ii) cot A, cot B, cot C are in A. P., if a*, 6®, c® are in A. P. 

4 . Two sides of a triangle are in the ratio of 9 to 7, and the 
included angle is 64" 12' ; find the other angles, having given 
log 2 = *3010300, L tan 57" 54'= 10*2025255. L tan 11* 16' « 9*2993210, 
L tan 11® 17' = 9*2999804. 

5. A flagstaff PN stands vertically op level ground. A base XY 
is measured at right angles to XN, the points X, Y, N being in 
the same horizontal piano, and tho angles PXN and PYN are found 
to be a and respectively. Prove that the height of the flagstaff is 

sin a sin ^ ^ 

tjsm sin (a + /3) 


1. (a) Obtain cot 3 A in terms of cot A. 

(6) Provo that 

cot A+oot (60®+A)+oot (120" + A) = 3 cot 8A. 

8. (a) Prove geometrically that 

cos (180® + A) = -cos A, for all values of A. 

(b) Solve 

sin SA-hsiu 2A+8m A>"Q, where A lies between Oand Shr, 
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3. In a triangle ABC, prove that 

(ii) (6-c)cot^ +(c- a) cot ^- + (a-6) cot 2 “0. 

4. The sides of a triangle are 4* 6. 6 ; find B having given 
log 2 = *80103, L cot 27® 63' = 9*9464040, diff. for l'-*0000GG9. 

5. (a) The elevation of a steeple at a place due south of it is 45®, 
and at another place due west of the former place the elevation is 30®. 
If the distance between the two places be n, find the height of the 
steeple. 

(6) Draw the graph of 2/“cot x from a; = 0 to a;=ir. 


tan + tan (^ + 7)* 

sin*(a-/ 5 )+^^ ' - 8 in*(| 3 - 7 ) + ^'*"® 8in*(7-a)*0, 
x-y ' y-’Z '' ’ 

(6) Prove that cot A + cot (GO® 4- A ) + cot (120® + A) « 3 cot 3 A . 


2. (a) If A + B+C= 180® and sin ^A+ ^ ^ = n sin ^ » show that 


, A , B 
tan „ tan - 


n — 1^ 
w+ 1 

(6) If A + B + C = 180®, prove that . 

sm*A + sin®B+£in®C-’2 cos A cos B cos C« 


8. In a triangle, prove that 

(ii) (6® — c*) cot A + (c* — o®) cot B+(a® — 6®) cot C*»0. 

4. (a) Draw the graph of ?/«Bm x from ®=0 to ®«ir, and from the 
graph find the angles whose sine is *7. 

(6) If a=70, 6 = 35, C* 36** 52' 12", find the other angles having 
given log 3 = *4771213, h cot 18® 26' 6" « 10*4771213. 

5. A flagstaff is on the top of a tower which stands on a level 
plane. At a certain point in the plane the tower subtends an angle a, 
and the fiagstafi an angle p. At another point 'a* ft. nearer the 
base of the tower, the flagstafi again subtends the angle /9. Show that 

the height oi the tower » iZSiTa^wV+W’ 
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1 . 


If 


Show 

ten® 


that &in B 



2 tan 2 1-tan® g- 

as ^ and cos B - ■ 

l + tan® - 1 + tan®- 

i. 1. X . COB 5-0 

tan „ » show that cos 

2 1 - 0 cos 5 


2. (a) Solve the equation tan 5+ tan 25 + tan 35 a 0. 


(6) Show that 


cos 65 + n cos_4^^ 15 cos 25+ 10 
cos 55 + 5 cos 35 + 10 cos 5 


can be reduced to 


the simple form 2 cos 5. 


8. Show that, in a triangle ABC^ the distance of the ortho-centre 
from the side BC is 2R cos B cos G, B, being the radius of the circum- 
circle. 

Establish 4i? sin A sin B sin C«-a cos + 5 cos B+c cos 0. 


4, Prove that in a triangle, cos ^ 



Find the greatest angle of the triangle whose sides are 5, 6 and 7i 
having given 

log,o 6-‘7781518 
L cos 39® 14' = 9-8890644 
diff. for GO" = -0001032. 


5. The elevation of a tower due north of a point A ib B and at a 
point B due west of A is Show that its altitude is 
P sin 5 sin 0 
<V8in®5-Bin®0 


t. Prove that ^in (5 + 0)»Bin 5 cos 0+cor 5 sin 0, when 5 and0 
are both acute angles. 

Show that if an angle a be divided into two parts so that the ratio 
of the tangents of the parts is X, the difference a between the parts is 
given by 
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2. Determine the height of a mountain if the elevation of its top 
at unknown distance from the base is 28^ ; and at a distance 8 miles 
77 yards farther off from the mountain along the same line, the angle 
of elevation is 16®. Given log 1*6071 = *2060, L sin 16" •9*4403, 
L sin 28" « 9*6716, L sin 12" =9*3179. 


8. Solve completely the following equations 

(i) cot Jx-cot cosec 4 . (ii) 2 sm^a; + sin*2x«2. 

4. Show that 

(i) COB a+cos ^+coa 74 - cos (o+^i+ 7 ) 

a + ^ fi +7 74-a 

— 4 cos - COS cos Y*" * 

(ii) tan A + tan B + tan 6'«tan A tan B tan 0, when A + B+C«t. 


5. Establish the following relations in a triangle 

(i) o cot A + 6 cot B+c cot 6'-*2B + 2r. (ii) r^+ra + r, • r+4B, 


1. Prove that in any triangle ABC, 

. B-0 6-c ,A 

2 6+c 2 

2. (a) Show that in a triangle ABC, 


sin A + sin B + sin C» 4 003 “^' cos ^ cos ^ • 
(&) Prove that in a triangle ABC, 

Q 

r^+ra^ccot 


where and are the radii of the two escribed circles opposite to 
A and B respectively. 


8. (a) Find the value of sin 16". 

(6) Find the number of digits in 13'* x 2'', given 
log 2 « *30103 and log 8« *4771213. 

4. (a) What is the angle of elevation of the sun when the length 
of the shadow of a pole is ^/3 times the height of the pole ? 

(6) Prove that the radian is a constant angle. 

5. If (a — 6)(s - c) • (6 - c)(s-* a), show that the radii of the escribed 
circles of the triangle are in A.P., where a, 6, c are the lengths of the 
sides of the triangle and s is semi-perimeter. 

6. If JT is a point in the side AB of a triangle ABC such that 
AK : KB^fA ; n, and if 8 be the £,CKB, show that 

(f»+n) cot d«Bn cot A-^m cot B. 
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7. ia) If tan find tan 5ff. 

(b) Solve sin O^Bsin 6, 

8. In a triangle, o-lO, 31' 40", J5«76® ; find 6, 

given log 1230C» 4*0932816, 

log 12397 = 4*0933166, 

L sin 76° « 0*9869041, 

L sin 61° 30' « 9*8935444, 

L sin 61® 31' -9*8936448. 


1. Provo that 
, , sin (A + 373) sin {ZA -l-^) 
^ sin 2^4 + sin 273 


2 cos (A 


(b) tan“‘ ^ +tan*“* <j 2 * 5 * 


2. Solve tho following equation, giving the general solution 
cos C-sin 3^ — cos 20, 


8. A hillside is a plane sloping at 30° to the horizontal. For 
climbing the hill there ixS a straight road inclined at an angle of 45® to 
a lino of the greatest slope. Find tho tangent of tho angle which tho 
road makes with tho horizontal. 


4 . [a] If tan .4 + sin A and tan A — sin A = n, prove that 
?»*-‘n® = 4 
(6) Prove that 


cos tan"^ sin cot”*® 



5. (a) State, without proof, the formulaj which you would jise in 
solving a triangle when two sides and tho included angle are known* 

(6) A landmark A is observed from two points B, C, 4400 yds. 
apart. The angle ABO is found to be 63° and the angle ACB 72°. 
Find the distance of the landmark from B. 


[ Given log 4*4—0*6435, log 6*51—0*8136, 

L sin 72° -9*9782, log cosec 40° -0*1919. ] 

6* (a) Find an expression for the radius of the oiroumsoribed 
oiiole of a triangle. 

{h] If r^, r, are the radii of the escribed uliiules of the 
triangle ABC opposite A, B, G respeotively, and r is the radius of the 
inscribed circle, prove that 

— tan* J A. 
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1. State the value of cos(90® + ^>), and prove the truth of your 
statement. {9 < 90^^). 

What sign has sin 6/ + cos 9 when 100** ? Give reasons. 

2. Prove that sin A + sin ^=*2 sin §(A + i?) cos i(A -2?}. 

Simplify 

sin A + sin HA + sin 5A4-Bin 
cos A + cos 3 A + cos 5A + cos 7 A 

3. (a) An angle x is divided into two parts a, /$ sucU that 

tan a _ a 
tan ft b 
Prove that 

• / a — h . 

sin x. 

(6) Eliminate 9 between the pair of equations : 

£c* 2 cos 9, cos (^> — 30*’). 

4. (a) Find the general solution of the equation 

cos 2d + sin 2d wl. 

(6) If A + 23+ C «« prove that 

sm*A+8iu*B + sin*C“2+2 cos A cos B cos C. 

5. At each end of a base of length 2a the elevation of the top of a 
mountain is 23, and at the middle point of the base the elevation is A. 
Prove that the height of the mountain is 

__ a sin A sm B 

^{siu (A + B) 8in (A - 

6. If AO bisects the angle A of a triangle ABC, and O lies on BC, 
find the length of AO, 

In the triangle ABC, D is the foot of the perpendicular from A 
on BC and AMs the middle point of JBC. If AD^^h, AA*»"fn, and 
BC">a, prove that 

cot A*(4i»*— a*)/4oh. 


1. Prove that In a triangle ABO, 


, B-C b-c ^A 
tan " 5 — ■■ , - oot K ' 
2 b+c 2 
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2. (a) Show that 

^ l-tan*a , . 2 tan sc 

cos 2aj - r-T-T — 5 " and sin 2® « 

1+tan*® 1 + tan*® 

(b) If 2 tan A»S tan B, show that 

A / j sin 2Z? 

tan (A — B)*=- 

' ' 5 -cos 2D 

3. (a) Prove that sin 16® * ( /J3 - 1)/2 s/2. 

(6) Solve the equation 

sin fl + cos 0= s/2. 

4. Prove that logfta = logen/log<.6. 

If ®=log 3 a a* ?y*logaa 2a and a = log 4 o 3a, prove that xyg+l"‘2pg. 

5. Provo that in any triangle, 


... 6® — C* . ^ 4 , c* -4 

(i) sm2..1+~i 


- sin 2B +“ ' 


* sin 20 B 0. 


(ii) (fi-r) (r,-r) (r^ -r)« 4r®i2, 

whore the letters have their usual meanings. 


6. (a) If tan ^ » a./ o » pj^ove that 

A 'V 1-He 


l+e 
. cos 0-s 

CO8 0»- 

1 — eooB<» 

(6) Eliminate d between the equations 
®«Bin (0 + a), 2/ = co8 (3-/3). 

7. (a) Solve tan”* 2.T+t-an~* 3®»j7r. 

(6) Determine the height of a mountain if the elevation of its 
top at an unknown distance from the base is 28®, and at a distance 
8 miles 77 yards further oil from the mountain along the same line, 
the elevation is 16®, given 

log r6071»'2060, L sin 12®-9*3179. 

L sin 16®-9*4403 and L sin 28®«9'6716. 

8. Prove that the square of the distance between the ciroum^entre 
and the in-centre of any triangle is -2Dr, in the usual notation. 

If the ciret^m-centre lies on the in-circle, prove that 
COB A 4 cos B+oos 0«> ij2. 


4 


1. Show that cos 8$* 
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2. In any triangle, prove that 

(i) 26c cos A«6* + c*-a*. 

(ii) sin 2A + Bin 2B+sm 20 sin A sin B ain O. 

8. (a) Prove the identity 

(6) If tan A+sin A«m and tan A -Bin A»n, 
show that mn. 

4. (a) Solve the equation tan 0 + tan 2(? + tan 3da0, 

(6) If tan ~ and tan ^ * show that 
cos 20 B sin 40 

5* (a) Eliminate 0 between the pair of equations 
a:B2 cos cos (0—30®). 

(6) If A' is a point in the side AH of a triangle ABC such that 
A A : KB^m : n, and 0 be the angle CA/J, show that 

(w+n) cot 0*»M cot A — m cot B. 


6. (a) The angle of elevation of the top of a pole is 15® from a point 
on the ground. On walking 100 feet towards the pole, the angle is 
found to be 30®. Find the height of the pole. 


(6) Prove that cos tan“* sin cot~^ x = 



7. (a) Show that the radius of the circle circumscribing a regular 
polygon of n sides, equal to a, is given by 

„ 1 T 

n 

(b) If the area of a triangle is 96 and the radii of its escribed 
circles axe 8, 12, 24 respectively, calculate the length of the sides. 


1. (a)lf A is an angle between 90® and 180® and if sin A « *8, 
find tan ^ • 

(6) If A + B+O-r, prove that 

ABC 

sin A-ain B+»in 0«*4 ain j oos-j sinj-* 

2. (a) Prove geometrically the formula 

COB (A 4- B) *>008 A cos B-sin A sin B. 
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(h) Show that 6in®24°- 6iii*6®“ 

o 

8. (a) Ifuw would you solve a triangle having given two sides and 
the included angle ? 

(6) In a triangle ABCt h— 14, c = ll, -4«60° ; find P, having 

given 

L tan 11® 44' 29" = 9*31774 
log 2« *30103, log 3 = *47712. 

4. Shew that 

(o) N/rr ir,'r7 ** S = ^ cot ^ cot ~ » 

(b) cos A + cos B + cos C = 1 + -^ » 

n 

where the symbols have their usual meanings. 

5. (n) A spherical balloon of radius r feet subtends at an observer’s 
eye an angle a, when the angular elevation of its centre is jS. Find the 
height of the centre of the balloon. 

(h) Trace the changes in the sign and magnitude of cos A — sin A 
as A changes from 0 to 2ir, 

6. (a) Prove that cos A — tjB sin A = 2 cos ^ J » 

hence find the maximum value of 
cos A — is/3 sin A, 

{b) Solve the equation 

7 sin * 4 ; + 3 cos*® = 4. 

(c) If oos*A + o08*P + cos*C+2 cob A cosB cos O — l, 
shew that A + P ± C is an odd multiple of r, 

7. (a) Prove geometrically that 

tan A > A > sin A. 

(b) Shew by means of trigonometrical formulas that if 
then 

_2® 2y 2e 2® 2y 
l-®*‘^^-2/*‘*’i-s«*l-®*’l-y* 1-i®* 

1. M Prove geometrically the formula 

sin (A+B) = sm A cos B+cos A sin B. 

(6) Solve the equation ^/3 sin ^-oos 
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2. (<») In a triangle ABC, prove that 
a +J5^*(fo+c) sin ^ 

(&) Find the value of 
2 cos 


tr Oir St 

jgCOS^^+OCS ^3+C08 


rJ’ 


3. (a) Obtain an expression for the radius of an inscribed circle 
of a triangle. 

(6) If r,, r^, be the radii of escribed circles and r the radius 
of inscribed circle of a triangle ABC, prove that 

1 -I- 1 4. 1 j. 1 a*+b» + c* 

where S stands for the area of the triangle ABC. 

4. (al If sin 9 « sin a, shew that all the values of ^ are included 
in the expression 

Mir + ( — l)"o. 

(b) If cos (A — and sin (A + B)» J, find the smallest positive 
values of A and B, and also their most general values. 

5. (a) In an ambiguous case of the solution of a triangle, if a, b, 
and A are give n , prove that the diilereuce between the two values 
of c is 2^a*-‘6* sm®A» 

(b) Solve the triangle ABC, having given a">100j c•100^/2, 
and A-30^ 


0. (a) In a triangle Ai?C, if a®, b®, c® are in A.P., 
ton A, tan B, tan C are in H.P. 


(b) If 


a cos A s ec B-x y-'b sin A Bee B . „ 

o sin (A + J5} 6 cos (A + 2^) ^ * 

prove that “ 


show that 


7. (a) Prove the rule which determines the chameterisUo of the 
logarithm (to base 10) of a number less than unity. 

(b) Find the smallest integral power a, of 7, which makes 7^ 
greater than 10^**. 

( log 7 « -8461 ) 

(c) Find the number of digits in 3”®, having given log 8 

-•mma. 


1* (a) Deduce the signs of 

(i) sin A, (ii) cos A for values of A between 0 and Sr. 


19 
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(b) Prove that 

Bin U - C) + 2jJnj4;^ sin (A+0)^ sin 
sin (jj - C) + 94 ftin B + sin (Ji - C ) " sin B 

2, (a) Prove geometrically the formula 

cos {A~B)"» cos A cos R + sin A sin B, 

(b) Solve the equation 

. n+1 . . ^ 

Bin “2 ^“Bin 5+sin^, 

8. In a triangle ABCt prove that 

(i) cot B cot C+cot C cot A+cot ^ cot 

(ii) sin (B+C-A) + sin (0+il-jB) + sin (A+B-C) 

B 4 sin A sin B sin C, 

4. In a triangle ABC^ prove that 

(i) tan 2 =(r,-r) oot^-=c, 

(ii) if 812* »a* + 6* + c*, then the triangle is a right-angled triangle, 

5. The sides of a triangle are 32, 40 and 06 feet ; find the angle 
opposite the greatest side, having given that 

log 207 = 2*3159703, 
log 1073 « 3*0305997. 

L cot 66® 18' « 9*6424341, 
difference for l'«8431. 


6, (a) In a triangle ABC, prove that if 

. sin B 
cos A" - -- - 

2 sin 0 

then the triangle is isosceles. 

(6) If prove that 

2* 008 B cos 2B cos 2*^'*'008 2"“* d»l. 


7. A man notices two objects in a straight line due west. After 
walking a distance c due north, he observes that the objects subtend an 
angle a at his e^e ; and, after walking a further distance o due north, 
an angle |3« Show that the distance between the objects is . 

8c ^ 

2 cot fi-cot a* 
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1. Define a radian, and show that if 0 be the circular measure 
on an angle subtended at the centre of a circle of radius r by an arc 

whose length is 2, 0 = ^ • 

Two circles, the sum of whose radii is are placcnl in the same 
plane, with their centres at a distance ‘2a', and an endless string, 
quite stretched, partly surrounds the circles and crosses itself between 
them. Show that the length of the string is ^ 1 *+ 2 v^B)a, 


2. Prove that 


. sin ’a 
* 1 + cot a 


= sin a cos a. 


cos 'a 

• _ . - s 

1 + tan a 

(ii) tan 70° = 2 tan 60® + tan SO®. 

(iii) sin*J + Bin*13 — sin*C«2 sin A sin B cos C, 
where 4 + P + C « 180®. 


3. (a) Solve completely cos d-sin 8d»cos 2d. 

(b) If sin”* o+sin“* /3 + sin~* 7 «r, 
show that a - a‘* + + y Jf- 7 * 2aj57. 


4. In any triangle, prove that 
(i) 


a 

ftin A 






If COS show that the triangle is isosceles. 

£ sin C ° 

5. The perpendiculars from the angles of a triangle on the 

opposite Bides meet at 0, and OB^y^ OC^z* Show that 

® ^ ? as 

z xyz 

6. A tower stood at the foot of an inolined plane whose inclina- 
tion to the horizon was 9®. A line 100 ft. in length was measured 
straight up the incline from the foot of the tower, and at the end of 
this line the tower subtended an angle of 54*. Find the height of the 
tower, having given 

log 2- *30103, log 114’4123« 2*0584726, 
and Zr sin 54® « 9-9079576. 


1. (a) Prove the following identities 

(i) coB*A+sitiM-l-8«in*AooBM. 
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(ii) 


COB Bin ® 

1 - tan ® i - cot ® 


am ® + cos ®. 


(6) If 2 tan a=3 tan j3, prove that tan (a— 


Bin g ^ 

6 -cos 2g* 


2. In any triangle, prove that tan ^ ^ \ * 

Two sides of a triangle are 540 and 420 yards long respectively and 
include an angle of 52” 6'. Find the remaining angles, given that 
log 2 - -80103 , L tan 20 ” 3' « 0-6891430, L tan 14® 20' - 0'4074189, 
L tan 14” 2l'*y ‘4079458. 


8, (a) Solve the equation sin (® — and cos (®+4>)"i. 
(b) Prove that (i) sin“*® + cos ^ • 


(ii) 


sin cot"* cos tan"*a;» 


/«•+!. 
\ »*+ 2 


4 . (a) Prove geometrically the identity 

cos (A — J3)«cos A cos 11+ sin A sin B. 

(6) In any triangle ABC, prove that 

(J5 — C) 6*8in_(C — A) ^ c’sdi^ (A — B) ^ Q 
sinB+sinC sin C + siu A'^sin A + sin B 

5. An object is observed at three points A, B, C lying in a hori- 
zontal straight line which passes directly underneath the object. 
The angular elevation at B is twice that at A, and at C three times 
that at A ; AB»o, BC^b, Show that the height of the object is 


6. If Txf r,, r, be the radii of the three escribed circles, and 
1 — 1 — ■ 2, show that the triangle must be right*angled. 


1. (i) Show that — -: = sec A + tan A. 

SCO A — tan A 

(ii) If COB ® — sin s/S sin prove that cos ®+Bin f/2 eos ®# 
(ili) Prove that sin (A+B) sin (A— B)«Bin*A-Bin*B. 

2. Prove that 

(i) tan BA tan 2A tan A^^tan dA — tan 2A-tan A. 

(li) OOS* g + COS^ ^ + COB* ^ +CC8^^ « j • 

8. (i) Find the value of sin 18®. 

(ii) If A+B+C- 180®, prove that 

tan A + ianB+tan C«>t%n A tanBtaaO« 
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4. Solve any of the following equations : — 

(i) sin 69 oos S^-tsin 99 cos 79. 

(ii) tan 9 + tan 29 + tan 39^0. 

(iii) sin 9+ cos 9= i^‘2. 

5. (i) Discuss the ambiguous case in the solution of triangles. 

(ii) In a A ABC, if and find the other angles, 

having given 

log 2 « -30103 
L sin 34^ 2G' =9-7523919, 
and L sin 34*^ 27'» 9-75267C1. 

6. (i) Find the radius of the circumscribed circle about a given 
triangle in terms of its sides and its area. 

(ii) Prove that ^ +- + \=oiV* 

' be ca ab 21ir 

where n, h, c are the sides of a aABC. R and r are respectively the 
radii of its circumscribed and inscribed circles. 


1. (a) Prove that 


/I - 81 

V 1 + si 


— am A. 
sin A 


sec A — tan A. 


(b) What is the angle of elevation of the sun when the length 
of the shadow of a pole is times the height of the polo ? 

2. (a) Prove that cos (A — B)s-cos A cos B+sin A sin B. 

/i\ n i. 1 , 4 . sin (A- B) . sin (B—C). sin (C — A) « 

( ) rove a ^ oosB^cosB cos C cobO cos A* 


8. (a) Prove that 


sec 8A — 1 ^ 
sec 4A — 1 


tan 8A^ 
tan 2 a' 


ib) Prove that 16 cos oos , - cos ; - cos _ 
lo Id 15 ID 


4, Solve : — 

(i) tan«9-(l+ ^/3) tan 9+ ^/3 = 0. 

(ii) $J3 cos 9+ sin 9= 


1 . 


5. (a) Prove that log^ loge^ m x log, 5. 

(6) In a triangle ABC, if a =21, 6=11 and C=34^ 42' 30", find 
A and B, given 

log 2= -30103, 

and L tan 72® 38' 46"=10*60516. 

i. («) i + 3 ^ - ^ - 0 , 
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where r^, r, are the radii of the escribed circles and r the radius 
of the incircle of a triangle. 

(h) Prove that sin”* ^ - cos"*“«8in"*]^^* 
o Id Go 


1. (a) Prove that sin 2.1= ^ 

l + tan*A 

{b) 2 cosec 2A = tan ^l + cot A, 

2. (a) Prove that sin (X — R) = Bin A cos B— cos A sin B. 

(b) sin lO^ + Bin 20° + sin 40° + sin 50° = sin 70° + sin 80°. 

8. (a) Provo that tan "\A tan 2 A tan il = tan SA — tan 2A“tan A. 
(b) If A + B + C « 180“ , prove that 

tan A + tan B+tan C«tan A tan B tan C. 


4 , Solve : — 

(a) cos 3as + cos 2a;+cos a=0. 


(5) sin ^ + cos 0 = 


n/2 


5. (a) In any triangle, prove that 

. B-0 5-c . A 

tan . cot • 

2 6+c 2 

(5) If in a triangle, 5=14, c= 11, and A = 60°, find B and C 
given that 

log 2 = -30103. 
log 3 -’4771218. 

L tan 11° 44'-9’3174299. 

L tan 11° 45'= 9-3180640. 


6. (a) Prove that ,,^ + -^- + -, ‘ 
be ca ab 


1 

'2Br’ 


where B and r are the radii of the circum-oircle and the in-cirole 
respectively of the A ABC. 

(5) Prove that sin~* ^ +8iu“*^^*8m”*^* 


1. Prove that the circumference of a circle is equal to ir times the 
diameter. 

Examine the following statement : — 

V=180°; therefore the droumferenue of a circle is 180 times 
the diameter*. 
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Tlio angles of a triangle aro in A. P., and ibe number of degtv>efl 
in the Icasst is to ibe circular measure of the greatcBt as 00 : ir ; 
find the angles. 


2. i) 1 rovo that ^ — Ian 6 cos 0 sec 6 + tan B 

(ii) tan 7A — tan 4J“tan 3A»«tan lA tan 4il tan 3A, 

(iii) bin®i4 + bin*J5-sin*C-2 sin A sin B siu C, 

given j4 + J3+f7*T, 

3. Solve any two of tba following : — 

(i) sin 4^»sin 0, 

(ii) 3 cos + (s/3 sin 6 = ^/G. 

(iii) cos’iJ-Rin fl — i**0. 

4. Tn any triangle, prove that 
(i) a — h cos C+c cos B, 

a b 


(ii) 


HU A sin B 


Prove that 2a— b = 2c cos J5, given angle C“C0®. 

S 

5. Prove fB**- and state the corrospondiug results for the three 
s 

escribed circles of the triangle, in the usual notation. 


Prove that ^ ^ ^ ^ 

r, r, r, r 


and 


1 +1 + ■ 
ab be ca 


1 

fiJir 


6. Explain clearly what, yon mean by invorho trigonometrical 
functions and tbeir principal values. 

Prove that tan"* J+tan"* J*! and siu ooscc”* cot tan"'* ««x. 


7. A man on a boat moving direct towards a lower observes that 
at a certain point, the angular height of the tower is W°, After 
advancing 60 yards nearer the tower, the elevation is observed to bo 16^« 
Find the height of the tower above the water level ; given 

L sin 15® -9-4 129969, 

L cos 6® -9*9983442 
log 26-783 -1*4113334 
and log 25*784 - 1*4118503. 


1. (a) If tan0+sin0Ba and tantf-sin^Bb, then prove that 

(6) Show that 1- .^-8,n t cos 9. 

2. (a) In a triangle ABC, prove that 

tan where 2«Ba+b'f e« 

2 V f(s-o) 
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(d) The Bides of a triangle are 130 ft., 123 ft, and 77 ft. 
the greatest angle, having given 

log 2 » *8010300, 

It tan 38® 39'- 9*9029376, L tan 38® 40'= 9*9031966. 

3. (a) In any triangle ADCt prove that 

a 

sin A sin B sin O' 

(&) If in a triangle ABC^ 

. sin B 
C0bA = „ . 

2 sm C 

prove that the triangle is isosceles. 

4. (n) SqIvc the equation n/3 cos 6 + sin 6= tjl. 

(6) Prove that sin"' ^g+cot~*3— ^ • 

5. (a) In any triangle ABC^ prove that 

(i) sin (B + 26')+sm (C + 24) + Bin (4 + 2^) 


Find 


. . Ji-C . 

s4Bm 2 sin —— sin — • 


(ii) 


♦*1 


where the symbols have their usual meanings. 

6 . In the same horizontal plane there are two inaccessible points 
V and Q and two stations 6 ' and Tat each of which PQ is observed 
to subtend an angle a. PT subtends at 3 an angle jS ativd QS subtends 
at T an angle 7 . Prove that 

PQmST. V 

sin \/3+ y — a) 


1. (a) If sin" * aj + 8ia"‘i/— prove that 

®^/l-p* + J/ 

(b) Prove that the radian is a constant angle, and find its value 
in degrees, minutes and seconds. 

2. (a) If A + B + C « 180®, prove that 

A, B. C , __ r-B _w-0 

COB + COS -7, + COS « — 4 COS —7^ — COS “ r ^ cos — 2 — * 

2 2 2 4 4 4 

(6) In any triangle, prove that 
r,r,+,r,r,+r,r* 

wher. tbe aymtoU h»va tbeic usiul meaning. 
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8, (a) Discuss the ambiguous case in the solution of triangles. 

(6) In a triangle if a»5, and ^ » 15*, find the other 
angles having given 

log ‘2 « *30103: 

L sin 34^^ 2G'«9‘7523919 ; 

I, sin 34® 27' « 9*7625761. 

4. Prove that 

(i) tan 70®*= 2 tan 50® + tan 20®. 

(ii) cos a cos (C0®“o) cos (G0® + a)» J cos 3a. 

(iii) ain (a + |3+7)4.fiin (a + |3-*7) + sin (a — jff+7) 

- 1 sin a cos /S cos 7, 

provided a ** |3 + 7. 

5. Solve the following equations 

(a) tan (r cot d)«cot (ir tan ff), 

(b) tan ^ + tan 2tf+ tan 6 tan 2(?=*- tJB, 

6. An object is observed at three points A, /J, C Ij^ing in a 

horizontal straight line which passes directly underneath tho object. 
The angular elevation at B is twice that at A and at 0 it is three times 
that at A ; BC^h, Show that the height of the object is 


1. (a) Establish cos (A + 23)* cos A cos B^bih A sin J5. 

Prove that cos 20®. cos 40®. cos GO®, cos 80® 

2. (a) Show that tan . A— 

2 V s(s-a) 

lor any triangle ABC, each letter being used in its usual significance. 

(b) The sides of a triangle are 2, 3 and 4 ; find the greatest angle* 
having given log 2«=*30103, log 3- *4771213, L tan 52® 14^=* 10*1103395* 
jL tan52® 15'- 101111004. 

8. (a) Prove the following ; — 

tan A + «ec A-1 ^1 + sin A^ 
tan A — sec A + 1 cos A 

* (6) tan A+tan J5+tan C«tan A tan B tan C, if A+B + C-v. 

4. *>(a) Prove that tan”' +tan"^ | — ain’^-j^ + cot”* 3-»46®. 

(b) The angles of a triangle are in A.P. and the number of 
radians in the least angle is to the number of degrees in the mean angle 
as 1 : 120. Find the angles in radians. 

5, (a) Solve ^/3 cog 3+ sin 5— 

(b) A square tower stands upon a horizontal plane. From a 
point in this plane, from which three of its upper corners are visible, 
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their angular elevations are respectively 45®, GO® and 45®, Show 
that the height of the tower is to the breadth of one of its sides as 
»s/5+ 1) to 4* 


1. Establish the following identities : — 

^ .jv 1 1 ^ 1 „ 1 _ 

' cosec A — cot A sin A sm A cosoc A + cot A 
*(ii) sin 05® + cos 65® « (s/3 cos 20®. 


(iii) tan 


A-^Ji 2 sin A 
, " ’“htan "■ , Tj* * 

2 2 cos A + cos B 


2, If Jl be the radius of the circle circumscribing the triangle ABC 
and Pi, Pa, Pi be the i}erpondiculars from the centre on the sides of the 
triangle, prove that 

(ii) 

Pi Pi Pt i PiPiPt 

8. In a triangle ABC calculate the sine of Al2 in terms of the 
lengths of the sides and hence find the greatest angle of the triangle 
in which 0“s74, 5«26 and c«60, given that 

log 3 --4771213 
log 13- 1-1139484 
L sin 56® 19' -9 9201836 
Did. for l'« -0000842. 

4. Solve the equations 

(i) cos ^ — sin — cos 2^. 

(ii) tan d+tan 2^ + tan 3^ — 0. 

5. O'he elevation of a lower at a place B due east of it is 6 ; and at 
Q due north of P, the elevation is Show that the height of the 
tower is 

PQ, sin 0 sin 0 
\^ein (^ + 0) sin (^-0) 

6. '(o) Prove that 

tan“*ft + tati" * 6 - tan~ * 

(5) Expand the determinant 

1 1 I 


sin A ' sin B sin C | 
j 008 A COB B cos C I 
and hence or otherwise prove that in a triangle ABC 
a s n (B-C)+5 sin (C-A)+c sin (.4- B)«0, 
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1-8040 1*9074 1*9210 1*9347 1*9486 1*9626 27® 14 27 41 64 68 82 95 109 122 

1*9768 1*9912 2*0057 2*0204 2*0363 2*0503 26® 15 29 44 58 73 88 102 117 131 

3 0655 8*0809 3*0965 81183 8*1883 8*1445 26* 16 31 47 63 79 94 HO 186 141 
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*57858 *57669 *57978 *58284 ‘5858S *58869 *59188 67" 81 61 92 122 153 183 214 244 275 

*59188 *59484 *59778 *60070 *60359 *60646 *60931 66" 39 58 87 116 146 174 204 233 262 
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S'iseos 9-43808 9*43806 9-44899 9*44787 9*45371 9*45750 74° 49 98 147 196 345 394 348 393 443 

*45750 *46334 *46694 *47160 *47633 *48080 *48534 73° 46 93 139 186 332 278 326 871 418 

*48534 *48934 *49430 *49873 *50311 *50746 *51178 72° 44 88 132 176 330 864 308 353 896 

*51178 *51606 *53031 *53453 *52870 *53385 *53097 71° 42 84 126 168 210 252 894 386 378 

*53697 *54106 *54513 *54915 *55315 *55713 *56107 70° 40 80 121 160 201 241 381 821 363 
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USEFUL COl^TANTS 

AKD LOGARITHMS 


SOME IjSEPUIj OONSTANTS 


One radian - 67“ 17' 46" nearly - 206266" ; 


log 206265 -6'3144255. 


5i-3*14169265. 

- -0'31830989. 
n 


V 2 -r 4142135 ... 

^/3-l'7320508.., 


j5-2’2360679... 

^/6-2'4494897... 


V7-2-6467513... 

n/8-2'8284271.., 



3‘ 1622776... 


somp: useful logarithms 


log 2 -'30103 

log 3 -'47712 


log 6 -'69897 

log 7 -'84510 










